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j 1 6 Abstract 

This hook traces the history of the development of the 
theory of thermoelasticity, which examines the interactions 
between the deformation of elastic media and the thermal 
field. The fundamental problems of the theory are presented. 
In addition, recent results of studies on the subject are 
presented. Reference Is made primarily to media with 
generalized anisotropy, or to Isotropy media. Thermo- 
mechanical problems and mathematical formulations and resolu- 
tions are emphasized. 
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Preface 


The theory of thermoelasticity examines the Interactions between 
the deformation of elastic media and the thermal field. The beginnings 
of this theory are found In the works of Duhamel and Neumann who con- 
sidered the equations of the linear theory In the case of homogeneous 
and Isotropic media. The reasoning from the thermodynamic viewpoint 
of these equations wat carried out by Blot, after Voigt, Jeffreys, 

Lessen and Duke made various attempts In these directions. 

The theory of thermoelasticity has advanced considerably through 
the recent years. The large number of Investigators and their studies 
which present Interest both from the viewpoint of their technique and 
the theoretical Importance of the problems which are considered Illus- 
trate these facts. Among the monographs devoted to the subject of 
thermoelasticity we want to mention those written by Melan and Parkus, 
Boley and Weiner, Nowackl, Kovalenko, Grlndel, Parkus, Carlson. 

In this book the fundamental problems of the theory of thermo- 
elastlclty are presented. The book also contains recent results which 
are not Included In other treatises. Of course It was not possible 
to present all aspects of this theory and It was not even attempted. 

The goal of the book Is to present to the reader the basis of thermo- 
elastlclty and some of the remarkable results achieved In this field. 

The presented questions refer to media with a generalized anisotropy 
or to Isotropy media. In order to maintain the unity of the exposition 
the generalized theories of thermoelasticity were not considered. Both 
the thermomechanical sense of the problem and the mathematical formu- 
lation and resolutions were emphasized In this work. 

Without being exhaustive, the bibliography contains, in addition 
to the papers cited In the text, also studies which give a broader 
picture of the literature and the Investigations of the theory of 
thermoelasticity . 
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THE THEORY OP THERMOELASTIC ITY 


Dorin lesan 


Chapter 1. DEFORMATION OP THE CONTINOUS MEDIUM 
!♦ Description of the Deformation 

A continuous body or a continuous medium occupies a domain /9 * 

In space. This description does not correspond exactly to the 
physical concept of material bodies. It Is a well known case that 
at the molecular scale matter has a complex structure ar.d does not 
occupy a domain In the sense of the mathematical meaning of this 
word. In spite of this, the phenomena studied within the framework 
of the mechanics of continuous media describe quite well from the 
practical viewpoint the behavior of real media. A continuous medium 
Is thus a mathematical model representing an Idealization of the 
real medium. 

Let us consider a continuous medium which at the moment t ■ 0 
occupies the domain B of the boundary 3B. The closing of B will be 
Indicated by B. 

Let OXj^(K=l,2,3») be a system of rectangular cartesian coordinates, 
Xj^ the coordinates of a generic material point M, from the B domain, 
and R the position vector of point M with respect to the system of 
coordinates under consideration. 

Let us assume that the medium Is deformed In such i\ way that at 
the moment t It occupies the domain Jf of the boundary, while point 
M reaches into M*. We will refer the medium which occupies the domain 
Jt to another system of rectangular cartesian coordinates, fixed ox^^ 

(1 « 1,2,3). Let x^ be the coordinates of point M* fixed with respect 
to the reference oXj while r Is the position vector of M* with respect 
to this reference (Fig. 1). 


•Numbers In the margin Indicate pagination In the foreign text. 
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Blunlvocal and blcontlnuoua correspondence le establlahed 
between B and -jt In which the point M from B and the poi.it M* from 
it correspond to each other. 


The deformation of the medium is defined by the relation 


.!•( - • .l‘i( K) /)* 


( 1 . 1 ) 


which In view of what hea been stated above may be resolved with 
respect to Xj^ 

-V*' n. 

( 1 . 2 ) 

Here and subsequently if not stated otherwise the Indices will assume 
the values (1,2,3). Occasionally the system of coordinates (X^, Xj, 
X^) will be indicated by X, and (x^^, x^, x^) by x. 


If the coordinates Xj^ are fixed, the functions (1,1) determine 
the trajectory of the material point which at moment t ■ 0 would have 
the coox’dinates Xj^; if t is fixed, the functions (1.1) describe the 
transformation which takes the domain B into the domain -t. 


Let (0, tp) be a fixed time Interval where t^ >0 may be infinity. 

In the following if not Indicated otherwise we will assume that B is 
a region regulated in the sense of Kellog [232]. 

The functions (1.1) defined by B x (0, t^) describe the /lO 

movement of the continuous medium under consideration. If not 
stated otherwise we will assume that these functions are of the 
class. 


Obviously from the above it follows that the functional determinate 


J = 


dxj 

’ 


(1.3) 


is other than 0, 

The Xj^ coordinates are called material coordinates and x^^ coordinates 
are called spatial coordinates. 
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Let U8 Indicate soire of the designations and notations which 
the reader might encounter In the text. We state that a function f 
Is continuous on portions on B If there is a subdivision of Bg, 

B In such a way that for each (J ■ l,2,...,n) the res- 
triction of f on Bj Is limited on Bj and continuous on thereby 

D Is a finite submagnltude (eventually empty) of Bj . Let and Sg 
be parts of 3B so that u S, — au, 5, n Sg «= O. We say that 

function g Is regulated on the portions on (o ■ 1,2) If g Is 
continuous on the portions of and every regulated point from 
Is a point of continuity for the function of g. A point XcdD 
is called regulated if the normal at dli Is continuous In X. 

Let g and g be regulated functions on the portions on 3B, We 
will w^lte g ■ g on 3B if g(X) ■ g(X) In any regulated point XedB. 
Let f be a function of X and t defined on B x (0,tQ) and M and N be 
nonnegative numbers. We say that f Is from the class if the 

functions 

0-r. — r i»i 

«.V,«.V,,,.9.Y,WC 

«» + « < max {3/, N), 

exist and are continuous on B x (0,tQ). 

We say that f Is of the C^’^^class on B x [Ojt^) if f is of the 
class on B X [Ojt^) and for every «m= {o,i 3f}, 

M e { 0 , l,. . .V}, may be extended continuously to B x [Ojt^). 

The class of the functions Is Indicated by C^. 

We will say that the function g Is regulated on portions on 
X [Ojtp) if g Is continuous on the portions on x [Ojtg) and 
for every *e|.o,fo) is regulated on portions on 

2. Displacement Vector. Deformation Tensors 

We will designate by the versors of the axes OX^^ and by e^ 


), me {0,1 3f}, ne(0,i,... AT}, 


tne versors of the axes ox^^. Obviously we have 


■» ^Att ®j •“ ilh 

where and represent Kronecker’s symbol. 


( 2 . 1 ) 


If we take Into account the notations Introduced In paragraph 
1, we can write 

U « A'kISji, r ■« a*,P|. 

( 2 . 2 ) 

Let b ■ (5o and u ■ The vector u Is called the displacement /ll 


vector. We have 


II = r — II i l». 


(2.3) 






Figure 1 


We are Introducing the 


constants 




(2.H) 


These represent the 
directive cosines of the 
ox^ axes with respect to 
the reference If these 


two coordinate systems coincide then 6 coincides with Kronecker’s 

1 K 

symbol . 


Let It be 


u = u,c, = UxEg, b = btC, — BaEk. 


(2.5) 


Prom (2.3)-(2.5) we derive 


Ut ~ r, - +bt, Uk = 


( 2 . 6 ) 


If these two coordinate systems coincide then we can write 



Thus knowledge of the components of the displacement factor 
Is equivalent to knowledge of the functions (1.1) or (1.2) which 
describe the deformation. 


Thus the vector u of the class C'^ onB « (0,tQ) class describes the 
»"ovet"ent o^ tv»e cortlnuoiiw 


Let us consider the two positions of the medium: In the B domain 
and In the domain. If we take the differentials dR and dr, we have 


— E||-(].V(, Jr ss d'«,Ke<<lAK. 


or 


(111 = A dr ~ 


where we note 


A 


K.i 


Oxt ’ 


'i.K — 


dx. 


(2.7) 


( 2 . 8 ) 


(2.9) 


By the agency of the relations (1.1) and (1.2) any function f 
of the variables x^, t, Is similarly a function of the variable 

t and Inversely. In general we will use the following notations 


/.« 


dAj dxt' 


( 2 . 10 ) 


The magnitudes ^ and Xj^ ^ are called deformation gradients. 
We have 


— ^KL‘ 


( 2 . 11 ) 


If vre Introduce notations 

^•K " = Ak,<Ek, 

from (2.7) and (2.8) It results that 


( 2 . 12 ) 


dll = c<djT(, dr = Cj|dA\.. 


(2.13) 
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Let US designate by dS and ds the magnitudes of the vectors 
dR and dr respectively. Prom (2.7), (2. a*, (2,12), (2.13) we obtain 

d«* 1 (dn>« - dA'gdAV, d»* - (dr)* - CKt»UY*dA't, (2.14) 

or 

dS* f,,dx*dx„ d«* =« dxidxi, 


where 




( 2 . 16 ) 


The quantities are components of some second order 

symmetrical and positively defined tensors called Cauchy's deformation 
tensor and Green's deformation tensor, respectively. 

In view of (2.14; ,md (2.15) we can write 
d»» -d.V» =. 2iiV,,dA'KdA't = 2n|dx,ctx„ 

where 

== Cm, — im^ —C(f. 


(2.17) 

(2.18) 


The magnitudes ® 
tensors called lagranglan 
tensors respectively. 


are the components of certain symmetrical 
deformation tensors and eulerlan deformation 


The deformation tensors thus Introduced may be expressed by 
means of the components of the displacement vector. Thus If we take 
Into account the relation 

= '‘.K “ W.K + V.K = Ek + (2,19) 

»•( = W,< = r,i — u,, = e, — 


we obtain 


Cm. — + Vka + Ut..K + 

= 8« — «(j — M|_, -y 


( 2 . 20 ) 
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Prom (2.18) and (2.20) It follows that 

2K«/. - I- rr,,^ H ^2.21) 

•fit - H — iu,tu,j. 

Thf .relations (2.20) and (2.21) are called deformation dls- /13 
placement relations or geometric equations. In some cases their 
displacement vector may be assumed to have the form of ** “* *“'• 
where e Is a parameter the powers equal or higher than two of which 
may be neglected and u.' Is a vector which does not depend on e. Thus 
the linear theory of deformation of the theory of small deformations 
Is obtained. In this theory a single system of coordinates will be 
used and we will Indicate the components of the displacement factor 
with respect to the system by Thus we have ♦ Uj^. However 

we should observe the fact that within the limitations of the theory 
the partial derivatives of the components of the displacement factor 
with respect to the spatial coordinates coincide with the partial 
derivatives with respect to the corresponding material coordinates. 

Thus 


duj __ dut dxf 

dXi “ dx, 


Oui 

dx, 


;(- 5 ) 


ox^ 


It follows from (2.21) that In the linear theory of the deformation 
the lagranglan and eulerlan deformation tensors coincide. In this 
case we will note that components of the deformation i-ensor by • 

We have 


2*(j = «!./ + W|,» 


( 2 . 22 ) 


In the linear theory of deformation the coordinates of point K 
are usually indicated by , the coordinates of point M» being 
obviously Xj^ + Uj^ 


The relations (2.22) represent the relations of the deformation- 
displacement called the geometric equations In the linear theory of 
deformation. 
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3. Conditions of Compatibility 


The two positions of the continuous medium under consideration 
B and j are placed In tnree dimensional euclidian space. Relations 
(1.1) will be considered as defining the transformation of coordinates 
from the cartesian rectangular coordinates ♦•o the random curved 
coordinates Xj^. The magnitudes are components of the metric 

tensor In the curvilinear coordinate system Xj^. If we have been 
given the components Cj^j^ will we be able to find the transformation 
X ■ x(X)? Let us note by ^SUn the Rlemann-Chrlstoffel tensor 
formed with the tensor C„. 




(3.1) 


f «1 [KS, R] - [LN, 8] [KM, JIJM 


where 

[Kn,M] f- 


(3.2) 


This case In known (see for example Halmovlcl [168]) 


Theorem 3.1. Tn view of the f«ct that the functions 

2 

class C which verified the conditions „ 

RmLus 


of the 


are given Ir. B and are coefficients of a positively defined form /l^ 
there exist In the neighborhood a of a given point from m, 
a fiystem of curvilinear coordinates X in which these functions are 
c"mponents of the metric tensor. 


The same problem may be posed for the tensor Cj^^. In other words 
If we assume that we have been given the symmetrical and positively 
defined tensors c^^j and In order to be able to consider these 

tensors as metric tensors It Is necessary that 

= 0, Rifl, = 0. 
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(3.3) 


It l8 a known fact that In the three dimensional space the 
Rlemann-Chrlstoffel tensor has only six components which do not 
annul themselves Identically. Thus from (3.3) we will obtain six 
conditions of compatibility for and six conditions of compatibility 
for c^y 

In view of the relations (2.18) these conditions rf compatiblity 
may be expressed by means of the tensors and e^^ . 


In the case of the linear theory the conditions of compatibility 
become 


+ **».</ — ea./i 


(3.»0 

We will demonstrate 

2 

Theorem 3.2. The deformation tensor ol the class C on B 

satisfies the conditions of compatibility (3.^). If B is a simple 

2 

connected domain and is a symmetrical tensor of the class C on 
B which satisfies the conditions of compatibility (3.^0 then there 
exist functions of the class C-' on b which satisfy the equations 
( 2 . 22 ). 


The first part of the theorem is obtained easily in view of 
the deformation displacement relations (2.22). In order to demonstrate 
the second part of the theorem let us consider the system 


«<.i + M;.< = 2c,„ 


(3.5) 


where e 


ij 


are given functions which satisfy (3.^). If we note 




(3.6) 


we have from (3.5) and (3.6) 

Vt,j = f 


^ 3 . 7 ) 
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The conditions of Integrablllty of the systems (3.7) are 


tiij 

these relations may be put under the form of 

• «.» ■" *u.| 4 “ **■ 

By the permutation of the indices we obtain 
•<»,« — *<(.» *1 w»».( ** ■ ’ **» 


(3.8) 

(3.9) 


( 3 . 10 ) 

(3.11) 


If we add member for member relations (3.9) and (3.10) and /1!5 
subtract from the result (3.11) we derive 


Wo.* "*<».! —*»<.<• 


( 3 . 12 ) 


We obtain a system of equations in unknowns . The 
conditions of integrablllty for the system are 

fti.kt — *(u» — 0, 

these conditions are Identical with those in (3.M. In view of the 
fact that these conditions are assumed to be fulfilled it follows that 
the system (3.12) determines the functions Wjj • Xq be a fixed 

point from B. Then for every xo B, we have 


(Off 



Sn.l — d 


(3.13) 


the integral from (3.13) is Independent of the oaths in P from x^ to 


X. 


It may be noted that if we take ujj ■ then the antisymmetry 

of the magnitudes is preserved. If the functions are 
determined then the system (3.7) for which the conditions of 


10 


Integrablllty are fulfilled allows us to determine the displacement 
vector. We obtain 

M| =» ( (C./ -I- fu?, 

3 *. ( 3 . 

where uj are the values of the functions Uj^ In the point Xq. 


If we note 


(ofji 


• •• 




(3.15) 


then It follows from (3.13) and (3.1M that 




( (*u f wfl) 


•U, »- -®?)+u?. 


(3.16) 


The above integrals are Independent of the paths In B from Xq 
to X. The thus defined functions Uj^ represent the components of a 
displacement vector corresponding to the deformation tensor 

The relations (3.16) indicate that the displacement vector is 
determined as far as a rigid displacement, as It was antlclnated . 

The six distinct conditions of integrablllty from (3.^) are 

■*«.;/ ‘n.ti = ■•2 eiM/, (• ^ j. not added) , ^3. 

4- e„.„ = e„j, t- (I # j «, not added) . 


The vector u) the components of which are given by 

1 

Is called the rotation vector. 


( 3 . 18 ) 


11 


We used for designating the symbol of permutation which, /16 

as Is known, Is defined In the following manner 

1, If the values of l,,J,k, form an even permutation 

'ijk " I -1, If the values of k,J,k, form an odd permutation 

0, If at /sast 2 Indices are equal 

(3.19) 


Obviously we have 


CO = — I’ut II. 
2 


( 3 . 20 ) 


It may be easily seen that the relations (3.^) may be written 
In the form of 


Similarly on the basis of the fact that 
the relation (3.12) obtains the form of 


( 3 . 21 ) 


( 3 . 22 ) 




(3.23) 


If we keep In mind (3.23) and relations 
( = {n'f — a.*®) 6)®^ I ( {ti — 5i) wo.i 'l 

from (3.14) we obtain another form for the components of the dis- 
placement vector 

«C - «? + {X; if [e„ -I- (3.24) 


similarly, from ( 3 . 23 ) we can derive 

U)<l = <0®, + ( 


(3.25) 
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In case of a multiple-connected domain the problem may be studied 
by carrying out suitable sections with the help of which a simply 
connected domain Is obtained. 

At the margins of the sections, the components of the displacement 
vector will have In general different values, be It u“ , Uj^'*’ depending 
how the X tends to go toward a point on the section from one part or 
from the other part of the vector. If the displacements are continuous 
the following supplementary conditions must be fulfilled on the sections 
Uj ■ u^. In the contrary case certain discontinuities will appear in 
the body; the funcclons u^^ will not return to the same values after /17 
going arounJl any closed contour. 

Let us assume that the domain B Is (M + 1) connected. The 
functions and determined by (3.24) and (3.25) may have many 
forms. In order to ensure the uniformity of these functions It Is 
necessary and sufficient that 

Jt, 

( (« - 1 , 2 ,. •.,■»/). ( 3 . 26 ) 

K 


where L are simple closed curves from B, each of which surrounds one 
n 

and only one of the cavities. 

Conditions (3.26) may be written In the following equivalent form 


f (3.27) 

•'^11 

U, ( M 1 y * . * , )• 


4 . The Invariants of the Deformation Tensors 


Let us consider In the three dimensional euclidian space a second 


13 


order symmetrical tensor . As Is known the coefficients of the 
polynoihlal in X 


- U„\ 1- f,(«) ).« - /j(«) X -i / 3 (a), 


(4.1) 

are invariant at their reference transformation. Similarly any 
invariant of the matrix (&j^j) is a function of the invariants I^(a). 
From (4.1) we obtain 




(4.2) 


Often in place of the invariant Ij,(a) other invariant expressions 


are used, 
tensor a 


ir 


Magnitudes I^(a) are called principal invariants of the 
For the deformation tensors C, 


'KL' 




4 4 , and e. . we 
ij ij 


will indicate the respective principal invariants by T^(C), Ij^(R), 
Ij^(c) and Ij^(e) . 


In view of the relations (2.18) it follows that 


J,(C) -:i t- 2/, (/•;), /,(<•) .-.i 

r.(C) - f 4/,(h') !- 4/s(/i), ls{r) -- ;{ - ; 4/o(f'), 

I.,(C)^l+2/,(K) t l/al/v’)-! «/n(A’). i I U.,{c) sl.,(c). 


Let us note the fact that because 

- K,,.| 


(4.4) 


it follows from ( 1 . 3 ) that 


/18 


/3(0)=./», 


(4.5) 
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similarly we obtain 


where 


Obviously 


so that 


j ** 

jj =a 1, 

W) * 1 . 


(U.6) 


(‘♦.7) 


(»<. 8 ) 

(4.9) 


5. The Transformation of the Surface and Volume Elements 


Let us consider the vectors dBi ®= EidJVi, dlt^ = EjdA't, dllj =• EjdAa 
which after deformation become dr* = HjdAi, dtj = CjdAj, disj = CjdAj 
respectively. Let dA^ Indicate the surface of the rectangle determined 
by the vectors dR^ and dRg while do^ Is the surface of the parallelogram 
determined by the vectors dr^^ and drg* We thus have 


do0 — CixCodAj — Ci/i( I'l.i 

The relation (5.1) may be written In the form of 


d®3 = JAs.,e,dA3, 


because 




In the same way we obtain 

dO| = <P(dA|, d02 ~ «/A2,( 0(11^2. 

where the meaning of the new notation Is obvious. 


(5.1) 

(5.2) 


(5.3) 
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If we note 


da -■ d9| + d«i + d«g. 


(5M 


we have 


da </AK,(dAi( 04 . 


(5.5) 


Setting da ■ da^^e^. It results 

dfli =*» ./-Vjf.idAg, 

these re:iations will be useful In the following. 


(5.6) 


The volume determined by the vectors dr^, ^£ 2 * ^—3 given by 

d» = d«gf:3d.V3=./.V3.,p,(U3,t;.3e^d.Y, = Jar, (5 7) 

where dV Is the volume of the parallelepiped determined by tbe / 

vectors dR^^, dRg, dR^. 

If we keep In mind (*l.3)» (^.5) wo can write 


a» = Jar = fiJO)iiv * Vm- 2/,(£) 4- -t- ( 5 . 8 ) 


In the case of the linear theory we obtain 

Jll (e) = l + c«, (5.9) 

ar 


or 


dt> — ar 
ar 




( 5 . 10 ) 


this relation expresses the fact that In the linear theory, Ij^(e) 
represents the variation of the volume per nondeformed unit volume. 
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Chapter 2. PRINCIPLES OP MECHANICS AND THERMODYNAMICS /20 

6, Velocity and Acceleration 

Through the intermediary of relations (1,1) and (1.2) any 
quantity f which is a function of the variables x^,t is also a 
function of the variables and vice versa. We will indicate the 

dependence of f on a certain system of variables by writing f(x,t) 
or f(X,t). Let the function f be of the class C^ on B >» (0,tp). 

The differential of function f with respect to time» maintainlrpt 
coordinate X^ constant is called the material differential of the 
function f and will be Indicated by df/dt or by f. 


If f ■ f(X,t), then we have 



( 6 . 1 ) 


If f ■ f(x,t), we obtain in view of (1,1) 

f = i£L. 

dt dXi dt 


( 6 . 2 ) 


Obviously the concept of material differential may be considered 
also in connection with vector or tensor quantities. 


The velocity vector is defined by 

V = #. 


If we observe 


V == 


( 6 . 3 ) 


(6.H) 


then 



( 6 . 5 ) 
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The velocity vector may be expressed with the help of the 
displacement vector. Prom ( 6 , 3 ) and ( 2 , 3 ) we have 

( 6 . 6 ) 

and If we take Into account notations (2.5) we can write 

( 6 , 7 ) 


Sett In^ 
we obtain 


II — Vk{‘\ » 0 K«» V *a Tk {\,t) Kx, 


/21 

( 6 . 8 ) 


V 


^JL 

dl 


( 6 . 9 ) 


Tn view of ( 6 . 5 ), the material derivative of the function f(x,t) 
may also be written In the following manner 

/ = ( 6 . 10 ) 

at 

The acceleration vector is defined by 


We can write 


t) p (6.12) 

dt dr- 

Similarly If a « a^^e^ and v^ « Vj^(x,t), we have 

dc, ( 6 . 13 ) 

rt, ^ .f. 
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1. Several Important Material Differentials 

(a) The material differential of the deformation gradient. 

We will show that the following relatione take place. 

™ k) Hi. K f ™(-V|f <)=« — (7.1) 

iU «W 


f 


I 


In view of the fact that In the operation of material differentiation 
the X„ coordinates are kept fixed, we can write 

K 


(I 

di 





= Vl,t 


which proves the f5rst foi*mula from (7.1). 

Currying out now the material differential of the relation 
(2.11)^ we obtain 

-Vm.i 

dt <» 


I 

-i 

m 

i 


^ 1 

i 

■ j 


whence, on the basis of (T.l)^* (7 >2) 2 can be easily obtained. 


If we consider dj, 1 ,,* d.V,., from (7.1) we can derive 


/22 


d( 


(d./|) 


(7.2) 


(6) The material differential of the square of an element of 
arc . We will show that 


d( 


- («!»'*) — 2di;dx<daVi 


(7.3) 


2d<; - t\f + e,^i. 


where 


In view of (7.2) It follows 


»» 2 2»’<. I dav <•*•** =’ (•’u 

d( (U 


which demonstrateo the relation (7.3) 

(y) The material differential of the volume element, 
show that 


— • (di») ^ f<,idi'. 

df 


Let us 
(7.5) 


In view of the fact chat d»=Jdr, 


we have 


/ 1 V dJ , ,, 
— (dt>) >= d y 

iU <u 


OJ d(jv.if) 


tiV 


dTt,K d/ 

K.i Vi.i d — Vi^tJ d r, 


which demonstrates relation (7.5). Here we use the fact that 

^'1 -/V 

./,! K.(* 

K 

and also the relation ( 7 . 1 ) 2 ^. Let us remember the fact that 




J lU, I » 


(7.6) 


(6) The material differential of a volume Integral. Let 
^(t) be a random regular domain from the continuous medium considered 
at time t followed In Its movement. Let us assume that this domain 
comes from the domain jj _ 


The following Integral Is considered 

i,< ^ /(U-, l) dp, 


(7.7) 
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In which the domain 9 and the function f aaaumed to be of the 
claaa are dependent on the time. 

Let us demonstrate that /23 

( 7 . 8 ) 

For this reason let us transform first of all the considered 
Integral Into an Integral extended to P 

-J/(jr( .V, 0.0 (7.9) 


Obviously we have 



( 7 . 10 ) 


Coming back to the spatial variables and taking into account 
(7.6) we obtain 


r = ( i. A(.//)di) ==( 

J df 


Which was to be demonstrated. The relation (7.8) may also be written 
in the form of 

^ “ L ['^ ^ (7.11) 

where Is the boundary of 

8. The Deformation Velocity Tensor. The Spin Tensor 

The deformation velocity tensor d^j and the spin tensor w^j are 
defined by their relations 

2<f„ = t\, + (8.1) 

= (Q 2) 
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These tensors represent the symmetrical and the antlsymmetrlcal 
part» respectively, of the tensor v. The vector w with the component 

t(9| vm 

(8.3) 

Is called rotation velocity. We have 

Let us establish certain relations between the material /2^ 

differentials of the deformation tensors and the deformation 
velocity. We will assume that /«*•/. ■ /-k/ ( V, /)^ “ Oi ( j» 0- 

We will show that the following relations are Involved 




(3.5) 




( 8 . 6 ) 


In view of (2.16), (2.18), (7.1) » we can write 

2J?a7. = Ck,. -j” (jv.a J’i,/,) ™ IX, .r,.A-.»X/. + - 

— (ix, t- <’,.«) ^Xk 


which demonstrates (8.5). ].. order to establish (8.6), we will use 
(7.1), (8.5) and the relation 

< U '■ LV/, 1 K, t /.. !• 

Thus we are able to write 


-V«., .V,., 4- A’a,.-' ■ (.Va,,) -V,.., ; LV,. A*,, -^(A,..,y== 


tl( 


df 


— thi — i'lKi. A A’.B. A/.,, — Km i*„,, A A A-.( -- 

*= dt> — fm! . 
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Prom (8,6) results the fact that In the llhear theory we have 


*0 =* 


(8.7) 


9. Objec t ive Tensors 

The magnitudes which are independent of the movement of che 
person who observes them are called objective ones. Thus the 
distance between two points is objective. The velocity of a 
material point is not an objective magnitude. 

Two movements of the continuous medium described by the functions 
Xj^(Xjt) and x^(X,t') respectively are called objectively equivalent 
if 


a;(.Y, V) = .r,(.v, <) -|- 6,{(), f - «, 


(9.1) 


where a is a constant, represents a translation and satisfies 
the relations 

Qu Qtk — Qki — I “ 1 • (9.2) 


Thus two obj actively equivalent movements differ only by the 
benchmark and the reference time. The two movements could be made 
to coincide by superimposing a rigid movement and by changing their /25 
origin Oi time. If in case of such a transformation the components of 
a vector A^^(X,t) are changed according to the law 


(9.3) 

then this vector is called an objective one. 

The tensor Aj^j(X,t*)l8 called objective if 

f) = QtM (X, t). ( 9 . *» ) 
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In view of (9.1) we are able to write 


(lx: 

dV 


Qit I" Q*i "I" 


whence 


(*: ^ V, -h f),, T, i- hf 


( 9 . 5 ) 


This relation indicates if the velocity vector is not 
objective. 

Let us examine the tensors and w^^. Prom (9.5) we obtain 

= OifVr.. . ,-r- 

Ofj d.v, dxf 


Because 


0,-; 


we are able to write 


•I.i - I ^hkQtk’ 


(9.6) 


If we derive (9.2) in relation to time we have 


V(«» r (^<r« V/m = 


(9.7) 


Prom (9.6) and (9*7) we obtain 

tlil — 

(9.8) 

a relation which expresses the fact that the deformation velocity 
tensor is objective. 


similarly from (9.6) and (9.7) we can derive 


-= Qir Qh ?"r. r Vir <hf 


(9.9) 


Consequenv,ly the spin tensor Is not an objective tensor. 

10. The Principle of the Conservation of Mass, The Equation of /26 
Continuity 

The fundamental principles of the mechanics and thermodynamics 
of continuous media are; the principle of the conservation of mass, 
the principle of the pulse, the principle of the kinetic moment, 
the principle of energy and the principle of entropy. 

Let us start with the study of the principle of the conservation 
of mass. Let us assume that We are given a strictly positive 
function p, of the class on B x (0,tQ) and continuous 
on 5x [0,fo) called mass density; the mass of any given portion 
^ from the continuous medium <39 Is .given by 

m(^) sC pii®, (10.1) 


The principle of the conservation of mass states that the mass 
Is conserved. In other words the mass of any portion from B Is the 
same as the mass of the same portion after deformation. Let P be 
the domain from B which by deformation becomes the domain ^ from 

If we designate the density of the continuous medium at the 
Initial moment by Pp,then the principle of the conservation of mass 
may be expressed In the form of 

pd» = I PodV. 

From (10.2) follows the relation 

Po = «^p* 


( 10 . 2 ) 


(10.3) 
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which l3 called the continuity equation. If the motion is known, 
the relation (10.3) determines' the density p. The function Pq Is 
prescribed. In view of the fact that p^ does not depend on time 
we obtain from (10.3) 

./ p J p *= 0. 


If we consider (7.6), it follows 

P + p®«,» = b- 


(10.4) 


This is another form of the continuity equation, 
expressed also in the following manner. 

01 

Prom (10.3), on the basis of the relations (4.3) and (4.5) 
it follows that we have in the linear theory 

p-p„(l-e«). (10.6) 


It may be 

(10.5) 


In ending this paragraph we will consider the material 
derivative of an Integral of the form of (7.7), in which .f ^ P9- 
In consideration of (7.8) we derive 

ilT 5, ^ P?n..j«lo J^[P<P 1 <p(p f- p»<,.)ldt). 


If we consider (10.4), we obtain the Important formula 




1 

p — — (U\ 

ill 
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jd 


(10.7) 


11, The Principle of the Impulse, The Principle of the Kinetic 
Moment 


In Paragraph 2 we have seen that a motion of the considered 

2 

medium Is defined by a displacement vector u of the class C on 
B X ( 0 , la). 


A motion 
continuous on 


Is called allowable If 

R X [0, Iq). 


u, ii, ii, II, K> u.Ki 


are 


Given an allowable motion and a portion ^ of the body under 
consideration at the moment t, then the vector 


m = 5 


0 


p ii dt), 


( 11 . 1 ) 


Is by definition the Impulse of the portion ^ at the moment t. 

The kinetic moment (with respect to point o) of the portion ^ 
at the moment 't Is, by definition, the vector 

llo(^) = ^ P' ^ (11.2) 


A system of forces associated with the body In motion Is 
defined as follows: 

(a) For any given time there Is given a vector 
This vector is called the specific mass force; It represents the 
force per unit mass exerted on the point x at the moment t by 
bodies external with respect to The vector Fm(^) 

Is defined by 


and Is called the resultant of the mass forces exerted on the 
portion ^ at the moment t. 
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(6) For any moment t and for any unitary vector n there le 
given a vector iwia', t), x e a. if y le a regular and oriented 
surface from • , with a normal unitary vector n, then 
le the force per unit surface In x and at the moment t, exerted by 
the portion of the body located on that part of toward which n 
Is directed on the portion from a located at the other part. 

The vector Is called the tension vector. 

The resultant of the surface force exerted on the portion of 
y from a Is defined by 

Jd0 

Where oy Is the boundary of the domain y , and n is the versor 
of the normal exterior at dy- 

If .cedji, and n is the versor of the normal external /28 
to Qgf in X, then •(-) (•*’*0 is the specific force of the surface 
In (x,t). 

(y) The resultant of the forces exerted on the portion of 
^ from ^ is defined by 


f{y) =\ pfiiofC 


( 11 . 3 ) 


(6) The vector t. x is continuous on I* x [0» <o) and of 

10 ~ 

the class C * on bx(0,(o)« f Is a continuous vector on 

n X [0, to). 

By definition the resultant moment (with respect to point o) 
of the forces which act on a portion y from y is 


Mo(y) = ( pr X f d» + C r X !(,) do. 


( 11.^0 
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By analogy with the mass force and the tension vector the 
concepts of mass moment and surface moment may be Introduced. 

A continuous medium In which mass moments and surface moments are 
present Is called a polar continuous medium. We will assume In what 
follows that the medium under consideration Is nonpolar. 

The principle of the Impulse states that for any portion 9 
from ^ and any t the following equation occurs 

i(^) = F(^). (11.5) 

The principle of the kinetic moment states that for any 
portion 9 from 9 and any t the following relation takes place 

rto(^)=J|fo(n (11 *6) 


The ordered aggregate [”»*«.)»*]. where u Is an allowable motion 
and f,t^^j Is a system of forces is called a dynamic process if, for 
any portion 9 from nt and for any t, the relations (11.5) and (11.6) 
are satisfied. 

In view of (10.7), (11.1)-(11.4) , relations (11.5) and (11.6) 
are written In the following form 

( pit<Ir = C pl<)»+( «(»)<!«. (11.7) 

X «d» = X I d» + J pxi(,)d«. (11.8) 


In Paragraphs 12 and 13 we will present the local consequences 
of the principle of the Impulse and the principle of the kinetic 
moment . 
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12. The Tension Tensor 



i’ 

fi 

I 


r; 

F ’ 

I , 


i 

i 


Theorem 12.1. If t“» •(»)» H Is a dynamic process then for any 
given unitary vector n we have 

•<")*=- ( 12 . 1 ) 


Demonstration (Gurtln [l63‘J). In view of the fact that the /29 
domain occupied by a body Is limited, In view of the properties of 
p, u and f ^ It follows that the function 

k{t) = sup lp(f-U)|, 

A' CO 


is finite on [0, to)- 


From (11.7) we derive that 


t(»)da 


■'a# 


< 


( 12 . 2 ) 


on where V( ^ ) is the volume of 



Figure 2 


Let us consider a point 
^ and unit vector m. We 
will apply (12.2) for the case when 
^ is a parallelepiped, with 

a center (figure 2), 


having faces and A^A^A^AjJ normal to m. We will assume that 

these faces are squares with a side e and will designate them by 
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o_ and , respectively. We will assume similarly that the edge 
e e 2 

Is equal to c . Let us designate wlthu^ the reunion of the 
parallel faces with m. 


We have 


= a,* u o,” u w„ 


(12.3 


V(^,) « e«, = e», a/(6>.) =« 4e», 


(12. H 


Where for every surface «, j/(«) designates the surface of o. Prom 
(12.2), (12. U), we derive 


e* 


(12.5 


when e-*-0 


In view of the fact that is continuous on ^ for any 

fixed unit vector 2.» 1^ follows from (12.M 


r2 \ «lo -♦ t), M t(i.)«la-+0 


( 12.6 


when e-^0 . 


Keeping (12.3) > (12.5), (12.6) in mind we obtain 

* 

this relation proves the theorem inasmuch as m and Xq are arbitrary 

The vector t^^^(x,t) Is designated by t(x,t;n). We will 
designate the components of vector by tj^(x,t;n) or t^. 


Theorem 12.2 If l“» '(">♦* I is a dynamic process, then there 
is a tensor t^j of class on B x (0,tQ) which is continuous on 

B X p,tQ) so that for every unit vector n we have 


where are components of the vector n. 


I®* 



Figure 3 


Proof. Let us assume that the portion 
fy Including Its limit Is Internal with 
respect to the domain and has the shape 
of a tetrahedron (fig. 3) In which 

the vectors AA^ have vectors e^ respectively 
as the right versors. Let be the coordi- 
nates of point A, and n tne v''rsor of the 


external normal with respect to the plane Aj^A^A^, 
which acts on the surface element with an external normal e^ 


The tension vector 
is t(e^). 

To simplify the description we will designate this vector by t ^ . 
Obviously vectors t^^ depend only on the point and time. 

Let 0 be the face of the tetrahedron with the external unit normal 
n and the face of the tertrahedron normal to e^. Obviously the 
external unit normal at the face is -e ^ • The tension vector which 
acts on this face vfill be . 

The principle of the Impulse in the form of (11.7) applied to 
the tetrahedron under consideration becomes 




iIm. 


( 12 . 8 ) 


If we designate 

l(n) — U t| = Ul **i» 

the relation (12.8) will be written as 


(12.9) 


( p(«i -f,)dv = [ui\n -( tni\a 
J# •'o Joi *'“> ’ 


da. 


( 12 . 10 ) 


In view of the fact that is continuous for any fixed unit 

vector we derive from (12.10) 


[p(«« = tf j/(a) -<,W(Oi) 


( 12 . 11 ) 


where [p(aj —/orrepresente the value of the function f(o» —Jt) 

* 

In a given point Inside the tetrahedron, t^^ represents the value 
of the function t^ In a point of the face a and tj^^ represents 
the value of the function t^^^ In a given point of the face . 

Let h be the height of the tetrahedron derived from A. We have /31 

l'(^) j/(o.) = (12.12) 

3 


where n ■ n^Cj^. 

From (12,11) we obtain 

[P(«i -/.)]• 

If In (12.13) we make h tend toward zero, we derive 

U(x, < ; n) = t„ (X, I) M,(x), 
which demonstrates (12.7). 


(12.13) 


(12. Ill) 


It should be noted that the formula (12. Ill) Is true also when 
n ■ ± e^. 

The fact that the functions t^^j are of the class on B x (Ojt^) 

and continuous on B x Q),tQ) results from the fact that tj^(x,t;n) 
has these properties regardless what n would be. 

The relation (12. Ill) may also be written in the form of 

<(-) = *««•• (12.15) 

This relation expresses the dependence of the tension vector 
t(n) on the vector n; It Is known under the name of Cauchy’s formula. 
The tensor tj^j Is called Cauchy's tension tensor. 

13. The Equations of Motion 


Theorem 13.1 (Cauchy-Polsson Theorem). Let u be an admissible 
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motion and a system of forces. Then f] Is a dynamic 

process If and only If the following conditions are fulfilled. 


(1) There is a tension tensor t^^j ouch that tj^(x,tjn) 
Is represented in the form (12.7) and this tensor Is symmetrical. 


U$ *=* <<!♦ 


( 13 . 1 ) 


(11) Uj^, t^j and fj^ satisfy the equation 


tm H p/i *= 


( 13 . 2 ) 


Proof. If [u, !(.), f] is a dynamic process, then according 
to theorem 12.2 there Is a tension tensor t^^j ouch that (12.7) takes 
place. Let us show that the relatione (13.1) and (13.2) occur. We 
will write the principle of the Impulse and the principle of the 
kinetic moment in the form of 


p/|d»+C /((la. 


(13.3) 


pco» .»•/ (Iw = ( Cu, jT| /, ( la, 

I# J0 3o0 


(13.4) 


where e^j^ 


is the permutation symbol defined by (3.19). 


In view of the fact that the relations (12,7) take place, 
applying the divergence theorem, we have 
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Sj* ft r, + eot tn) 


(13.5) 


Relations (13.3) and (13.4) may thus be written in the following 
manner 
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(p«t — p/( --/;(.() (I® = 0, 


( 13 . 6 ) 


^ [<•»» ~ p/* ~ “ ®' 


(13.7) 


In view of the fact that the functions under the Integral sign 
are continuous and the domain ^ Is arbitrary, equations ( 13 . 2 ) 
result from (13.6). These equations are called equations of motion 
of the continuous medium under consideration. 

On the basis of equations (13.2), the relation (13.7) Implies 
that is, relations ( 13 . 1 ). 

In the opposite case. If we presuppose that (1), (11) take place 

and that the aggregate Cu,t^jj)» £3 Is given, where u Is the admissible 

motion, t/ v,f Is a system of forces comprising a dynamic process, 
-(n)'— 

Prom the fact that relations (13.2) take place, we obtain 
( 13 . 6 ) as the result. Because tensor t^j exists so that (12.7) 
takes place, (13.5) results. Prom (13.6) and (13.5) we obtain 


1 p(«i — /i) C /, lid, 


that Is, the principle of the Impulse. 

In view of the fact that relations (13.1) and (13.2) take place, 
relation (13.7) Is true. In view of ( 13 . 5)5 we derive from (13.7) 
the form (13.*<) of the principle of the kinetic moment. 

Prom equations (13.2) and the contlniuty of P*"'* /‘on x 
it results that t.. - are continuous functions on li x [O, /o)* 

J 1 f J 

From the above It results that the tension tensor tj^^ has the following 
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properties. 

1) Is symmetrical and of the class of on B »<(0,tQ), 

2) t^j and j are continuous on B x lo, f,). 

A tensor with these properties Is an admissible tension tensor. 

In view of theorem 13*1 It results that the specification of 
a dynamic process Is equivalent with the specification of the ordered 
magnitude r»'«f /«/,/,) where 

(а) Is an admissible movement » 

(0) t^j Is an admissible tension tensor, 

(y) fj^ are continuous functions on fi x [», /«), 

(б) u^» tj^j, f^ satisfy the equations of motion 

ht.t t- p/i - 

Thus, a dynamic process Is an ordered array of functions /33 

Uj,tij, f^ with properties (a) — (6). 

14 . The Piola-Klrchhoff Tension Tensors 


As has been stated before the tension vector 1s associated with 
a material surface ^ from ^ and la measured on the unit area 
of this surface. However, the area of the deformed surface is not 
known and therefore it is necessary to Introduce a tension vector 
to act on which Is to be measured on the unit area of the surface 

^0’ where is the surface from B which by deformation becomes the 

surface y from St. 

Let P be the domain from B which Is transformed by deformation 
Into the domain ^ from St. The relation (11.7) may also be written 
in the following manner 

j|^P«“dr = J Pof dr -4- J T(jv)dyl, (14.1) 


where 1® the tension that acts on qnd is measured on the unit 
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area of the dP surface. Let N • Nj^Ej^ be the versor of the normal 
exterior to dP , Proceeding as In Paragraph 12, from (1^1.1) 
we obtain a relation analogous with (12.15) 


T,m = T« Nny 


(li».2) 


where Tj^ represent the tension vector associated with a surface 
from corresponding to the plane of the external normal Ej^ from B. 


Let dA be the oriented element of area from B with an external unit 
normal N which, by deformation, becomes the element da with an 
external unit normal n. 


We have 


i(n) ilrt = T(m (U, 

drt< = dff, dA« = 3T*.dA, Itda. = T^dA*, 


(lit. 3) 


where we used (12.15) and (12.2). 

In view of tht relations (5.6), from (1^1.3) It follows 


Ta 


= -/.Va., i<. 


(lit.it) 


Prom (lit.ti) we obtain 

•( = • A'Ta- 

9f 


We will note 




(14.5) 


(14.6) 


Ty. is called the Plola-Klrchhoff tensor of the first kind. 
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Prom (12.9), (ll* 6) It follows 


r 


7’*, - •/.Va,. U„ 


(U.l) 


and thus 


Itl - . 

♦/ 


(in. 8) 


The Plola-Kirchhoff tensor of the second kind, Tj^j^ Is defined 


by 


TKi ~ x,,i, Tgi , 


(in. 9) 


Prom (in. 8) and (in. 9) we derive 


Ut — ' J'l.K 7’ltt* 
fj 


(in. 10) 


and thus 


7’A t = ./-V*., , 1,^, 


(in. 11) 


In view of the symmetry of the tensor t^^ It follows 


A T'fcv ~ J’j.A 7 Vj, Tgi = Tlk> 


(in.i?) 


Let us express the equation of motion (13.2), with the help 
of the tensions or We will use the fact that 

(yA«) (11.13) 

these relations may be easily verified. 


Prom (13.2), (14.8) and (14.13) we can derive the following 
form of the equations of motion 

*«. * h Po/. = po (14.14) 

which can be easily derived also from (14.1). Obviously, the 
equation (14.14) may also be written In the following way 

( .o, i).j{ po/( = Po^,' (14.15) 


In the linear theory of deformation the tensions are of the 
same order of magnitude and displacement . In this case we followed 
the convention of using a single system of coordinates and have 
shown that from (2.6), (4.3), (4.5) It follows 

•/ = ! f r«, fi,i (14.16) 

In view of (14.7), (14.10), (14. 16) it follows that In the 

linear theory the tensors coincide. 


Ti) — Uf. 


(14.17) 


15. The Principle of Energy 

Let us associate with each dynamic process an Internal energy 
per unit mass e(x,t); the internal energy of the portion ‘ 
from the body at the moment t being defined by 



(15.1) 


By definition the kinetic energy of a continuous medium which /35 
occupies the domain ^ at the moment t is 





( 15 . 2 ) 


The power of the applied forces of the portion ^ from ^ 
is defined by 





-\A 


(15.3) 


In continuation we will study the principle of energy in 
the case in which two forms of energy are present, mechanical energy 
and thermal energy. In the following the thermomechanical behavior 
of a continuous medium will be our subject. 

A system of heat sources associated with a body in motion is 
defined by the following: 

(а) For any t there is a function r{.f, i), .r e given. This 
function is called the output of the heat sources per unit mass. 

If is a portion of the body , then the Integral 

represents the amount of heat transmitted in by radiation Per 
unit time. 

(б) For every t and for any unitary vector n there is given a 

function //(,)(r, <), If y is an oriented and regulated surface 

from ja with a unitary normal n, then ^(n(x))^^*^^ represents the amount of 

heat per unit area of the surface and within the unit of time in x and at the 
.moment t, which passes from the portion of the body located in the 
part of toward which n is directed towards the portion from ^ 
placed at the other part. This function is called the heat flux. 

The Integral 


1»0 


represents the amount of heat that enters by the border of the 
portion by conduction In a unit of time. 

(y) The amount of heat that enters In a unit time Into 
the portion ^ Is 




* 


pr «l t) 



(15.4) 


(6) The function h. v Is continuous on /lx 1.0, <o) and Is 
10 ' ^ ^ 

of the class C * on B x (Ojtp) and the function r Is continuous 
on X [0, fa). 

Let us associate with each dynamic process and entropy per unit 
mass f); the entropy f of the portion ^ of the body at the 

moment t being defined by 




(15.5) 


Finally let us Introduce a function T(x,t) >0, called absolute 736 
temperature . 


The principle of energy (or the first law of thermodynamics) 
states that for every portion 9 from St and for every t the 
following relation applies 


K(S^) + E(S>) =‘W {») + Q 


( 15 . 6 ) 


In view of (10.7), (15 .1)-(15 .4) , the ’-elation (15.6) takes 

the shape of 

(15.7) 

J pii. «, d»+ J ped« = J^p/i«. dc -r «. dfl + J^pr d® + da. 
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In which 


The ordered set («» r» <'i •«•»» ** >‘li 

(I) u Is an admissible motion, 

(II) s system of forces, 

(III) h/^«,r Is a system of heat sour^ces, 

' 2 1 
(Iv) T Is a positive function of the class C * on B x(0,tQ) 

being continuous together with f and T „ on fix [O, lo), 

1 

(v) e is a function of class C on B « (Ojt^) and continuous 
together with e on ft x [0, t*), 

(vl) n Is a function of class on B x (0,tQ) and continuous 
together with f on fix I©, loK 

form a thermodynamic process If the principle of the Impulse, the 
prlnclpr.e of the kinetic moment and the principle of energy are 
satisfied. 

The conditions of regularity Imposed on the functions which 
characterize the thermodynamic process are somewhat more restrictive 
than those necessary In this chapter. 

In view of the definition of the dynamic process it follows 
that ^ = [u, T, '’»•(»). » 5 . f, r I is a thermodynamic process If 

1) Is a dynamic process, 

2) /!(»,, r is a system of heat sources, 

3) T, e, n have the properties Indicated In (Iv)-(vl), 

4) ^ satisfies the principle of energy. 

Theorem 15.1. If [“.<<«)♦ H is a dynamic process then the 
first law of thermodynamics may be written In the following form 

{ ( 15 . 8 ) 

Jii* 3o* 


where d^^j Is the tensor of the velocity of deformation. 

Proof. If ln»W*l Is a dynamic process then according to ^he 
theorem 12.2, the relations (12.7) take place. In this case the 
second term of the right member of the relation (15.7) may be written 


U2 


In the following form 

C -( r|(V(N|(la + <»•»<.<)<*«• 

li# 'a* ■'«* 

In view of this fact the relation (15.7) becomes 

^ »i(p2« - p/* - il» H- ^ peili)-^ + 

-1 C pf d» + \ Ala) ila. 

J0 JO0 

On the basis of the theorem 13.1* u^, t^j, f^^ satisfy the 
equations ( 13 . 2 ) and therefore ( 15 . 9 ) Is reduced to 


(15.9) 


pedr f ( prclp+( A(„da. 
^ Jo# 


( 15 . 10 ) 


If we take Into account (13.1) » relation (15.10) will take 
the shape of ( 15 . 8 ), 


16. The Heat Flux Vector. The Energy Equation 


Theorem 16.1. If [u »T,e ,t ,n ,h^^ ^ ,f .r] la a thermodvnatric 
process, then for every given unit vector n we have 

A(«l = — A(-a). 

( 16 . 

The demonstration of this theorem Is similar to the 
demonstration of theorem 12.1, However this time relation (15.8) 
is applied for the parallelellped , used to prove theorem 12 . 1 . 


Theorem l6.2. If [u,T,e ,t ,n ,h(n) »r] Is a thermodynamic process 

then there Is a vector 0[ the class on B x (0,tQ) and continuous 

on B [ 0 ,to) such that for every unit vector n the following relation 
takes place. 

A(») = <lt M|| 


( 16 . 2 ) 

where q are components of vector 3 ^. The vector 3 ^ Is called the 
heat flux vector. 




The theorem is proven the same way as theorem 12.2. In this 
case the relation (15. 8) of the tetrahedron used for proving 

theorem 12.2 Is applied. With respect to the meaning of the components 
of vector ^ let us mention that the heat flux that enters a 
tetrahedron through the face Is 

Theorem l6.3. Let Cu,T,e , t ,n »h^^^ ,f ,r] exist with properties 
given in (1) — (vl) respectively from Paragraph 15* Then [u,T,e ,t , 
h(^^ ,f ,r] Is a thermodynamic process If, and only If 

(а) Cu»t^j^^,f] Is a dynamic process, 

(б) there Is a heat flux vector c[ so that Is represented In 

the form of (16.2), 

(y) the relation (the energy equation) takes place 

p« = til dll I- 4- ( 16 . 3 ) 


Proof. If the considered set Is a thermodynamic process then 
[u,t,^^,f] is a dynamic process. .Similarly, according to tneorem 
16.2, there Is a heat flux vector 3^ such that (16.2) takes place. /38 

Let us show that relation (16.3) Is satisfied. In view of (16.2), 
the relation (15.8) may be written in the form of 


(pr til dll - P*’ ■ 'll. 1 ) dr - 0. 

10 


(16. M 


In view of the fact that the function below the Integral sign 
Is con*’lnuous and the domain of 3* Is arbitrary, (16.3) results from 
(16. M 

In a reciprocal manner let us assume that (a) — (y) take place 
and let us show that the set [u, T, «*, i(«i, •/;, A(»), f, >• | with the 

properties (1) — (vl) of Paragraph 15 is a thermodynamic process. 

From the fact that ($) and (y) occur, (15.8) follows. Taking 
into account (a) It follows that the relations (I3.I) and (13.?) take 
place. Therefore, we can write (15.8) In the form of (15.IO) and 

from this we can derive (15.9). Afterwards, (15.7) Is derived. 

HU 


Prom equation (16,3) it follows that ^ Is a continuous 
function on B^x[0,tp). Prom the above It follows that the heat 
flux vector has the following properties 

(1) q^ Is of the class on F x (Oft^), 

(11) q^ and q^ ^ are continuous on '5x[o,tQ). 

A vector having the properties (1), (11) will be called an 
admissible heat flux vector. 

Prom the statement made In Paragraph 13 concerning the thermo- 
dynamic processes and theorem l6.3»lt follows that the specification 
of a thermodynamic process Is equivalent with the specification of 
the ordered magnitude [Uj^, T, e,t^j ,n»qj^»fj^»^'’] whereby 

1) ® dynamic process, 

2) q^^ are components of an admissible heat flux vector, 

3) T,e,n are position and time functions with properties mentioned 
In Paragraph 15, 

^) r Is a continuous function on F x fO,tQ), 

5) the local equation of energy (16.3) is satisfied. 

Thus the thermodynamic process is an ordered set of functions 
[Uj^,T,e,tjj ,n,Qj^»f j^,r] with the properties given In 1) — 5). 

As In Paragraph 14 we will Introduce the concept of heat flux 
referred to the area of a nondeformed body. We must consider 
the function so that 

ii( H'f = fl<f( = (l6 5) 

The relations (16 .5) are similar to the relations (14.3). We 
used here some of the designations from Paragraph 14. 

The vector Q of the component Q,^ Is called the heat flux vector 
referred to the area of a nondeformed body. 


In view of relations (5.6), It follows from (16.5) 

• Q/i 


( 16 . 6 ) 


Prom this we derive 


~ j 


If we keep In mind (lit, 13) we can write 

I /I 

“ -j Vk.«» 

and thus equation (16. 3) will take the form of 


(16.7) 


/JS. 


( 16 . 8 ) 


f 


i/p« — f [-,fpr. 


(16.9) 


Using the relations (8.5), (10.3) and (14.10), the 
energy equation may be written in the following way 


Pn< = Tut. Bfci, 1- Qk.k + Po *’• 


( 16 . 10 ) 


In the linear theory the displacement vector u and the heat 
flux vector ^ are of the form of u ■ eu* » 3. ■ where e is a 
parameter whose powers equal to or higher than ? are negligible 
and u* and c[’ are vectors which do not depend on e . In view 
of (14.16), it follows from (16. 6) that, in the linear theory, 
we have 

9 * = (1. 

( 16 . 11 ) 


17. Statements about the Principles Introduced 

Green ar)d Rivlln [1431 have shown that the principle of the 
conservation of mass, the principle of the impulse and the principle 
of kinetic momentum may be derived from the law of the conservation 
of energy using the conditions of invariance and the superposition of 
a rigid motion. Let us present this fact. If we consider (15.1)» 
(15.2), applying the formula (7.8), the principle of energy (15.6 )maybp 
written in the form of 
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1 


(17.1) 



r P ■i 


^ j(P f P*’m)| 




( p(/*P« t 0‘lf (-( fc(«))»la- 

jf Jit* 


We no longer use the formula (10.7) because oie assumes 
the principle of conservation of mass. 


Let us assume that a considered medium reached a given state 
at the moment t by means of a certain motion. We will consider 
another motion which Is obtained from the given motion by the 
superposition of a translation motion with constant speed. The 
functions unchanged by the superposition 

of this rigid motion. The components of the velocity vector are, 
however, changed Into v^ + where are arbitrary constants. 

The equation (17.1) Is true regardless what the velocity vector is, 
and when v^ Is replaced by v^^ + a^. 


Thus we have 

^ |((<'< i I C|p I (Vi I «()“-|-t'j(P t P»’/.i)|‘l‘’ ^ 


■ { [/.(«•< t *<) ; '•]P‘lr |-( l-ot,) i-A„)|da. 

Jj» Jit* 


(17.?) 


From (17.1) and (17.2) we obtain 
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I 5 [P(.A - Vi)-v,( 'p f- pr,,,)|(lr I ^ (,do| «« — 


(17.3) 


this relation Is true regardless of the constant The Integrals 

from (17.3) are Independent of If we replace by Ba^* where 

B Is an arbitary scalar quantity, it can be easily derived that 


^7 


(17.3) Implies the relations 







(17.10 


- r.) 


“h(p + pV/,,)l(lv 4 


J fi da ^ 0. 


(17.5) 


Obviously (17.10 represents the principle of the conservation 
of mass. Now In view of (10. ll), the relation (17.5) becomes 

( P«|<I«=C p/,ilv { ( /,(!«, 

J# .’«# 


which represents the principle of impulse. 

In view of (10. ll), (12.7), (13.2), relation (17.1) becomes 


5. 


pe dv 



I I /<(,)drt. 

Jc»# 


(17.6) 


Let us consider a movement of the medium which differs from 
the movement given by the superposition of a rigid motion with a 
constant angular velocity, as the body has the same spatial orientation 
at the moment t. The functions P» e» *^(n) unchanged 

by the superposition of the above-mentioned motion. relation 

(17.6) Is true also when v^^ ^ Is replaced j + ^ where 

is an antisymmetric constant and arbitrary tensor. Thus we have 


Prom (17.6) and (17.7) It follows that 


fill ht TSi 0^ 

# 


from which we obtain (13.1). On the basis of theorem 13.1, the 
principle of kinetic momentum can be derived. 

18. The Principle of Entropy /^tl 

The thermodynamic processes are subject to the action of the 
second law of thermodynamics, known also under the name of the principle 
of entropy. This principle states that for any thermodynamic process 
the Inequality 


il 

< 1 / 






till > 0, 


( 18 . 1 ) 


must be satisfied regardless what the portion from would be 

at any moment t . 


The Inequality (18.1) Is known under the name of the Clauslus- 
Duhem Inequality. 

If we consider the relations (10.7) and (16.2), the inequality 
(18.1) may be written in the form of 

This Inequality Is equivalent to the Inequality 


pTi) - pr —qt,i t- fli7'.i > W, 


(18.2) 


which represents the local form of the Clauslus-Duhem Inequality. 


^9 






f 


I 

\ 

I 

F 

If: 


If we consider (10,3) » (16.7) and (16.8), the Inequality (18,2) 
assumes the form of 

h 7'») — Po*" —Qk.a f- -y Qk 'l',h > (18.3) 

Often, Instead of function e the function of free energy i|> Is 
Introduced, defined by, 


^ f 


- 1\ 


(18.4) 


Is Introduced. 

The equation of energy takes the form of 

p«(+ I ^Tj I Tij) - 7\, i (18.5) 

If we replace the expression p^r + Qj^ from (18.5) In the 
Inequality (19.3), we obtain 


-Po(>)'/’ i I 


T 


>« 7 . A XI. 


( 18 . 6 ) 


-\ 
' i 


In the following instead of the function e, we will use the 
function Introduced by (18.4). In view of the definition of the 
thermodynamic process. It can easily be seen that the free energy 
has the properties from (v) Paragraph 15. Obviously a thermodynamic 
process Is described by the ordered set [u^,T,4i,t^j ,n.*qj^,fj^,r] . 
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Chapter III. THE EQUATIONS OP THERMOELASTICITY 


A 2 


19. Constituent Equation^ 

Two bodies of the same form and mass may behave differently 
when they are subjected to the same strains. In that case, we 
say that the two bodies are made of different materials. 

The principles studied In Chapter II are applicable for any 
continuous medium regardless of Its Internal constitution. There- 
fore certain relations are needed to define the various classes of 
continuous media corresponding their different behavior. These 
relations are called constitutive relations or constitutive equations. 
In any case. It can easily be seen that the equations derived until 
now are not sufficient to characterize the unknowns. 

In order to Illustrate a certain behavior which characterizes 
one class of continuous media, a mathematical model was developed. 
Thus, various types of Ideal continuous media are Introduced: 
elastic, fluid, viscoelastic media, etc. 

A continuous medium Is called elastic If 

4 . (A', t) = t), T(.V, t), TMW t), A], 

Tkl(A\ t) = 0, T(X, l), f,) X], 

Va(A', t) = (), T(A, /), T,a( A, /), A], (19.1) 

r.(A, t) = A', f), T(X, 0, T,iv(A, 0, A]. 


The relations (19.1) are the constitutive equations of the 
elastic medium. Let us assume that the functions Tkl, 


51 


are of the class on the domain ^ of the elements of the form of 
(Xi L»X), where IjYj,,! «, '/’"•« and .Y i. H. 

The constitutive equations represent a restriction Imposed on 
a thermodynamic process. A thermodynamic process Ir^ which relations 
(19.1) take place Is called an admissible thermodynamic process. 

The constitutive relations which define a material must follow 
certain principles (Noll [3111 » Truesdell and Noll [*1211, I’rlngen 
[1071, Jaunzemls [2201, Mlsicu [2901, Truesdell [422]). For the 
equations (19.1), these principles are reduced to: the principle 
of objectivity and the principle of material Invariants. 

The principle of objectivity stater, that the consitutlve equations 
must be Independent of the observer. In view of what has been said 
In Paragraph 9, It follows that this principle may also be formulated 
in the following manner: the constitutive equations must be the /43 

same In any two objectively equivalent motions. 

Let x' and x be two objectively equivalent motions and 
P • [x^ j^l, Q ■ [Qj^j], where the functions satisfy (9,2). 

The restriction Imposed by the principle of objectivity on 
the constitutive equations consist of the fact that these equations 
must satisfy the relations 


7’, T.k, .V) viVF. 7’. 7’,,. AO. 


KmF, 7’. 7’.V, A) Ts,{Qh\ r, 7’,V. A ), 
r, r..v, A) 7\ 7’..v, A), 

7’, 7'.v, 7\ r.v, V), 


(19.2) 


for any specific orthogonal matrix Q. 
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Use of the whole orthogonal g**oup to describe the objectivity 
could eliminate In some cases* essential properties of the materials 
(Rlvlln [351] » Erlngen [107], Green and Adkins [llll]), and therefore 
we considered specific orthogonal transformations. 


In view of the fact that the functions are 

subject to the same type of conditions, we will study only the 
function V* The problem Is to find out how ii) should depend on P 
so that the relation (19. 2)^ Is satisfied regardless of the specific 
orthogonal transformation Q, We will use the following theorem. 

Theorem of polar decompost Ion. Any nonsingular matrix A may 
be written in the form 

A • RM • NR, I 


where R is an orthogonal matrix and M and N are symmetric and positively 

defined matrice.*'. The matrices M, N and R are uniquely determined. ; 

i! 


We recommend the work of Ericksen [106] to prove the theorem. 


In view of the fact that matrix 
the above theory, we may write 

F •= RU, 


F Is nonsingular, 


according to 


(19.3) 


where U Is a symmetrical and positively defined matrix and R Ip j 

an orthogonal matrix. i 

n 

The relations (19.2) may be satisfied regardless of the ? 

orthogonal mat. lx Q. We will designate by A* the transposed matrix A. || 

Let us choose Q ■ R*. In this case the first relation from (19.?) ^ 

is written as | 


T, T.k, -Y) MR*, ,F, r, Tj, A). 


(19.^0 
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In view of the fact that R is a specific orthogonal matrix (determined 
as P>0)| we have R*P ■ U, and thus (19.^) becomes 


y, '/u, \). 


(19.5) 


Prom (19.3) we obtain 




F*F = UR*dU = 


( 19 . 6 ) 


Keeping In mind the definition of matrix P and the relations 
(2.16), (2.18), we have 


= [J-, V r,.t| = [Ckl] - [2Fkl + 


If follows that tp depends on P by means of the components of the 

/\ A ^ 

deformation tensor The same result applies also for • 

We will write 


4* — MFum T, T,ki A), 

Tkl = T, T.S, A ), 

Qk ~ QK{Fitxt T,li A), (19.7) 

IT) = T, T,k, A). 


It can easily be seer that the functions (19.7) satisfy the conditions 
(19.2) regardless of the orthogonal matrix Q. There thus follows 

Theorem 19.1. The constitutive equations (19.1) satisfy the 
principle of objectivity if and only If they can be written In the 
form (19.7) 

There are continuous media which present certain symmetries as 
far as their physical properties are concerned. Thus, for certain 


materials their physical properties are the same when 
are changed Into (Xj^, X^* ”^ 3 )* Obviously It la possible to Imagine 
more general transformations of the material coordinates which do not 
modify the physical properties of the material. We will designate 
with (S] the subgroup of orthogonal transformations of the 
material coordinates which characterize the symmetry properties of a 
continuous medium. 

The principle of the material invariants is applied In the case 
when such symmetry properties exist. This principle may be stated In 
the following manner: the constitutive equations of a material must 

be invariant with respect to the group of transformations {S} which 
characterize the symmetry properties of the material. 

According to this principle the constitutive equations must be 
invariant at any transformation of the form of 


( 19 . 8 ) 

*'k ■ 

" *KL’ 

from {S}. 

If the group {S} coincides with the group of specific orthogonal 
transformations, the material is called hemltroplc. 

If {S } coincides with a whole group of orthogonal transformations, 
then the material under consideration is calle isotropic. Media which 
are not isotropic are called anisotropic. 

If the functionals (19.1) do not depend explicitly on X, the /H5 
corresponding medium is called homogeneous; in the contrary case it 
Is called inhomogeneous. 

Sometimes the internal constitution of the material or the method 
of treatment restricts the class of deformation to which the material 
in question may be subjected. Thus, incompressible media represent an 
example of materials which cannot be arbitrarily deformed. As Is 
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well known, a body is incompressible if, during any kind of deformation* 
its density remains unchanged; p ■ Pq(X). The possllbe deformations 
of these media are those which respect the conditions of incompressibility. 

In view of (^.*5) end (10.3) it follows that incompressible materials 
may be characterized by the condition 


^s(®) “ ** 1. 


(19.9) 

Thus, incompressibility implies a connection between the 
components of the deformation tensor. 


It is possible to imagine continuous media which have been 
subjected to certain restrictions by the fabrication process, limiting 
the class of the possible deformations. Thus, a body which is re- 
inforced by a system of fine and Inextenslble wires, parallel with a 
certain direction, will be considered inextenslble in that direction. 
These types of restriction Imposed on the deformation tensor are 
called connections. 


In the following, except when stated otherwise (when we will 
consider the condition (19,9)), we will assume that we do not have 
connections. They have been studied in various works: Green and 
Adkins [l4l]. Green, Naghdl and Trapp [1*<5], Trapp [419], Gurtln and 
Guidugli [164], etc, 

20, The Consequences of the Laws of Thermodynamics 

Theorem 20.1. An admissible thermodynamic process satisfies 
the Inequality (18.6) if and only if 

(1) the functions ip, Tj^j^, n are Independent of the material 
gradient of temperature 


(j/ = <P(K.wn’, T, -V), Tfc-;. = T, -1 )» ^ ''K 


( 20 . 1 ) 


(It) the functions and fj are determined by the function ip by 


Ai. - i dfcV«r 


t><V 

1J - - Q,/, ♦ 


( 20 . 2 ) 

(20.3) 


(ill) the functions Qj^ satisfy the Inequality 

(hT.K > 0 . 


(20. H) 


Proof. In view of (19.7) It follows that an admissible /i\f 

thermodynamic process Is compatible with the inequality (18.6) 

If and only If 





A “ 


J,V*7’.a > 0, 


(20.5) 


on We assumed that both Ej^j^ and enter Into ip. 

(20.5) Indicates the sufficiency of the conditions (1) — (111). 

In this paragraph we will sometimes use the designations 

- “ '^*K-K “ °K-K* 

In order to prove that these conditions are necessary we will first 
establish 

LEMMA 20.1. If (F*, r*. fi*, A*)e £?, t*e (0,<o), are matrix A, 
a scalar quantity t and a vector a exist In a thermodynamic process 
so that 
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F(.V*, t*) » F*, T(A’*, «•)» r*, 6(-Y*, f*) = «• 

F(A’*»<*) “ A, r(A'*, !•) « T, 6(A'*, <•) - a. 

Proof. There Is an open sphere i: c II with the center 
in X* and an open Interval ^ c (0, («) which contains t* so 

that 


det [5’* + (^-l•)Al ^ 0, 
y* + T(l -!•) + [G* + («-l*)aJ(R-R*)>0, 

( Y n e S X ^ 

for any . * where n _r» = (A’* -ADE*. Let r 

and T be defined by Sx^" by 


+ d -f)Aa](.\, -AJ), 
r = r* + ?(» - <•) + [6* -i- (< - /•) 0] (R - R*). 


It can be easily seen that the corresponding admissible thermodynamic 
process has all the required properties. 


Let us prove now the necessity of conditions (1) — (111). 
If we apply the inequality (20.5) to the process constructed by 
lemma 20.1, InX * X*, t = t*, we have 



' dip 


1 „ 1* 


12 1 



1 - T,.\ 

^Kl. 


{ H 

V' 

1 . 


Po 


j a„ 1 


> 0 , 



(20.6) 


where by [ ]* we noted the value of the function from the parentheses /1|7 

In P*,T»,G»,X*. Similarly we use the notation 

2/) = - /, /) = / = [S^.,1, ,, = «„E.v, G* = af-E,. 
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In view of the fact that In (20.6) ®n 

arbitrary, (2Q.1) - (20.^1) may be derived from these. 

This result is due to the investigations carried out by 
Green and Adkins Trueelell and Toupln C^20], Coleman and 

Noll [63], Coleman and Mlzel [65], 

Theorem 20,2. In an admissible thermodynamic process the 
equation of the energy becomes 

Po^'H + Po*’- (20.7) 

Proof. It was shown that the equation of the energy may be 
written In the form of (13, 5). In view of theorem 20,1 we obtain 

• i r f- cr.r 

(20.7) follows from (20,8) and (18. 5). 

Theorem 20.3. If the temperature gradient Is annulled, then the 
vector of the heat flux Is zero, l.e.. 


7, 0, A) =0. 


(20.9) 


Proof. In view of (20.1l) it follows that the function 


/(^s) = ^kVk(A'mv* A), 


where E,.„, T and X are set and f(0) ■ 0 is also non-negative. Therefore, 
MN* 

f has a minimum equal to zero in C “ 0. Therefore 




- <}k I II 


OQl 


(20.9) follows from this. 
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This result was determined by Pipkin and Rlvlln [3^2] (see 
also Coleman and Noll [63], Coleman and Mlzel [ 65 ]). It should be 
noted that from the relations 




I / .» 




we can deduce 


/H8 


^^i,K 


o 


w 


dt:Z 




( 20 . 10 ) 


In view of (1^<.9) and (20.2) It follows that the Plola 
Klrchhoff tensor of the first kind has the form of 


T. 


Kt 


Po 




( 20 . 11 ) 


Prom (2.6) we have 




( 20 . 12 ) 


Therefore 


_ 4 _. (20.13) 

an,. 


If we Introduce the notation 


Po+ = ®’ 


(20.14) 
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then it follows from (1*1.9) and (20.2) that 


- «l 




^ a« 

dExL dfiwi 


(20.15) 


The function a represents the free energy per unit of Initial 
volume . 

Prom (20.13) we obtain 


Tut 


dh 

dUt,K 


( 20 . 16 ) 


We shall write similarly 


Va = <?a(«*»a. T, T.t, .V) = T, T.n, A). 


(20.17) 


Obviously, the Internal energy has the form 

e = e{E„s, n 


( 20 . 18 ) 


The function 


T) 


de 
dT ’ 


(20.19) 


Is called specific mass heat. In view of (I8.*l) and (20.3) » we 
obtain 


«*(«A/., T) - 7 


dT 


( 20 . 20 ) 
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21, Nonlinear Equations of Thermoelastlclty 




In the theory of thermoelaatlclty a lagranglan description of 
the deformation Is used. The problem of the thermoelastic deformation 
of the medium under consideration consists In the determ '.nation of 
the functions 


X, =» I), T = T(Ak, I), (21.1) 

which amounts to the deteimlnatlon of the components of the displacement 
vector u and of the temperature T as functions of and t. 

Prom the facts established In the previous paragraphs It follows 
that the fundamental equations of the theory of thermoelastlclty are 
- equations of motion 


T’ki.k !• Po/t Po^i 


( 21 . 2 ) 


- equation of energy 


Po^’i ~ Po^f 


(21.3) 


- the constitutive equations 


a = r, A), 

1 da 

= Va(/'>’v.v, 7’, r.t. V). 


(21.4) 


- geometric equations 


-KkL — f’h.L }• f^.,K f 


(21.5) 
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In the above relations T, -V) and 3*, T,i% -V) 

are prescribed functions which are compatible with the principles 
formulated In the previous paragraphs, which characterize the thermo- 
mechanical properties of the material under consideration. The 
functions Pq(X) ,f j^(X,t) ,r(X,t) are given functions which satisfy 
the conditions of regularity from Paragraphs 9* 11 » and 15. 

If we substitute (21.5) In (21.4) and substitute the expressions 
obtained In (21.2) and (21.3) » we obtain four equations for the 
components of the vector u and the function T. 

Later on we will present other forms of the fundamental equations. 
If we consider the results given in Paragraph 20, the equations 
(21.2) — (21.5) are substituted by 
- equations of motion 


3 ’«m( t Po/i -- 


( 21 . 6 ) 


-equations of energy 
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PoTv) ^ pof, 


(21.7) 


- constitutive equations 


« == M T, A ), 


da_ 


r, = 


JL 

P« 


Qk — T, T,st A). 


( 21 . 8 ) 


Be replacing the relations (21.8) in (21.6) and (21.7), we 
obtain four equations for the unknowns and T. 
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Initial conditions and conditions at the boundary of the body 
under consideration ere also added to the fundamental equations 
(21,2) — (21.5) (or (21.6) — (21.8)). The initial conditions 
have the following shape. 

0) = u(.Y», U(.V, 0) IK.Y), iq(A',0) »» A 6 B, 


where a» b, n, are prescribed continuous functions for S. 

The boundary conditions consist of mechanical and thermal 
conditions. The mechanical conditions are those known from the 
theory of elasticity where, at the boundary, the displacement vector 
or the tension vector is prescribed. 

The thermal boundary conditions which appear most often are: 

(i) the temperature at the boundary is prescribed, (il) the heat 
flux is prescribed at the boundary, (ill) the convection condition. 

Mixed type mechanical and thermal conditions may also be 
considered. Thus, we will consider frequently the mixed problem 
characterized by the conditions 

II =-. II* p.> Vj X [0, fo). Tk y, -= !»• po -s X [0, «o). (21.10) 

T -.^(*1 jM- il, >;(••, -- P‘‘ — I X [0, /,), 

where (s ■ 1,2,3»^) are part of the boundary SB so that 

- 1, ui:, == on, i,n Vj ijn i:, «, 

while u«, P», 0, H« are prescribed. The components jf vector u« are continuous 
on X [0,t^), the components of vector P* are regular functions on 
portions on v. x [0,tQ) and are continuous with respect to t, 0 is 
a continuous function on x ^ regulated function 

on portions on E^ x [0,tQ) and continuous with respect to t. 

The convection condition assumes the form of 


6H 


QhSk - 1>(T -r.) 1K‘ <5/<X[0,/o), 


( 21 . 11 ) 


where Is the temperature of the surrounding medium and h(^ 0) 

Is the heat transfer coefficient. The functions and h are 
prescribed. 

If the solution of the thermoelastlclty problem Is determined, 
the density p Is obtained from (10,3) 

In the study oi thermoelasticity problems It Is generally 
assumed that the reference ox^ coincides with the reference 
The components of the displacement vector, the lagranglan deformation 
tensor, the Plola-Klrchhoff tensor of the first kind, the heat flux 
vector measured per unit area from the nondeformed body, with 
respect to the reference under conslderatlorv will be designated by 
Ui(Xj,t), Qj^(Xg,t), respectively. In view 

of the fact that only the variables X_ and t are used, only partial 
derivatives with respect to these variables will appear, and we will 
Indicate now by fj^ the derivative of the function f with respect to 
Xj^. The fundamental equations assume the form of 

-equations of motion 


+ Poft — Po«t, 


( 21 . 12 ) 


- equation of energy 


?oTv) — p^r, 

- the constitutive equations 


( 21 . 13 ) 


a = r, X,), 



= \ (M*., f S<,)( 

' dS 

+ ) 


•> 1 


SIS„I 


1 

1 

at 




1 e 
i ^ 

[ 



Q, = 

T, T.i, 

A'.), 



(21.1iO 
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- the geometric equations 


mKiJ ■■■• U,^l 1 - U,, 


(21.15> 


The constitutive equations written In the form of (21.8) 
become 


i)a 


I 

Po 


do 


^rp * Qt ~~ *^|»)* 


( 21 . 16 ) 


22. Isotropic Media. Incompreslble Media 

The continuous Isctrcplc media were defined In Paragraph 19. 

A thermoelasc j medium Is Isotropic If the functions 5 and Qj^ 

depend similarly on and T regardless of their orthogonal 

transformations (19.8). In view of (20.1), (20.1^1) It results that 

the a Is an Invariant of the deformation tensor E,,„ and therefore 

MN 

a - ^1 /,(/.;), /*(#.;), y, .v i. (22.1 


It Is shown that for Isotropic media the functions Qj^ are expressed 
In the form of 


(h -- 




( 22 . 2 ) 


where are functions of the variables 
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T.ifT.if; T,k T,t,Ent,i T,icT,lKlm^uk\ T\Xh. 


(22.3) 


This result was established by Pipkin and Rivlin [3^2] for the 
case when Qj^ depends polynomially on its variables. Green and Adkins 
[l4l], Koh and Erlngen [237] extended the results for hemltroplc media, 
and Truesdell and Noll [421] to the case when Qj^ are general functions 
of EjvjfjjT with the regularity properties given In Paragraph 19. 
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Often Instead of the Invariant Ij(E), the Invariants defined 
as follows 


J, = /.(fi) =* Eu, Jt » ~ 2/,(JS?) =. EKtEnt, ( 22 . 1» ) 

J 3 =* 1 + 2fi(E) -f- 4lt{E) -f- ^la{E) =s / 3 (C) = I iitt + 2J5?ui,|. 


are considered. 

In order to obtain the form of the tension tensor in the case 
of Isotropic media we will consider the relations 


W!- = a 
011 , 1 . 


Kfof 


dJ, 


-2/Jk 




Ml. = a/aOti'S 
BEkl 


(22.5) 


where 




( 22 . 6 ) 


In deriving the last relation from (22.5), we kept In mind that 
for v^he algebraic complement Aj^j^ of the element from the determinant 
I^(C) i we have the relations 

_ 3J3 

CkS‘‘^SL — A|fV — * 


Therefore 


It follows that 




1 dJj dJs „ dJ 




d^'si. OEkl dCxt. 

From (21.^0, (22.1), (22.5), we obtain 


^ 2 = 27,Cia‘'. 


T„ - ( ^ S„.) [ I?- S„ + 2 B„ I 27. <n,r..i j , ( 22 _ ^ , 
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Let us consider the case of the Incompressible media. Now 
the relation (20.5) takes place only for those deformations which 
satisfy the condition (19.9). If we consider (22.5) » (22.6), it 
follows from (19.9) 

= 0 . ( 22 . 8 ) 


In this case, (20.5) and (22.8) imply 




Kl. 



(22.9) 


where p Is a lagranglan parameter. The relations (22.9) substitute 
the relations (20.2) which were established for an anisotropic 
medium In the absence of connections. 

If the elastic medium under consideration Is Isotropic and 
Incompressible, then we have 


5 = 5(./„ T, A’), 

and the relations (22.9) become 


T*/. = pCti" -f- 



^Ki. + 2 — ~ Bkl> 


( 22 . 10 ) 


( 22 . 11 ) 


Here p(X,t) Is an unknown function which must determined. 
This time equation (19.9) is to be added to the equations considered 
until now. 

In case of Isotropic and incompressible media, the relations 
(22.7) are substituted by 


Tk. 


{M(. t + 




I dh 

[ dJ, 





( 22 . 12 ) 
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From (IM.IO), (19.9) » (22,6) and (22.11) It also results 

***- ^ ® ' (22,13) 

Obviously, in this case does not appear among the variables 
on which functions depend. 

23. The Equations of the Linear Theory of Thermoelasticity 

In the following we will designate by 0 the temperature 
variation of the medium with respect to the absolute temperature 
Tq of the reference state. 

We have thus 


^ = 7’o + 0, 


(23.1) 


The concept of the linear theory of deformation was introduced 

In Paragraph 2. The linear theory of thermoelastlclty Is characterized 

by the fact that each of the functions u^^, 0 , h are of the 

form of e<|) whereby £ Is a parameter whose powers greater than or equal to 

two are neglibible, and (|) does no^ depend on e. As It was agreed, In 

this case we will use a single system of coordinates and will designate 

with X the material coordinates. Let us recall that In the linear 
r 

theory the relations (2.22), (14.17), (16.11) take place. We are 
designating the tension tensor by t^j and the components of the flux 
vector by q^. 


In the linear theory the free energy developed according to /54 

and e Is also considered (see also Paragraph 53) up to the 
second order terms, and it is assumed that 


tj ~ ^ 




( 23 . 2 ) 
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where c. 


• °ij* ^IJkl* ®1J characteristic coefficients of the 


0 * 1 

medium under consideration having the properties 


— fjif firm - ' 


Jith '\‘>l 


In view of the fact that in the linear theory the tension 
tensor of Cauchy and the Piola-Kirchhoff tension tensors coincide, 
we have, according to (20.2) and (20.14) 


] ( dn dij \ _ an, 

I - I — I -- -- J- 

•2 V det, dt„ ) 


(23.3 


d'h 


Pd'O = - ... = ^ 11^*1 + ‘‘f 

wO 


As a general rule, the following assumptions are made in the 
linear theory of thermoelastlcity : 


(a) when 


^ij * ^ 


e 


0 we have t 


ij 


0 , 


(B) the absolute temperature Tq is constant, 


Without restricting the general application, we will assume 

0 and n * 0. The state of 


that when ® 0 and 6 = 0 we have a 


the medium in which we have e 


iJ 


0, e = 0, t 


iJ 


0, 0 » 0, n ■ 0, 


0 . “ 0 is called the natural state. Prom the above assumptions 




It follows that c 


form 


U 


c^ “ 0 so that the free energy takes the 




rtO*. 


(23.4 


The relations (23.3) become 


tq — — Po®* 

Pc') — 


(23.5 



If we consider the theorem 20.3 and (16.11) it follows 


[' 

t 


I 

1 




( 23 . 6 ) 


From (20.4) and (23.6) we obtain 

(23.7) 


The quantities are components of a tensor called the 
thermal conductivity tensor. 


In view of (23.1) and (23.5), (21.13) becomes In the linear 
theory 


= p„r. 


( 23 . 8 ) 


In conclusion, the equations of the linear theory of thermo- 
elastlclty are 

- equations of motion 

+ Po/<= po«»t (23.9) 


- equations of energy 


Po^o'n ■“ “ P«*^» 


( 23 . 10 ) 


- constitutive equations 


Po'C = 


- geometric equations 


(23.11) 


( 23 . 12 ) 


In the above equations p, 




, characterize 


the properties of the medium under consideration. For Inhomogeneous 


media these quantities are functions of 
media they are constant. 


In the case of homogeneous 


The coefficients and satisfy the symmetry properties 


P</ “ 


(23.13) 


In connection with the thermal conductivity tensor, there Is no 
reason to consider It symmetrical (Truesdell [^23]) as It Is used 
In general. It Is noted however that If this tensor Is not symmetrical 
then the antisymmetric part does not contribute to the equation of 
energy (23.10). With respect to this question let us mention the 
works of Lessen [258], Cay and Gurtln [79]. Mtlller [299] and Green 
and Lindsay [1^16] built a theory of thermoelasticity with a symmetrical 
conductivity tensor (see also Boschl and lesan [36]). 

If we consider. (20.20) and (23.5), we can conclude that In 
this case 

<•* = -- T„a, 

Po 


represents the specific heat of mass corresponding to the state of 
deformation In which ■ 0, 0 « 0. We will designate by c the 
specific heat per volume 


r - .. Ton. 


(23. 1^*) 


It should be noted that the functions ®1J * ^IJ * ^ /56 

(or c) depend In general on the reference temperature but do not 
depend on temperature 6 . The dependence of 9 will be Incompatible 
with the linearization process. 


If we consider (22.1) and (23.4) It follows that In the linear 
theory of isotropic media the function a is expressed as 
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( 23 . 15 ) 


h = ’ X./? I ji'/i! - 0*/i» - * ««*. 

where ^2 " characteristics 

of the material. Similarly we have 

7< = (23.16) 


where k ^ 0. 

In this case we obtain 

Ut = Xt„5<, f- 

Po>J = pc„ f- oO, 


( 23 . 17 ) 


The coefficients X and y are called Lam# coefficients. If 
Vi / 0 and 3X + 2 m 0, the relations (23.17)]^ may be written 
differently 





2(i(3X t-2|i) 


-f a 08 «j| 


( 23 . 18 ) 


where 


a 




3X + 2(i’ 


( 23 . 19 ) 


Is called the coefficient of thermal expansion. 


Introducing the designations 

_ }i.(3X + 2|x) X 

rj — > V — , 

X f M 2(X 1 |x) 


the equations (23.18) take the form of 




'• I 

K 


K 


( 23 . 20 ) 


( 23 . 21 ) 


rr<’(i 
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The coefficients E and v are known under the name of 
Young's modulus and Poisson's coefficient, respectively. 


Thus the equations of the linear theory of thermoelasticity /57 
for Isotropic media are 


(23.22) 

+ Po/i = 

poToV) — — Po^t 

ttf — h 

P«iO \itfT t- 

qt = lo.o 

2z(i — +- «<.»• 


These equations were postulated by DUhamel [91] and Neumann 
[ 305 ]. Providing a basis for them on the basis of thermodynamic 
principles was started with the works of Voigt [432], Lessen and 
Duke [ 257 ], Blot [20], and Lessen [260]. 


For the sake of simplicity, an agreement has been reached In 
the linear theory of thermoelasticity, to designate the density 
of the medium In the nonde formed state by p. The density of the 
medium in the deformed state will be p(l + * Similarly we will 

use the specific force per initial unit volume, components of which 
are 


fl' = Po/., 


(23.23) 


and the flow of heat sources for initial unit volume 


= Por. 


(23.24) 


Often, in place of f^ and r^, we will use the designations f^ 
and r, respectively, with suitable mentions. 
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2<<. Curvilinear Coordinates 


In the study of many problems of the mechanics of continuous 
media It Is useful to employ curvilinear coordinates. We will derive 
here the equations of the theory of thermoelasticity In arbitrary 
curvilinear coordinates In the manner presented In the monographs of 
Green and Zerna [139] and Green and Adkins [1*11]. The results will 
be used also in other paragraphs of this work. 

Let us assume that both the deformed and the nondeformed 
media are referred to the same system of rectangular cartesian 
coordinates . 

The position vector of a generic point M from B Is 

H ■ A>„ (?i».l) 

where are versors of the coordinate axes. Let us assume that at 
the time t the pclnt M reaches In M* a and the position vector 

of point M* is 

r -- (2*1.2) 


The deplacement vector may also be written In the following /58 
manne . 


U = (J-. - 


(24.3) 


The deformation of the medium Is described by the functions 
*1 " Introduce a system of arbitrary curvilinear 

coordinates 6^ by 


-V, = 0*, e»), 


(24.4) 
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It follows that the deformation will be described by the relations 


Tt *« X|(0*, 0*» 0*, I). 


Consequently we have 

n « 11(6*, 0», 0*), r ». r(0*, 0», 0*, /), u =» u(0', 9», Os, t). 


± 

Let us Introduce the fundamental vectors £ and 

tensors g . . , Into the nondeformed body corresponding 
ij 1 

coordinates 6 


0« 


dl\ 

(H)' 


ll'fli On «<0) = 







loi 

ox, dX, 


Similarly we Introduce the fundamental vectors 
the metric tensors deformed body 


fi, = 


dr 

dO' 




(h, 




dx, Oxt 
dO' "dO* ’ 


Q*i = = 


d6' 

da. 


dO* 

d.r. 


The following relations take place 

» «j, CiHi„ = iU «' = 0 '9n <'•' * 


We will designate 


g = a = \Oii\’ 


(24.5) 

(24.6) 

the metric 
to the 

(24.7) 

and 

(24.8) 

(24.9) 

(24.10) 


If we consider (2.1»»), (2*1.7), (2*1.8) we can write 




(24.11) 


In this case we have 


il*« -tUV* - 2Y.|^IO‘llO^ 


(24.12) 


where 




-Yo Of, - ff„, 


(24.13) 


is the deformation tensor. 

The displacement vector may be expressed In the forms 


If we designate by 
we can write 


M -- tr,n< 

a comma the derivative with respect to 


<•( - r., H., i II,, - i M,,, 


(24.14) 


(24.15) 


so that from (24.7), (24.8), (24.13) we can conclude 


-Yo t 1 = <i,ll./ i c»/ll,( - M.iH,;. 


(24.16) 


We will designate by a vertical line the covariant derivative 
with respect to 9 using the metric tensors and by two 

vertical lines the covariant derivative with respect to 0 using 
the metric tensors • We have 

II., - «,* - (24.17) 

Ihi • • * r.‘ " 

H../ ^ * ‘^»*'* “ *^'**'’ 
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where and are Chrlstoffel'a symbols corresponding 

to the metric tensors gj^j and respectively. Thus, gj,g^l ♦ 

* %l,r - eir.s 


The relations (24.16) become 


-Yw - »•/ i- *'/< I - r, , f I'l , - If’ iV, f. 


(24.18) 


If 0^ coincides with the coordinate X^, then coincides 


with 


*<0» ^ 1 / iht, ihi, />«„ dn^\ 

'* i/.v, I^.V. 2 \tL\, t)A, tt.\\ 0.\,j 


(24.19) 


Let us consider the mixed tensors 


y) B^Yri oyiift - «j), Y/*' = «"y.< ^ f (*) ~ 


(24.20) 


We will take as direct Invariants of the tensor Yj the coefficients 
of the powers of y from the development of the determinant 


|2yi i (i^ t *)^»i i i 


(24.21) 


We obtain 
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/, = 3 f- 2 y; = firv?,., 

= 3 4-4y; + 2(y:y:-y:yJ). 

/a = l«; + 2Y;| = |f;‘'0.,| = ^. 


(24.22) 


Let us consider as the direct Invariants of the tensor y*^ the 
coefficients of the powers of y from the development of the 


determinant 


1(1* + 1) - Vil - 10”»„ + 1*<)| = ,.* + + 


(2K.23) 


It follows 

(2M.24) 

. 7 , = 3 - 2y*; ^ 

.7, = - 4y*;+ 2(y*;y*: - y*Iy;). 

r/ 


In view of (24.21) and (24.23) we can establish the following 

relations between the invariants I„ and . 

r r 


J, = 




(24.25) 


From (24.25) we obtain 


/a — /3J1 = 


(24.26) 


If we take into account (24.22) we can derive the following 
form for Ig 

= 1 (7J _ g’Pg»G„G„ ). (24.2?) 


Let us consider a point P from ^ and the curves of coordinates 
which pass through P. Let P^(l = 1,2,3) be points situated on 
the curves respectively, so that fp^ pp^ « Gj,<10®. 
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Let us consider the curvilinear tetrahedron having angles 

PP^ , ^3^1* ^1^2* versor of the normal exterior 

with respect to the surface P.P-P-. Let us designate by i-dS, the 

1 ^ j 2 

areas of the 0 -constant surfaces. They can be represented vectorlally 
In the following way 

0 * 

(IS, = d.S’,. 


The area of the surface te designated by i dS. Tn view of the /6l 

fact that the surface p l\P^ Is vectorlally equivalent to J. yds,, 

' ‘1 A 


we have 


If we set 


lid .<7 .= 


i. fi‘ 


X, yan 


(24.28) 


n “ ««G‘, 


It follows from (24.28) 


«l», = «,l(G»di9. 


(24.29) 


Proceeding as in Paragraph 12 we obtain 

Id.*? = i,d.9(, 


(24.30) 


where -t^ are tension vectors associated with the surfaces 0 “constant 


t “ t^n)' (24.29) and (24.30) It follows 


t - 


(24.31) 


this relation represents Cauchy’s formula In curvilinear coordinates. 


Taking (24.31) In account we can write 


1,1(0” = r”«, - tjr.', 


(24.32) 


where Is the contravarlant tension tensor and Tj is the mixed 

tension tensor. The covariant tension tensor is 
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Prom (2^1.31) and (2l|.32) we obtain 
In which 

T, = = yax*,Q>. 


(2H.33) 


(24.3*0 


The tension vectors t^ may be written also In the form 


G, 


where Gj/^gJ 7 are versors of the Qj vectors, and 

‘'*< 0 . = ]/ 


(24.35) 


(24.36) 


The quantities called physical components of the 

tension tensor. 
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If we take Into account the theorem of divergence, we have 

J I (la J A. IV,, da = T,. , dr. ( 24 . 37 ) 

,l.l> ,u>’ 

SO that from (13.3) It follows 

T,.( I- pKf/f - (24.38) 

The equation (24.38) Is the vectorial form of the equations 
of motion In curvilinear coordinates. 

It follows from the principle of the kinetic momentum 

(24.39) 


If v?e consider (24.34) and (24.38) the equations of motion 
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may also be written in the following way. 

t'MIi I- p/' - p.*^ 

where 

I = /‘C, = fiiat, « = o'li, « oifli. 

It should be noted that the tension which acts on the surface 
1 k 

element is Tj^d6‘^d0 . This follows easily on the basis of the 
fact that dS. ■ KfW dOMO*. Let us Introduce the tension vectors 


(24.ilC} 

(Sil.l*!) 


T,dOM6* l?Kyj/«d0^i0*. 




The vector t^ acts on the surface 0^ ■ constant from and 
is measured on the unit area of the corresponding surface from the 
nondeformed body. 

We will write 


- T, = )fgs^>G. 

From (24.22), (24.34) and (24.42) it follows 

s*> = 


(24.42) 


(24.43) 


If “j is the oriented surface from B, with a normal unit exterior 
N, which by deformation becomes the surface from ^ with a normal 
unit exterior n, then the tension vector t° which acts on .v 
and is measured on the unit surface of S, is given by 


r 




h 


(24.44) 
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where 


(2H.«»5) 



% 




N = .V.g< = JV'g,. 


Obviously we have 


*•( = fli + H.i = (if + w'|»)g,. 


(214.46) 


The relations (24.34) and (24.42) may also be written In the 
following form 


T, = |(G«‘<g,= Yga‘%, 


(24.47) 


where 


= «"(S' -I- u'lr). 


(24.48) 


The quantities and are not symmetrical. From (24.34) and 
(24.42) we obtain 




(24.49) 


and therefore the following relations take place 


r:''g,G> = 7t^'g,(J‘, o‘'g,G> = cJ'g,G'. 


(24.50) 


Prom (24.38), (24.41) and (24.4?) another form of the equations of 
motion Is derived 


'■ Po.fi =■ Poflu- 


(24.51) 


In the same way as In the derivation of relation (24.31)> we 
Obtain from (15.8) 


4(.t = 


(24.52) 


■ constant 


where Is the flux through the surface 
Let us designate 


= ft, 


The heat flux vector Is 


= },6S 

and thus 




(24.53) 


(24.54) 


(24.55) 


Repeating the procedure used in the study of the tension, 
the heat flux per unit area of the ncndeformed body is 

introduced and we have 




(24.56) 


where the meaning of the new magnitudes is obvious. The heat 
flux vector per unit surface of cbe nondeformed body, Q, is 

0 - - V,!l'. (24.57) 

where 

/64 

= (24.58) 

Therefore, ~ yields 

= K/a?*. (24.59) 


Similarly we derive 
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Q*\i — )f f 


(24.60) 


The surface integrals from (15.7) are thus transformed 


(2H.61) 

Jlvd. . “(i(T...v + T,v,.).ll.. 

f>* 09 

^ /<(,» «l« = J 5*11^ <1®. 

«* 09 » 

If we consider the relations (2^.38), (2^l.39)» (2^1.61) and also 
the fact that 

Y,; = i («,«! + G,fc,) = (G,v.y + Gv.<), 

we obtain from (15.7) the following form of the energy equation 

(2H.62) 

P* ~ I 9*1 -j pr. 


The relation (24.62) may be written, also, In the following way 

Po« -= s'^Y»i + -f- Por, (24.63) 

onthe basis of relations (24.43), (24.60). 

The Clauslus-Duhem Inequality (l8.3) is written as 

PoTv) - pof- «?'!, > 0 . 

7rom (18.4), (24.63) and (24.64) we obtain 

- + 4') + + I 9* 0. 

If we consider (20.14), the constitutive equations take the 
followlnf- ?orm 

_ I (24.66) 

^yJ’ Pody- 


(24.64) 


(24.65) 
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In view of relations (2H.H3) and (24.H8) It follows that 




1 I da da \ 

«Y<J 


a*> 





(24.67) 


The energy equation (21,3) is written 

P, 2 \i-Q‘|« “ Per. ( 24 . 68 ) 


In the case of homogeneous and isotropic media we have 


S /», /a, n 


(24.69) 


where are given by (24.22). 


From (24.13), (24.10), (24.22) and (24.2?) It follows that 

(24.70) 


^ 2fl‘^ -- ‘2(g'‘iT 




d-fii 


9yt$ 


In view of relations (24.67), (24.69) and (24,70) we obtain 


+ pO*>, 


(24.71) 


where 


da 2 da n\fT 9d 


(24.72) 


](K 9h 

lin = /jjj'' - (/'g>‘Gr, = — 



In the cnee of InoompresBlble media • p le an unknown function. 


The constitutive relations for the heat flux component (22.2) 
become 


where 


V - C»i«) 1- + VaYmY") ^’l^ 


T\> 


„0T 

Q ' ' f 

^ dW 


(2H.73) 


and are functions of the invariants 1^,, I|j ■ T|^T|^, ■ T|^T|^y|, 

Ig ■ Similarly the following representation may be 

established [ll}l], 

V' : ('tfjS) ) ■'tf-lv} \- V'i'd.t?) (24.7^4) 


where 




/66 


and Vi are functions of the Invariant /„ T\\, T\\*, T\\*T\\f({, T\\*T\\,yiifi, T. 

In the linear theory, the constitutive equations in curved 
coordinates are 

'•'* = <^'^‘'y*« - Pon = + o6, g‘ = IT*>0.y. ( .75) 

In the case of isotropic media, these equations become 

= Xg'M -h 2|4 y" - pOg‘», pov) = + «0, (2^1 .76) 
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It Is obvious that in (2*1.75) and (2**.76) Is expressed as 
follows with the help of the components of the displacement vector 


*-Y« “ Ml!; f M;'i. 


(2*».77) 


and Y* y*' =» 

In view of the fact that in the linear theory the tensors 

s^*^ coincide, the equations of motion may be written 

In the form 


"h ?o/i — Po®i* 


(2*4.70) 


In view of the fact that In this case » q^, the equation 
of energy becomes 


PoToVj — «j‘li == Po»’' 


(2*4.79) 


In general, the physical components of the vectors and tensors 
which appear in the above equations are used to study concrete 
problems . 

For illustration, let us consider the equations of the linear 
theory of thermoelasticity for homogeneous and isotropic media in 
cylindrical coordinates. Let the cj llndrical coordinates (r,(j), z) 
exist such that r cos4» ,X 2 = rsln<|), X^ ■ z. In order 

to avoid any confusion, let us agree that in this case the flow 
rate of the heat sources per unit mass Is Indicated by r'. Prom 
(2*4.7), (2*4.9), (2*4.17) it follows that 

ffii = 939 = 1. 9t3 = '•*. !/” = . yij=»*'=0(i>j), 

9 — !l' — !ln 9 * “ 9 sj 9 ’ 9 :) *121 — I'2i2 = *■> *'221 — ~ ( 2.8 

i i, ^ _ r, r?, = ii, = - , 


08 


while the other symbols of Chrlstoffel are zero. Let us designate 


c, « g„ e, =» Wj, t, r: 0 

f 


(2H.81) 


u = u'0( » * «,Cr + + u,e,. 


In (2*4.81), Uj,, u^, are the physical components of the displacement /6? 


vector. If follows that 


m‘ = tt, «„ tl* 


. «j — tt , =« Us «, 


(2H.82) 


The contravarlant component of the acceleration vector may 

also be written 


l 


1* = ii„ =s — Upt =• 


(2*4.83) 


Taking Into account (2*4.17), (2*4.77) and (2*4.80) we conclude 


dll, dll, diu , da, , 

Yu = “ - = . Y22 = r- + ru, = >• + rii„ 

di‘ dr dcp 


Y 33 


di (3 du. 


ds 


1 / du, , dw, 2 \ 

■^"=oU7 + -^-7».) = 


(2l).8l|) 




H 


c#<p <)r 

I / da, , dll. 


<■=)■ ’'=• = 7 ('if-*- • 57 )’ 


1 ' dll, dll, \ 

Yi 3 = - — + 7 - • 

2 ds dr / 


The physics!* components of the tensor ax’ expressed as 


•“ Yiu £„ — ^ 7 Y 22 » £« = Y 33 ) 


(2*4.85) 


‘■'9 


^ Yi 2 . s*. - Yas, c„ = Yi 3 t 
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and, therefore, we obtain the following relations between the 
physic**.! components of the deformation tensor and the physical 
components of the displacement vector 


dll, l / dll, , \ dll, 

= = - I '• «*)• *« “ T' 

dr r \ Off / Os 


(2M.86) 




( 1 dll. 

1 dii- 


1 

1 1 

fdii. 

, 1 

dll, \ 

( 1 d9 

1 • ■ - 

Or 

, "•] 


m 

1 dJ 

1- 

r 

y ? )’ 


1 1 

f ou. 

, dll, ' 

\ 





= .. 1 

L dV 

■ ifr , 

I* 





If we consider (24.80) it follows that the expressions 

E* m t'*|, - 


become 


E* =* 


E* » 




4- 

1T + 

dT>» ^ dT*» 
d<p d-w 

■dT*^ 

dT«« ^ 

dT*® 

df 

^ ds 


dT»» 

. dT®® 


d<f 

^ ds 


r 



•12 
• » 



t 


^ 6 B 


The physical components of the tension tensor t 


IJ 


are 


9f(f *= “ TT*®, <J„ — 


(24.87) 


and *hus we are able to write 

da„ , 1 d«„ d^ 


tn ^ . + - (o„ - 

dr r o<f oz r 


E® = + i ^ + 

r \ dr r dip 


+ 1 , J 

ds r / 


£8 ^ + i + 1 a„. 

dr r d 9 ds r 


(24.88) 


If we indicate by the physical components of the 

mass forces, then 

/i ■■ /f» /» *“ “/•* /• “ f** 


and from (24.78), (24.83), (24.86) the following form of the equations 
of motion follows 


X L -ff*- + 4- 

dr r ds 


i 

r 


(*„ — 9„) -f p*/. 



4 . 1 


-f _•«- 4- _ o + p,y 

dz r 


dl* ’ 


1 d«„ 

■ -r — “7 4 

c/f r d^ 


do,t 

dz 


-I- — 9fi -i- 
r 


Po/» “ Po 




(24.89) 


In view of (24.76), (24.77), (24.80) and (24.82) the following /69 
relations result 


r dr 


1 

dO 


r 


^ Hz''}’ 

1 

^ . . 

dtt§ 

r 

d9 

~dz ’ 

4 - 

1 a«o 



f* d<p» 

^ dz*\* 


(24.90) 


which permit to write immediately the other equations of the linear 
theory of thermoelasticity of homogeneous and isotropic media. 

Let 's consider now the spherical coordinates (R,<{>,ip) in such 
a way that ■ R sin 4) cos ■ R sin (|) sin t|>, X^ * R cos <>. 

In this case we obtain the following relations between the 
deformations «nd displacements 
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CJIJI 


OR 

1 




1^,1 

R Of R 


J^JL* .L J. i. -®ifJL u 

itHin 9 « /? 


•t 


^ (J. ^ -i^u* 

2 I il d 9 « 

2 \ A Hin 9 ')«() R dR 

IM i)!*.- . 

2 V R ^ OR) 


1 au, 

A Hin 9 dt]> 

a«*\ 


The meaning of the designations used Is obvious, 
motion may be written In the form 


donn , 1 ^ 

OR ^ R Hin 9^4' A ^9 

I O^ti 

+ - (2««« - 9f* - + ««f ‘♦g 9) + P*/« " 

R 

I 1 ^ ^ 

(iA A sin 9 d<J» A 
+ . „• [3ofl, > (®M - «**) 9] + Po/* - P« --^ . 


flq<» I I I 

t>A A Kin 9 


^ ~ + ^(3q«*+2q,*ctg 9)^*Po/* 
A (^9 A 


(2ii.91) 


The equations of 


(2H.92) 


d*«i 

p. *- . 

at* 


similarly^ we have 


q = /•• pi'iMl 0 ss fc I 


m. 1. i?i * a- * go 

1. dit ~R g? R Hin «P g^ ’ 


h). 


<llv It = - — — (i?*«n) + 

R* OR B »ln 9 g9 


1 


dUi 


{Kin^„,)+_ — 

B Hin 9 gy 


40 = d.vsr.dO -Li («.£■) + 

+ _i 

B“Kln 9 g 9 \ g 9 ; B‘'* 8 iu* 9 g<{<' 


(2H.93) 



Chapter IV LINEAR THEORY OF DYNAMIC THfiRMOELASTICITY 
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25. Fundamente] Equations. Statement of the Problems 


This chapter Is devoted to the dynamic theory of linear 
thermoelasticlty . The fundamental equations of this theory are 
- the equations of motion 




(25.1) 


- the equations of energy 

pTo 0 —?•.« = ^ 

- the constitutive equations 


( 25 . 2 ) 


— CtM cti — Po 0. 


— Pii 


(25.3) 


= K Oj, 


- the geometric equations 


2e,i — Hi. I I' Wj.«- 


(21I.H) 


In the above relations In order to differentiate them from 
the notation from Paragraph 23, represents the components of the 
specific volume forces, p Is the density of the medium In the non- 
deformed state and r represents the flow rate of the heat sources 
per unit Initial volume. 


The coefficients and 


properties 


have the following symmetry 


Ciju = Cuh P«i 


(25.5) 


similarly the following relation takes place 


0.* «i>0. 


( 25 . 6 ) 


To the equations ( 25 . 1 ) — ( 25 .^) the Initial conditions 

0) «= o,(x), iV,(x, 0) sa b,{x)f n(x, 0) *■ Ho(®)f iBG B 

( 25 . 7 ) 

are added with the boundary conditions which. Incase of a mixed /72 

problem, are 


«i -• «(on ^(()» ^ * ^i> ~ h fj), 

0 = 0 on [«» 'o)» ?■ wi = 5 on iix [0, t^). 


( 25 . 8 ) 


In the preceding relation, '*^1* ^1* ^ s^re pnescrdibed 

functions, and (r » 1, 2, 3, 4) are parts of 3B, with 
u Sa 1:301:4 = dh, £1 n ij = SjO £4 = 0. 


It Is assumed that the functions Ooti, Pm, p, a, 
which characterize the properties of the medium are given. We will 
assume that j > are of the on B class and that they 

satisfy the relations (25.5), (25.6), and p and a are continuous 
on B, p being strictly positive. 


The preceding considerations refer to the thermoelastic properties 
of the medium. As far as the other prescribed functions (loads) are 
concerned we will assume that 

(а) f^ and r are continuous on B x [ 0 ,tQ), 

(б) a^, b^, Hq are continuous on B, 

(y) u^ are continuous on Z^ x [o,tQ), 

(6) are regulated on sections on T.^ x [o,tQ) and are 
continuous with respect to t, 

(e) 0 Is continuous on Z^ x C0,tQ), 

(c) q Is regulated on sections on Z^^ x [0,tQ) and Is continuous 


with respect to t. 


The expression admissible process is Intended to mean an 
ordered set of functions ** with the 

following properties (Carlson [*»6T) 

(1) are of the class of C on Bx[o,tQ), 

(11) Uj , u^, u*j , j j are continuous on B x [0,tQ), 

(111) e are components of a symmetric continuous tensor on 
B X [0,t^), 

10 

(Iv) t^j are components of a symmetric tensor of the class C * 

B »‘(0,tQ), 

(v) t . . and t . . . are continuous on B x[o,t_), 

Ij Ij jJ p n U 

(vi) 0 Is of the class C * on B x (Oit^), 


on 


B X [0,tQ) , 


“ (0,t^), 


(vll) 0, 0 0 continuous on 

(vlll) n Is of the class on B 

(lx) n, are continuous on B x [0,t-), 

10 ^ 

(x) are of the class C * on B x(o,tQ), 
(xi) q 


and Qj j are continuous on B xCOjt^). 


If we define the addition of the admissible processes and 
the multiplication of a process with a scalar magnitude respectively 
by 

II -I ir -- {Mi -B «5. • • •» t- 9i}> =' 


then the set of the admissible processes is a linear space. 

We call the solution of a mixed problem an admissible process 
which satisfies the equations (25.1) -- (25.^) and conditions (25.7) 
and (25.8). 

We call an admissible field of displacement temperature the 
ordered set of functions U = (u^, u^, u^, 0) in which satisfy 
the conditions (1) and (11), and 0 satisfies conditions (vi) /73 

and (vll). With the previous definitions the set of the admissible j 

displacement temperature field is a linear space. | 

I 
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Obviously, the boundary conditions (25.8) suggest also other 
types of problems depending whether one or several of the parts of 
Ej are empty. Similarly, other kliids of boundary conditions may be 
considered, such as those corresponding to certain special problems 
(see, for example » Nowackl [315], Boley and Weiner [23]). 

26. Characterization of a Mixed Problem with the Help of 
Displacement and Temperature 

The problem of thermoelastic deformation of a continuous medium 
Involves the determination of the components of the displacement 
vector and of temperature. The equations (25.1) — (25.*1) and the 
conditions (25.7), (25.8) may be formulated with the help of the 
unknowns u^(x,t) and 0(x,t). 

Thus, In view of relations (25.^), (25.5) we can write the 
constitutive equations in the following form 


U $ “ — Pm (26.1) 

?■») = Pu ^ 

— ^’m ®.i* 


Substituting the previous expressions of functions n and 

q^^ in the equations (25.1), (25.2) we obtain the equations 


(C'(/»i ~ (Pm ®)./ — f — — fit 

(^*M Ufj c0 = r, 


( 26 . 2 ) 

(26.3) 


where In the place of Tq a we set the specific heat c, on the 
basis of relation (23. IM. 
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The Initial conditions may be written in the following form 


M,(x, 0) - <i„ •V,(.r, 0) - 0(x, 0) = 0,, x € fi, 


(26.4) 


where 


«®o ■ P’^o •" *‘ <- 


In view of (26.1), the boundary conditions (25.8) become 

t<« = Sj onl<i [®* ^o)f wt.i ~ ®) ^ ^ oil [ft, fg), ^ 26 ,5) 

0 ?j on llaXfO, fo)i K 0,> »• == V on 5:,x [0, Q. 


Thus, the mixed problem of thermoelasticity is clK^racterized with 
the help of the displacement and temperature. 

When the equations of thermoelasticity are expressed with the /?4 
help of the components u^ of the displacement vector and the 
temperature change 6, we shall call a solution of the mixed problem 
an admissible f.'eld of temperature displacement which satisfies 
the equations (26.2), (26.5) and the conditions (26.4), (26.5). 

The connection between this definition and that given in 
Paragraph 25 is obvious. 

In the case of homogeneous media, the equations (26.2), (26. .0 
are written as 


Cmi Ui,jf — 0,y — pit, r- 

— f 0 — —• r. 


( 26 . 6 ) 


If the continuous medium under consideration is homogeneous 
and isotropic, it takes the following form in view of (23. 22), 
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equations (26.2), (26,3) 


|i«M< + «f.r« “ P®.< 

k9,i, - To ?f'r.r - oft » - r. 


( 26 . 7 ) 


In the study of certain materials it was noted that the second 
term of equation '26.3) may be neglected, as the results thus 
obtained agree with thv^ corresponding experiment. In this case 
the equation (26.3) la written os 


(k„ 0.,)., - c*e - 




( 26 . 8 ) 


and the problem. Is considerably simp''lfled. Indeed ^ the equation 
(26.8), the initial condition for 6 and the boundary conditions 
corresponding to the function 0 represent a problem which can be 
separately studied. After determining the function 0, the problem 
Is reduced to the study of the equations (26.2) with the initial 
conditions and with the boundary conditions corresponding to the 
u^ functions. This problem is a problem of elasticity in which 
the components of tht' specific volume force are 

/. - 0),y, 

and the tension prescribed on the surface components 


The theory of thermoelasticity In which, instead of equation 
(26.3), the equation (26.8) Is considered, is called the uncoupled 
theory of thermoelastlclty . The designation of coupled thermoelasticity 
refers to the general theory described by equations (26.2), (26.3), 
equations which cannot be studied separately. 


The equations of the coupled thermoelastlclty describe the 
Interaction between the thermal field and deformation. In the uncoupled 
theory the function 0 is zero if r,0Q,G and q are zero. In tne case of 
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the coupled thermoelasticity this does not occur: there Is a 
temperature variation due to mechanical deformation. This 
temperature variation causes In turn a deformation of the medium. 


The coupling effect will be shown with the help of examples 
given In Paragraphs 3^, 35* and 37. 


In certain phenomena the Inertial terms are negligible and /75 
the equation (25.1) Is replaced by 


•ii.i 


! fl 


0 . 


(26.9) 


In this case we obtain the quaslstatlstlcal theory of 
ther’noelastlclty . Thus the fundamental equations of this theory 
are ( 26 .9 ) » (25 .2) — (25.^). In the following we will consider 
neither the uncoupled nor the quaslstatlstlcal theory. They have 
been studied In various treatises (for example by Parkus [33^1 » 
Boley and Weiner [233 » Nowackl [3151). 


27. Another Formulation of the Problem 

In this ^>aragraph we will present another formulation of the 
problem of coupled thermoelasticity, in which the Initial conditions 
are Incorporated In the fundamental equations. The Importance of 
this formulation will become obvious In the following paragraphs. 

It was given by IesanCl861 and it represents the generalization of 
a result from the theory of elastodynamlcs established by Ignaczak 
[2073 . 

Let u, V be definite functions of B x [Ojt^), which are 
continuous with respect to time on ro.tp), for any J 

We will designate by u * v the product of convolution of 
functions u and v 

« • p V «(.r, t - t) f(a-, t) il t. , . 

Jo (27.1) 
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"n the following we will use the following pronertles of the 
product of convolution 

U • t ^ V 9 Uf l( • (p • N>) -TS (m • P) • IP .3 (( • P • IP, ^ 

M • (» ■; tp) tt • p H ti • IP, 

II • r =: 0 ' implies u ■ 0 or V « 0 


Theorem 27.1. The functions u^ ^lj» satisfy the equations 
(25.1), (25.2) and the initial conditions (25.7) If and only if 


I- l\ - pUi, 





(27.3) 

(27.^0 


where 


1/(0 3 /, /(O 3 I, 




■ - 1 • r; + pi»)o. 


(27.5) 

( 27 . 6 ) 


Proof. First of all let us observe the fact that /76 

y • \ (< — ") *<((•»■» t) lit =s II, ( V, () — tilt (j‘, 0) — II, (X, 0), (27.7) 

•'0 

S t 

f.(x, t) d? s= >j(x, 0 — ij(x, 0). 

0 


If the functions u^, t^^, n satisfy the equations (25.1), 
(25.2) and the conditions (25.7), we can write 
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y * 4 ft) “ - P(«< - tb, - o,). 


JL 

2*0 


* • 9m + -^r ' • »* 
*0 


pi"', - Tl*). 


from which result the equations (27.3) » (27.^) In which the notations 
of (27.6) were kept In mind. 

Inversely, If Uj , t , n satisfy the equations (27.3) and 
(27.*») then, taking Into account (27.6),. (27.7), we can write 


9 * W., + y */i 4- + Oi) = Pig * 1i, +t!u {X, 0) -f uAx, 0)], 

9m + • r -f- pijo = p[f • •»! + ij( r, 0)]. 

•*0 ^0 


(27.8) 

(27.9) 


If in these relations we make t ■ 0, vte obtain 


a, = 0), 1)0 = 0). 


’Jerlvln& with respect to time, the relation (27.8) and then making 
t “ 0, we conclude 


u,{Tf 0) = bi. 


On the basis of these results, the relations (27.8) and (27.9) 
are reduced to 

9 * (Ut,i + /i ~ P^t) “ 

”^*(9m + »■- p2’o>)) =0- 
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In view of the last of the properties of (27.2) of the product 
of convolution, it results that the functions Uj^, t^^, »nd n satisfy 
the equations (25.1)(25.2). 

An Irjnedlate consequence of the previous theorem Is 


Theorem 27.2. An admissible process F Is the solution of the 
mixed problem if and only if It satisfies the equations (27.3), (27.*<), 

(25.3) , (25.4) and the boundary cond-jlons (25.8). 

If we substitute the components of the displacement vector /77 

from (27.3) in the compatibility equations (3.21) and In equation 

(26.3) we can obtain an expression of the theories of the equations 
of thermoelasticity with the help of *^he components of the tension 
tensor and of the temperature variation (lesan [186]). 

28. The Theorem : '* Uniqueness 

We will present the theorem of uniqueness of the solution of 
the problem of coupled thermoelasticity. In the case of isotropic 
media, this theorem was established by Weiner [440]. The theorem 
was extended to the case of anisotropic media by Icnescu-Cazimlr 
[217], [218]. 


If Is a positive semldefined tensor and 


Theorem 28. 1. 

a is a strictly positive function, then the mixed problem has at 
least one solution. 


Proof. Let us recall that we assumed already the fact that 
p and Tq are strictly positive and a positive semldefined 

tensor (see (25.6)). Obviously, If a Is strictly positive, then 
the specific heat c Is strictly positive and reciprocal. 

Keeping In mind (25.3), we have 

Ui — ^<>»i *»( — Po ®®«i* 

pOt; = i,i 0 -f* ®» 
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whence It results that 


Iff »i; -{* pOi^ 


7</*| Cti Cit 


■h aOb 


11 

2 ai 


(Ctw tit •*! + a®*)' 


( 28 . 1 ) 


On the other hand In view of (25.2) and (25.^) we can write 


ill *11 + pOi) =» ill ®(*’ ''<■ 9‘.‘) “ 

-»o 

- i,u "• + ‘ (H).< - Y «• 6.‘ + jr 'O’ 


( 28 . 2 ) 


where ■ u^. 

Using (28.2), the formula of divergence and equations (25.1), 
we obtain 

(ill ill I- pOi^ )•!» = ( r, -f Iqd 
u -'au\ Tq 

4- ( (/* -f- de - ( pv, t\ d» - 2" ( 9'®*' 

Ju\ !*o / ^0 TqJo 

If we note 


Idrt }- 


:28.3) 


U{t) 


( (pill it| f (yiin tff e,i -f* d», 

- Jii 


(28. H) 


It follows from (28.1) -- (28.3), (25.6) 


— ~ <7. 0.<d»< < 0. 

^ qJb 


(28.5) 


Le ■; us assume that the problem under consideration would have 


two solutions. Keeping In mind the linearity of the problem, the 

difference 0*, n*, flt) of the two 

solutions Is the solution of the mixed problem, In which 


/, =. r « 0, 0, y;, » 0 (then ©o •« «), 

Ilf ^ =3 Of ^ H 5 SS 0. 


(2C.6) 


For n* the relation (28.5) implies 

(><0, te [0,g, 


(28.7) 


where U* Is the function U corresponding to the process of IT*. 


It follows from (28.7) that U* Is decreasing 




( 28 . 8 ) 


Keeping in mind (28. Il) and the Initial conditions. It follows 


that 


V* (0) = 0. 


(28.9) 


Because of 
we obtain 


p > 0, <1 > 0, Cffti tfi 0, 


from (28.8) and (28.9) 


U* (<) » 0 , ^ 6 [ 0 , to). 


( 28 . 10 ) 


In view of (28. ll) and (28.10) It follows 
d* « 0 and 0* ■ 0 on B x [0,1^). 


In view of the fact that the initial momentum u* annuls Itself, 
we have 


uj ■ 0, e» ■ 0 on ^ X C0,tQ), 

and thus, n* • {0,0,0, ... ,0) , This implies, thus, the uniqueness 

of the solution of the problem under consideration. 

Theorems of uniqueness in which the assumption that is 

a positive semi-defined tensor is renounced have been advanced by 
Brun r^ll?, Knops and Payne [23fl, Levine [261]. In reference [2351 
the continuous dependence of the solution of the intlal data is 
establish sd . 

The problem of uniqueness was studied (see Paragraph 32) also /79 
by Dafermos [731, who established also the theorems of existence 
and of asymptotic stability. 

The theorem presented here of uniqueness may also be extended 
to other types of boundary conditions. Thus, It can easily be seen 
that it remains true for boundary conditions which imply 

tf UT = 0, = 0 on dBx[0, lo). 


Similarly, the theorem Is applied to the unbounded domains If the 
conditions of behavior at Infinity are Imposed 

0 

11m q = lim t^ = 0. 

In this case, the relation (28.5) of a sphere with a (suitably 
chosen) radius R is applied. If R tends toward infinity, the surface 
Integrals from (28.5) are annulled according to the above conditions, 
and the theorem of uniqueness is then proven similarly as for 
finite domains (see lonescu-Cazlmlr [218]). 

29. The Theorem of Reciprocity 


In the dynamic theory of linear elasticity, the theorem of 





reciprocity was established by Oraffl The result, 

obtained with the help of a Laplace transform, was extended to the 
case of coupled thermoelasticity of Tonescu-Caxlmlr T215* 2l6], 

In another vfork, Oraffl [138] derived a reciprocity theorem In the 
linear theory of elastodynamlcs without using Laplace transforms. 

The same result was obtained later by Wheeler However, this 

theorem yields a relation of reciprocity which Implies both the 
displacement vector and the velocity vector. Let us mention also 
a result established by Wheeler and Sternberg [^**1] which Is based 
on the assumption that the initial conditions are homogeneous. 

Tesan developed a method for establishing the reciprocity 
tlieorems without using Laplace transforms whereby reciprocity relations 

which contain only the displacement vector components and loads [187] 
are obtained. Tl’.ls last fact Is Important In deriving the variational 
theorems (see Paragraph 31). The method was applied In various linear 
theories of the mechanics of continuous media (for exa le, Hoschl 
and Malnardl [371, Tesan [IQ^O, [201]). We will present two theorems 
of reciprocity derived In [IB?], [201]. 


Let us consider an elastic medium subjected to two systems 
of loads 


L'“' - {/!*', hr, (a I, L‘). 


(pq.i) 


liCt 


{Mi*',. 


</ 


tu 


be the solution of the problem of 

(a) 

thermoelastlcl ly corresponding to the system of loads L 


We will use the following notations 


/•V I p(tbr t I'r n„ 

1 


(29.2) 


ll'*' 


r, 


i pw, - fli*' 


where the functions 1 and g are given by (27.5). 

Theorem 29.1. If the conductivity tensor Is symmetric and 
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and are solutions corresponding to the loading sys'-cms 

of and respectively, then the following reciprocity relations 

occur 


( - 9 • «•<•> * \ i 9* t(i‘' • m/' - 

Jtt Im 

- * / • (/"> • 0<''"ldrt - C |r,-‘ • Mi'» f/ • W<*> • 0"> ]dt> I- 

'0 

+ ( 9 * ffi** • Ml‘* - ' / . ?<»' • 01 'I I drt* 

J.»« 7'o 


(?9.3) 


Proof. 
(25.3) that 


On the basis of relations (25.5), (?7.?) we derive from 


tfj)' p p., 0<*>l . t\V I P« 0'»'1 • c',5’, 
[p„ t'V - pr/"l . O'-) (p„ - pr.'»)l . 0"). 


(2Q.»0 


Adding these relations we obtain 

fiV • ei*’ - P^"’ • ®'*’ • 'iV - P^.'“’ • ®"’- 


(2<K5) 


If we Introduce the notations 

9* t<»’ • ^1?' P^*"’ • 1 (29.6) 

it follows from (29.5) that 


(29.7) 


T * T • 

•‘12 -^21* 


In view of relations (25-3), (25. '4), (27.3), (27. 'O and 
using the theorem of divergence we can write 
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(29.8) 


• tW • «i*) — * H'<«>j • 6<*>J »li) 

" $ « ^ “ V ^ * *'** * 

>■ J [f"i*' • M'|*»- 9 • IVW • 0«»»J dv I j ( g,l • A-,, oc;., • OWI., ilv- 

— ( pm',*> • m‘,*‘ dr. 

Jb 


If we keep In mind the properties of the product of convolution, /8j^ 
from (29.7) and (29.8) the reciprocity relation (29.3) follows. 

In the case when the Initial data are zero, we have 

FJ- = »•/{•>, U’'«> := f . r'«>, (29.9) 

* fl 


and the relation (29.3) becomes 


9 • |5 [/i" • <*' - Y I • »•'" • 0'*' ] <h> f • «1*' - 

- ^ • 0‘»ij da - ^ • mV’ - 

- / • I-'** • 0<‘> Jdr J • mV> - * 9'“’ • ®"’ ]<•'’! 


In view of the last property of (27.2) of the product of 
convolution. It follows that 

U /l'» • M',-' - ‘ f • r"> • O'**! dr f- ( ffV’ • mV‘ - i . 

r, J Ul (29^;L0) 

_ ^ f • • 0''^>jd« -- ^ • mV - 

_ • 0>'> 1 dr , ( [ /*?’ • «V’ - -1 I • 9'-> • 0"' 1 d«. 

7’o J 3„« L r# J 
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-...I. 


In view of the fact that in this ease we have 


*», = /• i}„ 


( 29 . 11 ) 


the relation (29.10) may be written in the following form 



( 29 . 12 ) 


Relation (29.12) was derived by lonescu-Cazlmlr [215] » however, by 
using the Laplace transforms. 


/82 

Next, we will derive a reciprocity relation, 

assuming that corresponds to a problem of coupled thermo- 

elasticity, with loads of and corresponds to a 

( 7 ) 

problem of uncoupled thermoelasticity, P , with loads of L . 

In view of what has been stated in Paragraph 26, it follows that 
we have 




(29.13) 


In this case the relations analogous to relations (29.M are 
[<Sj’ r 0<‘>] • -f. ow] • eJ5', 

[fto ei!’ - • 6'“) = _ pr/») * OC). (29.1^) 
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Adding th^se relations we obtain 


<IV • *ir - p>:"’ • 0'*' rjf • eij' - pr/»> • ot'» - p„ o<'» • 


(29.15) 


By proceeding In the same way as In theorem 29. 1» there follows 
from (29.15) 


Theorem 29.2. If an elastic medium with a symmetric conductivity 

( <x) 

tensor Is subjected to two systems of loads L' (o ■ 1,2) then 
between the solutions II corresponding to the problems ■ 1,2) 

the following reciprocity relation prevails 



• 

-- <J 

• U’O • 

6(=)]dP i | 

\ ff * f ^1" • « 






\jn [ 

— 

/ 

T 
* 0 


• 0(^t j dfl 

1 = ( r/-T' 
Ju 

. - 

— 

S * 

in’) • 

Of)] dp 

t ( yfi 

fl‘) • h','* — 





Jjn L 


— 

-L/ 

T 

*0 

* qm 

• 0f) j dn 

-( Puff 
Jb 

* Of) • ej() dr. 


( 29 . 16 ) 


In the case in which the initial data are zero, relation (29.16) 
Is reduced to 





Of)] 

J *11 

L 'I'o J 


■ 5 [ - 1-'* - ( {i„ 0<" * ej;' dP. 

•'.t/i L 1 0 J Jij 


(29.17) 
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If we consider (29.11) the previous relation will assume the /83 
form of 



~ - f«'> • 0<*> J lit) I J « m|'» _ 


-..LqitU 0<»»J,|« j J/i*’ • - y /•'»' • 0»)J«|t. I 


( 29 . 18 ) 


The relation (29.18) was derived by lonescu-Cazimir [215]* using 
Laplace transforms, 

30. Applications of the Reciprocity Theorem 

In order to simplify the exposition, we will consider the case 
in which the initial conditions are homogeneous and 

Let us assume that the elastic medium under consideration Is 
acted upon by the following system of loads, 

f, S (X - (/) r 0, u = 0, 7 = 0, --- h, = = 0, (30.1) 

where 6 represents the Dirac distribution. Prom the mechanical 
viewpoint the situation corresponds to a force concentrated In point 
K directed according to axis Ox^, of unit magnitude and applied 
In the form of a shock at the Initial moment (see for example, Courant 
[66], Sneddon [371] » Kecs and Teodorescu [231], Teodorescu [^411]), 
while the other loads are zero. We will designate by 
the displacements and the temperature corresponding to the system 
of loads of (30.1). 

In general, if 

f^ = 8(x - l) 8U) r 0, ), - 0, 7 r= 0, at fc, r,„ = 0, (30.2) 
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the solutions corresponding to the system of loads will be 
designated by ^,0, (•«•, 5.0 (j* I, 2, .$). 

The load systems 

= 0, f = — 5) * (<). = V ' "• ' = fc( == K)o =* (30 3) 

correspond to a heat source concentrated In point C^^of ur>lt 
magnitude and applied In the form of a shock at the Initial moment. 

We will Indicate by (x,C»t) , 0^^^(x,C,t) the displacements 

and the temperature corresponding to the system of loads (30.3) 

The above load systems and the solutions which correspond to 
them do not lie within the framework of the assumptions from 
Paragraph 25. However, they are very Important and the Interpretation 
and mathematical handling follows the path knowp. from the theory 
of elasticity (see for example, SneddonC371] , Gurtln [1631, Kecs and 
Teodorescu [231]). The functions 5.0. (•>'•'(.»•, ^,0 ’ •» •** 

constitute Green functions corresponding to the domain under 
consideration. 

Let us apply the relation of reciprocity (29.10) to the system 
for loads L« {/i, r, ?„ ?, a, = ft, ='r,o - 0}, to which correspond the 

displacement u^^ and the temperature 0 and for the system of loads 
(30.1). In view of the fact that 




from (29.10) we obtain 


(30. i») 


«, ( 5, 0 = • fn" - -jV ^ • ®‘“] t 

U l • t • V • 0“'] da. 

^0 J 


(30.5) 
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Similarly, using the same relation, but under the form of (29.12), 
to the system L and to the system (30.3) we derive 


0 ( I, I) - r, • / 7 j«' - r * 0 '«> j ,|(, 


[ 

7<»« L 


U * - V • 0<«> 


I da. 


( 30 . 6 ) 


From the above follows 

Theorem 30.1. If the conductivity tensor is symmetric, then 
the displacement u^^ and the temperature 0 corresponding to the system 
of loads L = {/,, r, tt, q , «« =- = r,# - «} 

are expressed by means of the Green functions corresponding 
to the domain under consideration by the relations 


9.(5, - M*r.0'-]di.+ 

4- ( [f, • f/J*’ — - 1 * q * 0"'l da, (« = 1,2, 3, 4 ), 

ho L ^ 0 J 


(30.7) 


where ■ u^, ■ 1*6. 


Let us designate by r,(x, 5, t), <^(®* 5» 0 the displacement 
and the temperature from the problem of uncoupled thermoelasticity, 
respectively, corresponding to the system of loads (30,3). If we 
apply the relation of reciprocity (29.18) to this problem of 
uncoupled thermoelasticity, and to the problem of thermoelasticity 
coupled with a system of loads ^ r,t„q, «i» =- = i»)o == b}, 

we obtain 


0 ( 5, f) = ~ ^ ‘ j ‘If - 

-TA f . \\ -~l~q* da - To 5 P./ • Odt>. 


( 30 . 8 ) 
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Let I'i'V, 5. 0. 0 U-1, 2, 3) 

be the solutions of the problems of uncoupled thermoelasticity 
corresponding to the loads (30.2), Applying the relation of /85 

reciprocity (29.17) to the problem of coupled thermoelasticity 
corresponding to the system of loads A *{/<, ♦’i « t,o O}, 

and the problem of uncoupled thermoelasticity corresponding to the 
system of loads (30.2) we obtain 

0 f/i • »?’ - -Jl- /• r . ap + 

J (30.9) 

f ( f I, • \y> - ^ 1 dfl -I- ( \yi • Odi:. 

L Tfl J Jfl 


Consequently, If we determine the function 6 as a solution of 
the Integral equation (30.8) and substitute It In (30.9) we obtain 
the component of the displacement vector. Thus, we have 

Theorem 30.2. The problem of coupled "hermoelastlcity 
corresponding to the system of loads X = {/„ r, i/, a, = 6, = = o} 

Is reduced to the resolution of the problem of uncoupled thermo- 
elasticity corresponding to the system of loads (30.3) relative 
to the same medium, and to the Integration of the equation (30.9). 


'^hese theorems may be useful to resolve certain concrete 
problems [128], [216], They have been derived with the help of 
Laplace transforms of lonescu-Cazlmlr [216] and later extended to 
other theories of thermoelasticity (see, for example, [19^i!» [195]). 


Prom theorem 30.1 the following relations follow 


(5, >i, t) = U}*' (!»:, i, /), ©'»» (5, >;,/)= - To UJ*' (V), 5, 0. 
0'*' (f, V) = (v;, I, t), (i,j = 1, 2, 3). 


( 30 . 10 ) 
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31. Variational Theorems 


In reference [158] Qurtln presented the variational theorems 
which characterize completely the solution of a mixed problem from 
the linear theory of elastodynamlcs . In the theory of coupled 
thermoelasticity, this type of theorems was derived by lesan [185] , 
[187], [201]. A general method for deriving variational theorems In 
the case of linear theories of the dynamics of continuous media was 
presented In [201]. 

In the following we will consider the equations of coupled 
thermoelasticity for nonhomogeneous and anisotropic media with 
asymmetrical conductivity tensor. 

If we consider the relations (26.1), then the equations (27.3) 
and (27.^) may be written in the following manner 


{I • (f./u «,.i ^ 1 t\ - pUt, 

lit.t i- flW — - ■ I • 0, ;),i i h'. 


(31.1) 


Let us Introduce the vectors 


U 


(«„ it.,, «3, 0), ^ _ g , H ), 


and the operators 
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yl( V — — g • {('mi iitj — 0)_j 1 pit), 

I ^ j).t ~ 'U.i ~ 

L * 


( 31 . 2 ) 


Keeping In mind (27.2) it follows that equations (3''-.l) are 
equivalent with the system 
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OAIQINAL PAGE » 
OF POOR QUALITY 


Au ■ F 


( 31 . 3 ) 


AU * (A^U^«»«i A||U ) • 

From this follows an Immediate consequential of theorem 27.2. 

Theorem 31.1. An admissible displacement-temperature field 
U ■ (u^,e) Is a solution of the mixed problem If and only If It ‘ 
satisfies the equation (31.3) and the boundary conditions (26.5). 

Let us consider the tension operators and the flux 

\ j A • 

— /i(i fJj Ilf 


We shall note 


.rr 




(31.5) 


If we take into account (31.3) and (31.5)jthen the reciprocity, 
relation (29.3) may be written In the following form 

J (V • >! — f7 • g * (fl • TV ~ V 0 :^V) t\tt, 


where 


V (m',» «i*', iii*', 0'*'), V - «!?', O'"’). 


In the case when the boundary conditions are homogeneous, 
the relation (31.6) will take the form 


(|31.7) 


{V^AU)-^(U®AV), 


where by /©ff we designate the scalar product in convolution 
(Hlavacek [178]) defined by 


f®0 { / • 

'll 


The relation (11.7) expresses the fact that In this case 
the linear operator A Is symmetric in convolution. Let us consider 
the functional 


^ {Al’ G) (') 0 


(31. q) 


It is a known fact that (Hlavacek [178]) If operator A is /B? 

symmetric In convolution on its domain of definition D^, then 

(31 10 ) 

if and only If rc/>, satisfies the equation (31.3). 


It follows from (29.8) and (26.1), under the assumption 
that the boundary conditions are homogeneous, that 


(AU @ 1 • 0 — 

— «0 • 0) ilii f-( PM| • «<di' — g * I * ht <h’. 

Jtt Tg Ju 


(31.11) 


Therefore, the following takes place 

Theorem 31.2. Let jf be the set of admissible displacement- 
temperature fields which satisfy the conditions (26.5) In a homo- 
geneous form. For <e[0,fo) we define the functional A,{ •} 

on ^ by 
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( 31 . 1 ?) 


+ $. - -f - $ ,» • ' * »•- • - A 

- • H • 0) .If, 


for any Then 


3A,in ^0 (0<K|^)^ (31.13) 

if and only If U Is a solution of the mixed problem. 

This may be proven directly without using the result (31.9) » 
(31.10). For this the following notation Is considered 


«pA,{r} = A, {t: !- xrilx.o, 

(l/v 


(31. l'^) 


where 


(a) 


r f ),rt .x' ^or any scalar X. 


As Is known, we have 

S.\,{V) = 0 , 

If 6~A. (U) exists and Is equal to zero for any U which satisfies 
U ^ 

the condition (a). Using this fact and also a generalization of 
the fundamental lemma from the calculus of variations (Ourtln [1631) 
results in the derived statement. 


If we keep In mind that the following conditions 
/,(/.-) f, on r. X [0, /j, = *7 on i:,xfo, /„), 

are natural conditions (Mlhlln [289]) this means that It Is sufficient 
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as in theorem 31*2 that the admissible displacement-temperature 
field satisfy only the conditions <*on-i ^oonla/: 

and the other conditions will be satisfied. 

Let us consider now the case of conditions at a nonhomogene ous / 

bo»*ndary. Let V ■ } be an admissible displacement-temperature 

field which satisfies the conditions (26.5). If* we introduce* the vector 
W by the relation v: « u -f, then W satisfies the equation 


AW « F - AH', (31.15) 

and the conditions (26.5) in homogeneous form. In this case we 
are led to the functional 


Q(iD = H ) -2(»r®(/’ - A '»•)), 


which may be written in the form 


y 

a 


n ( (I - T) = (.1 r ® V) 1 {A •!• ® U) - (.1 u ® ) - (31.16) 

-2(r;® F) , ’.’('r® r®'n. 


Prom (31.6), (29.8), (26.5) we have 

{A ‘K ® (J) - (y| V ® M*) -= J // * «( « \ti ( V) - 1, (T)] d« -j- 

^ *'0 

— y • f • (?- 0) • $da, 

Jove. 

(A [/ @ 17) =: ( g ^ (Cijm Uij • M| J • 0 — 

-rt e • 6) dr + C pn, • «, dr C g * I • k„ 0., 0,, dr 

lohi 

"Jr ^ “5^ 9 ♦ f J ff * f » 0 * g(l/)da -i- 

+ y • i • 0 •§d<i. 

■* 0 
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If we keep In mind the relations (31.17) and <?lve up the non- 
essential terms, then the functional (31.16) la replaced by 


• 0 


fl», { f/} * C 5 • {C„„ u, , * M.,, - u, , 

Jh 

— «(> • 0) dr I- ( pii, • II, dr | ( .V * / • 0. , • 0., dr - 

>'i< 7'g Jii 

* *** ~ * ** * **)•!•’ -( f/ • >U •/, drt I 

r Jj;, 

- f 

I ,,, \ ♦ 0 • titUi. 

• <1 Jv, 


( 31 . 18 ) 


Thus, we have /8Q 

Theorem 31.3. I*et y be the set of admissible displacement- 
temperature fields which satisfy the conditions u^ ■ on [0,t^), 

0“0 on X ro,tj^).Por /„) we define the functional '-^Wii '1 

on through (31.18), regardless of U e y. Then 


m,[V) *«. (o<r<f„), 


if and only If U Is a solution of the mixed problem. 

Now we will present a variational theorem (lesan [1861), in which 
the admissible processes are not assumed to satisfy some equations or 
conditions of the problem. The theorem characterizes completely 
the solution of a mixed problem of coupled thermoelasticity. We 
will use the following notation 

I 

(31. Id) 


The relations (?5.3)^ may also be v.rltten In the form 

0 


( 31 . 20 ) 


or, equl>^alently 


0 .< “ TftXffHf, 




where the significance of the quantities Is obvious. 


Theorem Let ,f be a set of admissible processes 

icfO, /„) we define the functional on J by 


r/.ini ■ s.i;( f\ni9 • *« • s*i + pM| • Ht i 

■h Vv*(p»J P.,«./)*(pn (• 

• Si/ — py • y] t 0 — f/ • / • tV| • 0,1 — 

(? • f</.i +. • II, -i- f/» 0 * H'j dr ^ «,drt -f 

,1 ( ff*/* 0 *q d<i -1 C ,, , (/, __ f,) , „ j. 

* 0 •'^4 

1 r 

+ „, \ !/*{*(0 0 ) •//,!», 

' 0 


T'or 


(31.22) 


regardless of h ('*<* *■ Then 

Si?,{n}=. 0 , (0 </</,), (31.23) 

If and only if IT Is a solution of the mixed problem. 

Proof. Let ILIl'ey, therefore, U + XH' e 
for any scalar X. If we take (31.1'-^) into account we obtain 



j, _ i p„,„ _ _ 

- '•<]•«;) + »!,„•_ (31.214) 

- iO*ii,.,+F, - + g*l*(T„\,a, - 6.,)*s; + 

+ »•[— (m<j + M/.,) - — f7*(pifj — Ustj — H')« O'jdv — 

- J y • (M« - «,) • <;«!« + C J, • «. _ 1) * _ 

Js, 

~ T„ L. p*N(0 - d)*»:».da. 


If n is a solution of the mixed problem, then, using theorem 
27 . 2 , it follows that 


8n'®,{n) =0, ( € [0, fo) 


(31.25) 


for any w^J thus we have (31.23). 

In a reciprocal way, let us assume that (31.25) occurs. Let 
n' = {u^, 0, ...,0), where u^ is annulled on 9B. It follows from 
(31.24) and (31.25) that 

{ {§* U).t + ^'t — P«<) • «!<•» = < e [ 0 , <„). ( 31 . 26 ) 

Jb 


Using a generalization of the fundamental lema from the 
calculus of variations (Gurtln [I 63 D, from (31.26) we obtain 
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Similarly it Is shown that n satisfies the equations (27.3) » 

(27.*<), ( 25 . 3 ) » (25.^0 and the boundary conditions (2'j.B). On the 

basis of theorem 27.2, it follows that n is a solution of the mixed 

problem. i 

Other variational theorems in the theory of coupled thermo- ] 

elasticity may be found in the works of Plot [20], lesan [IB 6 ], 1 

Nlckell and Sackman [307], Rafalski [3*<8], Carlson [46]. The ^ j 

importance of the variational theorems presented here was 
indicated by Nlckell and Sackman [308], and Penthlen, Gurtln 
and Ralston [19j who pointed out the potential applications of j 

these theorems. 

•1 

3?. Theorems o f Existence 

i 

The existence of solutions of problems of thermoelasticity I 

was studied in various papers, among which those written by 
Dafermos [731, Duvaut and Lions [03], Kupradze [?48], etc., could 
be mentioned. 

In this paragraph we will present some of the results derived 
by Dafermos [731, with reference to the mixed problem of thermo- 
elastlclty formulated In Paragraph 26. Without restricting the 
generality, we will consider the conditions (?6.'5) In homogeneous 
form. Indicating this fact by (26. 5)^. We assume that none of the 
parts F,^(r « 1,2, 3, 4) of the boundary are empty. 

We will consider the mixed problem In the formulation given 
In Paragraph 26 , assuming that P Is an open set, limited, connected 
and self-regulated In the sense of Flchera [111]. In order to demonstrate 
the existence of a solution, a method given by Vlshlk (see [431]) 

Is used. First we will present some preparatory questions. 

in ~ m I 

Let C (P) be a set of scalar functions of the class of C on P. 


For 


9 € C"(/J) 


we define the norm 


llvlUw) » £ £ 


We designate by C*”(B) the set of vector fields, the components 


of which are from c'"(B). We define the norm of ver*(j5) 


by 


I I 


Let W^(B) be the Hilbert space obtained by completing the set 
of in the norm of || • ||Wj^^(B' Induced by the scalar product 

= £( 

k 0 •'H 


We will designate by ^(B) the Hilbert space obtained by 
completing the set of c"'(B) in the norm of II •lk«(«) Induced by 
the scalar product 

t »» A 

(V, wVmt/l) - £ (’’J* £ \ 

k 0 Jit 


In this paragraph we will have occasion to use the cartesian 
product of normalized spaces. As a norm in the produced space the 
sum of the norms from the factor spaces will be used. Thus 

'('f 9)lln',(H) II ' IIhh/i» 'I II 9llw„(HI> 


Let H be a Banach space and [0,tQ] a time interval. We will /92 
designate by [0,tQl jK) the set of functions defined on [Ojtp] 
with values in H, which have on (0,1^) derivatives with respect to 
time up to the order m, in H,, continuously on [0,tQ]. 
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The meaning of the sets Lj^[0,tQ]jH) and L2([0,tQ];H) Is 
derived In a similar manner. For the derivatives with respect 
to time of the function f , we will use the designation 



/ a., * •' * 


dt* 


« > 3. 


We are introducing the sets 

^(B) * {t 6 T = Oon Is)* 
r.*(B) = {V 6 r.‘(B)| V *= 0 on Ii), 


completing the set 


CHB) 


in the norm H 


W,(B) a completing the set f:‘(B) 
Let 6, & € C*(B) and u, v e <r»(B). 


in the norm H 
We designate 


<I>(6, 0)=^ (32.1) 

T(u, V) = CtfttVu M*.i d». (32.2) 


We will assume that 

(1) the thermoconductivity tensor is symmetrical; 

(il) the density p and the specific heat c satisfy the conditions 






(ill) there are positive constants M and N so that 

<I»(a, ») > 3f ( V » € C‘(B), ( 32 . ) 

Jb 
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(32.5) 


T(v, V) > .V( V e?,(v)dr, V »' 6 C*(B). 

J» <.T-» 


The relations (32.4) and (32.5) n»ay be extended to Oj^(B) and 
W(B), respectively. For V6W,(B) > the Korn type 

Inequality [177] takes place 

*P(v,v)>x( (»,», + (32.6) 

Jli 


a relation which expresses the fact that 'K(v,v) js coercive In 


Wj^(B). 


Tiet be the cylinder B x (0,tQ),tQ> 0 and the set /93 

a»(J?) = {(f, r)|(f,r)€ 

€ im)xCO{rt)), d‘(B) ={(«, 0)1(U, 0) € 6(Jt)xC^{B)). ^(Qu) = <7*((0,fo] ; 

d*(B)), ^(Q,,) ={(v, »)1 (V, »)e ^(QO, v=0 onBxO). 


• o 

Let us consider a certain element 4» = (v, « ^(Qi.) 

and let y • (u,9) be the solution of the problem (26.2) — (26.5 )q. 




If we multiply (26.2) with (t-t^) v^ and (26.3) with (t-t^) jT» 
sunmln? up and lntep“ratlng on It results that y « (u,0) 

satisfies the relation 


= 9(z, 4») + <y(x* 'l')» ^ ® ^(Qu)f 


(32.7) 


where 4*) — ^ ^ |(*-- *o) ~ + <*®0+ + 

+ pU(bi + a6e + \ drldt df, 

) = - £5^ (< - fo) +~r» Jdt> df, 

^(X» 4*) + «®o® d* 

3b 

X = (®* *»» ®o)* - = (** ’’)• 
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Let .V - (». ®) « - ('» * 

(^(B)) and X“(*****®o) be so that (■» ®c) * ^(®)* ^ * *** (^)- 
It Is noted that Sf may be defined for ye^«?i,), 
may be defined for a € C*([0, (ol; and it 

for X with the property that (a, 0,)e be 6(B) 

We assume that fe„ (x), p(x), a(x) 

are measurable functions essentially limited on B, satisfying 
the symmetry conditions mentioned In Paragraph 25. 

Integrating In part the following Identity may be easily verified 

(j() = ^ ( C r pbi t'l + CiftiVfjVt,! + s®* + 

2 .’o J/i L 

+ Ide dt + “ ^0^ +a&*)|i-od», (32.8) 

To* J 2 Jii 

V 6 ^«?0- 

By we designate the Hilbert space obtained by completing 

.r(Q0 In the norm of | • I induced by the scalar product 

<(u, 0), (V, 0)> = +®® + ^ j 


Let be the closed linear variety of V(Q. ) obtained 

o *^0 

by completing In the norm of | • } . 

o 

We will designate by the Hilbert space obtained 

by completing In the norm Induced by the scalar product 
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[(u, 0), (V, 0)1 = <(ii, 6), (V, 0)> + <(ii, ’6), (ir, 0)>. 


Let G(B) be the completion of the set C^(B) in the norm of 
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Let us designate by Hq(P) the completion of the set of 
{(II, w, 0)1 (II, 0) e d‘(B), w e f:'(B)} In the norm 


!(«•.«•, 0)!g 



f ptPiW, 4- C, 


M»,i 4" a0*3dt 



In view of the Introduced notations and using the Inequality 
of Schwarz and the Immersion theorem of Sobolev [381], It can easily 
be seen that and ® may be extended by continuity In 

V(Q^^) X U(Qto) and L^([0,tQ] ;G(E))x u(Q^^) , respectively. Similarly 
has a meaning for x^’W«(B), 

Prom (32.8) It follows that 


4- 4- 

+ ^ \ i cItJ di» ih, V 4 , e >((?, ), 

J 0 Jo 


(32.9) 


o 

an Inequality which may be extended to U(QtQ). 

In view of (32.4) and Q2 .6), from (32.9) it follows that there 
is a constant c, > 0 which depends only on I’o* ««« >a{ p(a;), e«a inf a(.*'), If, AT, » 

X 9 0 

so that 




(32.10) 


We call a solution with finite energy of the system (26.2), 
( 26 . 3 ), (26.5)q in with Initial conditions of X (a,h, %) a 

and mass loads ?=-((, r) e //,((0,'»o) ;(?(«)), the element ?/ • ( 11 , 0) e V((,>,,) 

which satisfies the following 
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y(!t, <|») + X, <»), V 6 U{Q,X 

M(0-^^Mo, for /->o. 


(32.11) 

( 32 . 12 ) 


It follows from Sobolev's immersion theorem that if 
y = (u, 0) G then ue C»([0, lol;»f’o(^*)) which Is what (32.12) 

states. Obviously, any conventional solution Is a solution with 
finite energy. 

Let y ■ (u,0) be a conventional solution of the problem under 
consideration. If v (u, 0) C .v(3’, ‘ )c1t then we have 



(32.13) 


and therefore, y satisfies the system 


v - • f* 

pM| =. + \ /(dT + 

Jo 

To(a0 + = (A*i; &f ;)?< + C rdT 
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In general, the following takes place 

Lema 32.1. Let ^ be a solution with finite energy In 
Qtn with Initial conditions x “ (®»k»®n^ mass loads z ■ (f ,r) . 

Then H ^ ‘r)dt ig similarly a solution with finite 

energy In QtQ with Initial conditions x “ (0,a,0) and mass loads of 
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s = T) .It + (pb, T,(oe, + 


Proof. In view of the above we must show that 

^{9, + ^(X, H H - (V, ») € U{Q,,) 

Keeping In mind (32.13) and the definition of y 


write 


(32. lH) 
we can 


/'(5. ’{') = ■" iU ” 

- - ^i^lU - <o) Ki + l« - <o) + 

+ *-( i„»„ d. = !■“. + 

+ oO— ((« - »o)»l - (C„»,«M - p«0) (( - + 

ilt 

+ Po«M lit - fo) »1 + dt| d» dt + 

+ tA P«>J d» = p«.». **”* 

J« U-o l»-o 


where '^ = (v, >>) 


satisfies 



<o) = — (< — ^o) t>o 


d 

d( 


f(e - 1 ^) 9] ^ -{t- /„)». 


(32.15) 


Integrating (32.15) and setting v « 0 for t = 0, we obtain 



( 32 . 16 ) 


l(M) - ^ T)dTd5, 

5(^,0 — ( (t ~ ^e) t)df. 

r -- J$^ 

In view of the fact ^et(Q,^) It follows that 
as ip Is defined by (32.16). 

Keeping In mind the fact that 

r?(« , •I') - + p*'-) “ ^o)*.- 

— ^ rdT + «0, + PiiOm j(# — #o)® jd** = 

" f 1 + ^‘) i ' '" ■ 

+ rtO„ + p, [(« - /„) Vl I drd<, 

and Integrating partially, we obtain 

S»($, «};) t= o{z, +«y(x» ^’)* 


Similarly we have 


Jb 


dv. 


ii-o 


Substituting these results In (32.1^0, this Is reduced to 

^M) - Ip) + S(x, h 


a relation which Is satisfied on the basis of the fact that 
leU(9,,) and .veK(V,.) ® solution with finite energy. 
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Theorem 12,1, If there Is a solution with finite energy 
of the mixed problem In Qto* then the solution Is unique. 

Proof, We assume that there are two solutions with finite 
energy fi* In view of the linear nature of the problem 
It must be that y^^ - y^ Is a solution with a finite energy In 
of the problem which corresponds to zero loads, Moreover, 

According to lema 32,1, It follows that 

9 -~=^ [yi(x, T) - y,(x, T)| dt, 

Is similarly a solution with finite energy with homogeneous /97 

data, so that 

y(y. <l») « »(«. <f) + ^(0. 'I') 0* 

(32,17) 


In view of the fact that .Vi “ Vi ® It must be that 

y € therefore we can take t|; • y In (32,17) and therefore 


U) = 0 . 

The Inequality (32.10) Implies that |y| ■ 0 and therefore 

yi-yj> “ 0. 


Theorem 32.2. If the initial conditions are zero, and 
ff = (f,f)e /<i((0, fo);(3'(/l)), then there exists a solution with 

finite energy y=(u, 0) e Moreover, there exists a constant 

c'> 0 which depends only on c^, T^, t^, so that 


|y| < 


( 32 . 18 ) 


Proof. We must show the existence of a ye HQ*,) that 

i^(y.'l') = ms, +). V 4. e U{Q,,). 
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Let us consider fixed, and •S^(yt4») 

0 

as a linear functional defined on VCQ^q). According to the 
representation theorem of Rlesz-Prechet , there exists a correspondence 
of 8 : (HQ,,) -* ^(^ 1 .) so that 


•»’(», «!») = <y, V y e V(Q,,). 


(32.19) 


0 

Let R(S) be the set of the values of S In V(Qf^). The 
application of S Is blunlvooal. Indeed, If there exists 
so that » 0, then (32.19) Implies that ^ 

and therefore U{Q,,) <z results in particular that 'I'o) = 0. 

The Inequality (32.10) Implies, then, 'I'q * 0 and therefore S Is 
blunlvocal. From this it follows that there Is an application 
of S R(S)*^ 8(Q^^). Using the inequality (32.10) and the inequality 
of Schwarz, we have 

!'>!*< •\ n'h +) - S4»> < c.: +1 1 


or 


VveW.). 


( 32 . 20 ) 


Let us show that R(S) Is a dense set in V(Q^ ). If we assume 
the contrary. It means that there exists e r((?,,)\ /«(»), 
so that for any we have <//o, o. According to (32.19), 

^(yo» +) = 0 for any '^(-rfHQ,,) which means that y^ Is a solution 

with finite energy for the problem with zero loads. According to 
theoreiTi 32.1, It follows that y,. * 0 and therefore R(S)are dense 

O 

in V(QtQ). Consequently we^can extend application of S” , by 
continuity, to the whole of V(Q^q) so that 

8 ' : V(Q,,) -> 


is a limited operator with a norm 
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13 ^ 


Cl. 


(32.21) 


Let us consider the bilinear form <I»V Using (32.21) 

and the inequality of Schwarz, it follows that there is a constant 
c” which depends only onT^jt^, so that for every we have 

I S"V)I < ®"l 5"VI < «"®i 


This fact indicates that the functional S-*n) Is 

o 

limited on V(Q^q). According to the representational theorem of 
Rlesz-Frdchet , there is y(s)eV(Qi,) so that 

S-V) = <y(»), |i>, V ^ € V(Q,.). 


In particular, for every e 17(9,,), S«|» e V(Qi,) we have 


Q{s, 4-) .= <y(j), «4,>. 


(32.22) 


In view of (3?. 19) and (32.22), it follows that y(z) is the 
solution sought. Prom (32.19) — (32.22) we conclude that 

\y 1* -- <♦/, y> -• i ii * I'm V «»«,>• 

from which follows the evaluation from the theorem. 


We will next study the existence of a solution in 
the case when the Intlal data are not zero. 

Let H(B) s {W,(B)xW,(ii)xTri(B)) and s = (I, r)eQ{B). 

We define the application of P(z) :Hq(B) -*■ H(B) by 

(u, V, 0) = P(s) (V, w, »), 


(32.23) 
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so that (u, 6) € W|(B) x 


where {Vy\\,9)e BoiB), and (u, v, 0) e 

> W{Ji) is the solution of the system 


4*(0, D) = - C (Po3>u + ^ ^ W,(B), 

3ti 

(32.24) 

T(u, cii) ( (PoOw.g — p«),w, + /,w,) dv, V« 6 Wi(B). 

3d 


Therefore, If (v, w, ») eBo(B) Is given, we can determine 

with the help of the application of P(z), the triplet (u,y, 0) e JI(B) 
namely («, 0) o \V,(B)x lV,(B) is the weak solution of the system 

(Ao0„)„ =- + flJ>) - r, 

•- PH>. - /o ^ 


with boundary conditions (26.5 i)q. In view of (32,4) — (32.6) 

It follows that the elliptic system (32.25) with boundary conditions 
under consideration determines uniquely (u,6). This fact Indicates 
that the application of P(z) Is blunlvocal and therefore there Is 
an application of P”^(z). Similarly, we have (Plchera [111]). 




( 32 . 26 ) 


Let ZQt • • • , *m-i ^ and • • • * ** -^*(^o) ® ® B(s«_|). 

It Is obvious that P_(z„, . . . ,z_ , ) :H_(B) -► H(B) . Let us 

mu m— i u 

designate by (B;Zq, . . . ,z^_^)the set of the values of the application 

of * * * *^m-l^ from H(B). In view of the fact that P(z) Is 

blunlvocal. It will be the same way also with P (Zrt,...»z ,) and 

m 0 m^ i. 

therefore there exists P„** (z„, . . . ,z „ -i ) :H_(B;Zn» . . . ,)-^Hrt(B). 

m 0 '.n-i m 0 ^ m-i 0 

Let define the norm In H (B) ■ H (B;0,... 

m m 

... ,0) by 

lxU-=l/’«'(0 «)Mo. 
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Prom the definition and the propertleo of the application of 
P(z) the following properties of the spaces follow (see Dafermos 
[ 73 ]). 

Lema 32.2. Let (i -0, - i), be fixed elements In 

G(B). Then 

(1) H_(B;z . ,z , ) Is a complete metric space with the metrics 
tn u in— i 

defined by d^^(x»x’) • lx-X’|„,. * * * *^m-l^ ® plane In 

H(B), and H„(B) Is a Banach space with a norm I*! ; 

(11) Jfjm => «(/<) ^ ^ «o. - M *V')5 

moreover, H^(B;Zq ,Z jj^_j^) Is dense In Hj^(B;Zq, . . . ,Zj^_j ) for any 
Jl < m. 


Theorem 32.3. If c (f, r)cC- '(| 0 , #ol) ;«(«)),*? e 
m m) » X ("o. «(• o„) /fjn s(0), . . . m (»» o, i,. . . 
then the mixed proulem under consideration has a solution with 
finite energy ,.v e ®to* 7hls solution has the following 

properties 

(a) (u, M. ohm c- (’-( 10 . r„i ; and («. u, «H0> 


(e) 


(ti (»< II (»i 

(u, II, 0)(») 


//. 


(»i 


(«- 1) 

, : 1(0), 


I; = 0, 


Ml. 


r c 10, «„), 


and 


(II (l< I) IM 

(II, II, OHf) 


[k) (M» I) im) («• ) I) 

*(r(0,..., ? (0)(M, II, 


(M) 


0)(f), 


(32.27) 


(y) there is a constant c,^> which depends only on Tq, so that 




(*i (»• II (»i 

(1(11, II. 0) (0l5 I 


) 

T 
* 0 


/V'(.(0), r"(0)) x'o 


<*> <*' 

«p(0, 0)(T)aT)''^ < 


I- <-3\ ll'(' 

J(i 


II » 

W,(l» « 


(32.28) 


for k ■ 0,1, . . . ,m, / 1 [o,/„). In (32.28) the equality takes place for 

z S 0. 
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(an 3 ) 

Proof. On the basis of lema 32-2, s(0 ), . . s (0)) Is 

(«« I) 

dense In ;/„(/<; :(U), r (o)). Making use of this fact and of 

(32.28) It follows that It Is sufficient to prove the theorem for 
«{«)). / c 

We will use the following auxiliary construction. Prom /lOO 

(32.23) we have (v, w, ») « P-« (?)(u,vi 6) where (w, ») is the 
solution in the weak sense of the equations 


=* (frv®.i).» — 

pwt = (<7u»i«».i)., - (P.,0)', + /„ 

with the boundary conditions (26.5 )q. We define 


(») (t| (t-flHM (»-i) (*-i) (*) (*-l| 

X = (Mo* Mot ®e) = i*"* (S (0)) (Mo* «o* %) = 

= iV'(ff(0), . (0)) (Mo, Mo, 6o), (fc = 1, 2, . . ., m + 2). (32.30) 


Keeping in mind (32.29) » we have 

(M (*-M (*-» 

Tffl% — (kif 6o,i),j — + r (0), 

(»+i) (»-i) (»-«) (*-» 

P Wo« (Po ®o).> + f * (*^)* 

(1 - 1 , 2 , + 2 ); 


in the weak sense. 

^k) 

By determining x this way we define 


»/">(0 a (m'", e*“)(/) 


/"•♦Si (A) 

U 


Mof. 


M f 3 1 

S 

k ~o 


k\ 


•*• . 
0„f‘ 




(32.31) 


(32.32) 


Let us introduce the notation 
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(32.33) 




(5(0) (“'**» “"*» ®'*') 


On the basis of relation (32.29) we derive 

M) 


(32.34) 


Let 


;< 2'(0 = ((/* - pu"»), T„«(r* - ■6'»>))(0. 


(32.35) 


In view of the fact that c(f) e C®((0| fol’» according 

to (32.30) -- (32.35) it follows that s'‘’(0 ^ ^ol i ®(^)) 


and 


'^“'( 0 ) = (4 = 0 , 1 , . . ., «» + !)• 


(32.36) 


Let f/'-' € V(<?0 be the solution with finite energy of the^pjoblem 
corresponding to zero Initial conditions and mass loads of s'»' (0- 
The existence of 9^^^(t) is ensured by theorem 32.2. Let 


.V'»>(r) = («'*•', 0'*')(0 = C . . r'" "y<^i(T)dT. 

0 Jo Jo 


(32.37) 


Applying successively lema 32.1 and making use of (32.36), 
(32.37), we conclude that y'*'(0» 4 0. 1, • • + 2, 

is a solution with finite energy of the problem with zero initial 
conditions and mass loads of ?’»)(o. Consequently 
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(32.38) 


W*’. 4») = ® (fc = 0, 1, . . ., m +2). 

In view of (32.30) — (32.35) and the definition of 
we conclude 

(*) (*) (*) (*) e ^ ^ 

:?(?<*), ^) = - W», «^) + 9{z, (|») + /(x, 4»). v«J» 6 17{Q,,). (32.39) 

Keeping in mind the linearity of »* it follows from (32.38) 
and (32.39) that 


<ell\ tl») = 4') + ^(x* 4')* € V{Q,,h 


ih ^ 1 


o\ 


(32. HO) 


where 


y{t) = »/"»(/) + .v'*»(0. 


(32. Hi) 


(M 

Therefore .v(0. H = o, i, . . »i 4 . o, is a solution with finite energy 

(A) (A 4'!) {k) 

in of the problem vrlth initial conditions x =* (»«„, u„, Oo) 
and mass loads From (32.32), (32.37) and (32. HO) it follows that 

y(t) given by (32. Hi) is the solution sought. Let us show that 
the properties (a) — (y) do take place. In view of the fact that 
( 32 . 27 ) Implies the fact that e 0-+'([0, t„] ; If(il)). 

Inasmuch as « C*(ro, i„j; JF/„(B)') from (32. Hi) it follows that 

»/(0 e C’"+'([0, <o3 ; ff(o^))* It is obvious that we have from 

• • 

(32. Hi) (u, u 9)(0) (liQ»Ho»®o^* which proves the affirmation of (a). 
In order to prove (6) it is sufficient to prove (32.27). The relation 
(32. Ho) takes place for any ^eU{Qi,) and any t^ and therefore for 
any te(b, /„) and any , where Q, = Bx(0,t). Selecting 

<1» = (0, ToD(x)) 6 t{Q,) in (32. Ho), we find 


IHO 


^ I Tf(a OD + Ptf k,/D) + ^ dp dt =a 

ft e <*> t (*) (*> 

‘ ~ Jo 5.^^ “ ■'■ Jj, ■*" 


a relation that leads to 


t “t r W «*+•) (*+•) * too liO\ 

\ ki.%D‘, 6 v = \ [r - 2*0(0 0 + p„u,.,)] Ddo, V D e iy,(B). ( 32 . 'I? ) 

Jo JB 


Taking ~ (^ v(x), 0) e (7(Qi)f v(x) e TF|(B) 


In ( 32 . *<0), we 


obtain 


w*.***!.# + P.< 0 »»<j) + p ii( »|] dwdt =» — 

f* t . **J t wi 

— I I (t — I)/, », dodT^ (I p Ug,p,dp. 

•'0 JU Jn 


Similarly, we have 


f (•) f («) (* ^ 2 ) (A) 

\ <'>m •U.it'ij 'I*’ = \ (P-/ 0 IV.) - p «. r, ^- /, tv) dp 

Jtt J« 


V V e \V,(B). 


It follows from (32. H2), (32.43), (32.24) that 


w ik+t) m (»i (»+i) 2M*+i) 

(n, II, 0)(0 = P{s{t)){ II, II, 0 )(/), 
(k 0 , 1 , . . — !)• 


Tie relation (32.27) can easily be derl.xid from (32.44) by 
induction. 


Let us show that the statement made in (y) does take place. 
Let us consider the relation (32.40) written for Q^. In view of 

(I) (I) (I) o , 

the fact that 4 /' = («-«„, ®) e TK),), we have 

(I) (I) (I) 


By deriving this relation with respect to t twice and by partial 
Integration, we obtain 


IC (t) (*) 

[p «, tt, + C„u «»., M,., + fl 0») (/) (Ir + 


+ 


f ‘ f 1 I j j If •*•*•'* <*' 

)o Jfl ~t7 ®. / ®. < ^ T + — \ ( p - Cat I «o» . I «p.. I + 


, , - <*> <*) , . /»/ (*>(* + !» 1 (*»(*) 

+ n ®6 + p,/ «o/.; Oo) M (/* '■ ®) ‘I*’ + 

•'0 i 0 

- (*) (*( (») 

+ I (P Wo( «o< + rt ®5 + P« , Oj) dr. 

Jff 


By deriving the previous relation we obtain 

(1 (*)(*+!)(») 1 (*H»V f I ‘i’v 


d( 


;»:’8)«)i5+-; 4.(«V8)(o=5_, (/:»;+ ;;r o,(od. 


(A) (A4-0 (*) 

<2c»3l(u, U, 6) (()!o 


We used the inequality of Schwarz in deriving the last inequality. 
Here, c^ depends on T^. We can write 


d 

d( 


(») ((k+i)(*> 

|(u, II, 0) (0l5 + 


1 .•« (*) 1*1 
\ «I>(0, 0)(T)dT 

• I) -0 




< 2c, 


(*) I ,1 

1 ( 11 , u, 0) (I)|S + \ 


{*) (*) 

cl>(0, 0) (T)dr 


I/-’ (*) 




Dividing by and integrating on (n,t) we 
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conclude 


{ (IMt-flHt) 1 r* <*) (*> I 

|(u, u, 0)(0|j+ 4»(0, 0)('r)dT| 


tii 



(32, H5) 


In view of the fact that 


ItHt-fllU) <•> i*> 

(u, u, 6) (0) (Uo, Uo, 


(ii 

1 

0( 


P»*'(s(0), ...» <®ot *o» ®o)* 


the relation (32.^5) leads to (32.28). 

The coefficients which characterize the properties of the 
medium satisfy the conditions of regularity of the order m If 

(1) and for m ■ 1 the §^nerallzed derivatives 

^IJkl.j 1^0 ®5(lst and are essentially limited on Bj 

(11) py € > 2f ^ ■ 1»2» the generalized 

derivatives do eslst and are essentially limited on B; 

(111) p, oeC""*(S) and have generalized derivatives of the 

order of m - 1 which are essentially limited on B. This can 
be proven (Dafermos [73]). 

Theorem 32.^4. If 

* = (l.r) e C‘([0,r„];0(B)n X H',.,_,(B')» 

where B’ Is a certain compact subset of B and s€Bi([0, fol;^(P))» 

( B ) X 3 («. •». 0„) e H,(B ; s (0), . . . l”z'\o )) ; 

^'ijkl* ^IJ * ^IJ * ^ satisfy the regularity conditions of the 

order m, then the solution y = (u,9) with finite energy In of 
the problem under consideration satisfies the conditions 

(u,u, 0)(neC‘([0,fol; C"-*-'(B)xC"-‘-=(B) x 


for k = 0,1,. ..,m - 2. 


1^13 


It follows from this theorem that If y ■ (u,6) Is a solution 
with finite energy of the posed problem, and m ■ 3» then y Is the 
conventional solution In the sense of the definition In Par. 26. 
These results were extended by Chlrlta [59] In the case of micro- 
polar thermoelasticity. 

In [ 73 ] Dafermos sets also the asymptotic behavior of the 
solution when the time tends toward Infinity. Erlcksen posed the 
problem of stability In the theory of thermoelustlclty [104], [I 05 ]; 
this was studied also In various papers (see for example Kolter 
[ 238 ], Knops and Wilkes [236], Ourtln [166], Naghdl and Trapp [301]) 

33 . Homogeneous and Isotropic Media 

Throughout the rest of this ‘chapter we will consider 
homogeneous and Isotropic media. From the facts presented In Para- 
graph 26 , It follows that In the case of homogeneous and isotropic 
media the equations of thermoelasticity are 


[lAii + (X -f [i) grad div 11 — p « _ pfi ^ 
A'AO — TgP div II -- eO -- — r. 


(33.1) 

(33.2) 


We will introduce the operators 


□. - A - 


I 

v'i di^ ’ 



£1, - O, - 


X_+ 2;i n 
I <x ® dt ’ 


where 




C ^ 


<‘?'i 


(33.3) 


(33.4 
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Theorem 33.1. Let u e (?*•», » e C--», I € r»'* on >: («» 
which eatlsflea equations (33.1) Then u, 9* f satisfy the 
equations 


□,«Iivn- — ^ (pAO-divf). 
□a rot u ~ — - rot t 

U 


(33.5) 

(33.6) 


Proof. By applying to the equations (33.1) first the operator 
of divergence and then the rotor we obtain the equations (33.^) 
and (33.5) > respectively. 

It should be noted that the equation of the rotational wave 
is Independent of temperature. The equation (33.5) was obtained 
by Voigt [^32], and equation (33.6) by Crlstea [68], 

Theorem 33.2. If u e 0 c C*-\ I g r«, r e on H x (O. /„) 
and equations (33.1) and (33.2) are satisfied, then we have 

.'•(•r AAO - ^--5^ + «T? J AO - /.-Ali ■{• fO = (33.7) 

Si-- div f - ci Dir, 

P 


Proof. The operator Di of the equation (33.2) Is applied 
keeping In mind that (33.5). This result was derived by 

Crlstea [68], Lessen and Duke [257], Chadwick and Sneddon [48] 
and Parla [332]. 

In a similar way jt Is shown that dlv u also satisfies the /105 
equation (33.7) (Voigt [432]). 
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34. Formal Representations of the Solutions 


Let U8 assume that It x (O, and f € on /< x (O, f,) 

In that case we can write 

f filial U i rot Yf 

where » c r*', y e (?“•« on // x (O, f,) and dlv y “ 0. 

We will assume that B ^ 0. If we set 

u - Rfsal 9 t rot<|», 

we obtain from equation (33.1) 

urad [(X 4- ‘.J^) A 9 - P 9 - (iO 4- + rot ||iA4> - I- yj «. 

Thus, we can satisfy the equations (33.1) by taking 

□,9 - — (BO - d), 

X I li[A 

~ y. 

(A 


It follows from (34.3) 


0 .. i. K); 4. 12 ;,) n ,9 + »l 


Substituting ( 34 . 2 ) and (34.5) In equation (33.2), we obtain 


(0,0, - = 


^ -r — O,?', 


i-(X 1 ‘2 ;i) X 4- -u 


(34.1) 

(34.2) 


(34.3) 

v34.4) 

( 34 . 5 ) 


( 34 . 6 ) 


Thus , we have 


Theorem 3^.1. (Dereslewlcz TB?], Zorskl [1157]). If 


II gnul 9 t- roiili, 0 U>> t -k) Di? ’ ^1* 


(3K. 


where 9 . *, il» <•* * cm lo) and aquations (311.6), ( 311 . 1 *) . 

are satisfied, then u and e satisfy the equations (33.1), (33.2). 

The following theorem establishes the completeness of solution 
( 311 . 7 ). 


Theorem 3 I 1 . 2 . (Carlson [ll6]) Let ’ii on // x (o, c„), ( il/ > a, 

S > 2), II i t “ on H X («, lo) and 0 1 on it ^ (U, ^), ( /‘ > 2, v > «») 

which satisfy the equations (33.1) for f «rud | roi y with ® 

P 0 

and Y of the class C * on B x (o,t«) and dlv y ■ 0. In that 

^ MR 

case there is a function 4» and a vector jj) of the class C * on 
B X (0,tQ) where R ■ min (N + 2, Q + 2), so that 


u = grod 9 - 4 - rot 0 «—[(>> -f 2 (i) Oi9 -f »], 

P 


T» dsvi|» = 0. 


•f* 


Moreover, if 3 /> 4 , P>2, <?>!» and u and 6 satisfy (33.2), 
then 4> satisfies equation ( 311 . 6 ). 

Proof. Keeping In mind (33.3) and (33.ll)» the equations 
( 33 . 1 ) and ( 33 . 2 ) may be written, respectively, In the form 


3 1 . 

rlDiU + (Ci — <1) grad div u — - gradO 1, 

P P 

div u == — ^ r. 


(3H. 


(3H. 


/IO 6 


1H7 


If we keep In mind the fact that 


rot rot u =* grad dlv u — Am, 

the equation (3^.8) may also be written In the following way 


If we Integrate this equation we can derive 


U(() = u(t) + d(T) (I - t) + grad J J [<•? div u - x(X)] dX da + 


( 3 ^. 11 ) 


•f rot 


i:o- 


c? rot u(X) — ?(X)] dX da, 


where k = (po - »)/p, ? = - y/p. 

Using for u(t) and u(t) a decomposition of the form of (3^ ^2), 
we can write 

u(t) + d(t) (t — t) = grad o(t) -i- rot b((), 

2 

where a and b are of the class C and satisfy the conditions 


d — 0, 1i = 0, div b =3 0. 

If we define the funtlons (() and on B x(0,tp) by 


+ J J [cfdivu(X) - K(X)]dXda, 
<l»(0 =b-j' [c5 rotu{X)-^-^(X)ldXda, 


then we can derive from (3^.11) / 

u = ffiad 9 j- rot ^ 

and in view of the fact that div y = 0, we have div = 0. 
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It can easily be seen that the following relations take place 


whence we obtain 


Replacing u and 
the equation (3^.6). 

Theorem 3^.3. 

II (X - { I'J 


where Is a vector 
of the class C on 


■j, ({ iliv II I “(U (40), 

P 

iji cT, rot II I — Y, 

P 

(livu A 9 , ml u - — Ai|», 


0 |(X 1- 2|i) □,? t »l, 

P 

□ — Y. 


e In equation (3^.9) It follows that 4> 


(Nowackl [316], Soos [385])- If 


h)|^ Oi^i — eA — (^-|-|a) O, Kmd div <|> 

i — ^ Kind ‘J-, 

X I Uix 

0 □„ ,|iv -I- 

(• <)t 


of the class on B x (0,tQ), and H* Is 
X (0,tp) which satisfy the equations 


satisfies 


(3^<.l?) 


a function 
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(3“.13) 


(o,a, <Ai)r --i-.-. 






then u and 6 satisfy the equations (33.1) » (33.2), with the force 
f and heat source r. 

Proof. In view of (33.3) and (33.*^)» the relations (3^.12) 
may be written In the following form 


u = OiO,- eA l«t» - p(f;-«;)02piiid div 4 »+ urad H' , 

I dfj P <1 


(34.15) 




c)<l> 


,n 


If we replace (34.15) In (34.8), we obtain /108 

*'sD«m I- (*’I — <s) }jriMl i!iv ii — }ji‘iul 0 • 

P 

- poMa* ( D.ia,- 1 0 - 1^ p,.f(rH - (•?) cA + ( 34 . i6 ) 

-f- p<'ii(<‘i <*) QjA, -}• p((’| <^)*£l2A-p cp<’i<^Q. - 1 t;r.ui div <I> 4- 

* <)t J 

, P f <'i , <*2 — <•!; 

-P Ds-I- " A - □,] pnul *r. 

P l‘*i c*l 


In view of (34.13) and the relations 
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f4(*1 — <•*) □sA 2 + ?(<•* - -i-epcljia, ^ 

ol 




<■" „ , <’i ~ <‘S A 1-1 

: □s-t— ^-r-- □:* 


the second member of (3^.16) is reduced to -f/p. 


If we replace (3^.15) in (3^.9) and in consideration of 
(3^.1^) it follows that 

,iiv II T -I- 

L p 

— eA Idiv <i> — 

0t\ c 


a, -I- (of _ 4 ) AO, - ' p<i(a,o, 
<• «• 


In the quaslstatic theory of thermoelasticity lonescu- 
Cazlmir [213] derived the Galerkln type representation (2^1.12). 

In the case of the dynamic theory of coupled thermoelasticity, the 
representation (3^.12) was derived by Nowacki [316] and by de So6s 
[ 385 ] using the method of associated matrices (Molsll [292]). 

De So6s gave, in [385], an expression of the equations of 
coupled thermoelasticity with the help of the functions t^^j and 6. 

This result extends the results derived by Ignaczak [208] in the 
uncoupled theory and by lonescu-Cazlmir [21*j] in the quaslstatic 
Case . 

35 » Thermoelastic Waves /109 

a) Plane harmonic waves. A plane thermoelastic wave is 
characterised by the fact that at a given moment on any plane 
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perpendicular with respect to a fixed direction, the components of 
the displacement vector and temperature are constant. The direction 
considered Is called the direction of propagation of the wave. We 
will choose the system of coordinates In such a way that the axes 
Ox^ coincide with the direction of propagation. In this case the 
plane wave is characterized hv 


Ui II, (x„ 0, 0 ^ 0(jp„ 0- 


(35.1) 


In the absence of a mass force and a heat source the equations 
(33.1), (33.2) become 


0* 

1 «) •' \ 

■ 1 II, 

p do 

= 0, 


(35.2) 



pc? 0j‘, 




<)* 

1 \ 

« / 

1 

\ 


— . . — 


- 0, .1 


■ "I Ha ■= 0 



4 iU'^ } ■ 

W 

~ 4 



k 

- 'M « - 

ToP. 

- 0. 



I* Ja-f 

•til 






The component u^^ describes the longitudinal elastic wave, the 
components Up and u^ transverse elastic waves, and 0 the thermal wave. 
It is noted that the transversal waves propagate with a velocity 
Cp and are not affected by the heat field. In the following we will 
not study them. 

If 


= Ut* 0 = Ro [0*(j„ (35.3) 

the plane wave under consideration is called harmonic. Re [ ] was 
used to designate the real part of the expression from the parenthesis. 
In this paragraph we will analyze the thermomechan! ca3 Interaction 
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studying the propagation of plane harmonic waves in space. The 
problem was studied by Chadwick and Sneddon C*<8] (see also Chadwick 
Nowackl C3193). 


It follows from (35.2) and (35.3) that u^^ and 0 satisfy the 
equations 


where 




pt*i ‘>J'i 

iTo^ta diif 
h dj'] 


0, 


0, 


(35. ^<) 


, . 


iwr 

I ’■ 


(35.5) 


In the following we will assume that w Is a real fixed constant 

Let us consider a flctlve medium for which B = 0. In this , 
case the solution of the equations (35.^) has the form 

(if = (35.6) 

y* — |- 


where 





K . ^7 - (I i i) 



(35.7) 


and C and D are arbitrary constants. 
a a 

The displacement (1^ and the temperature 0 corresponding to the 
functions (35.6) have the expression 



(35.8) 


(ii, — Be l(?|« * ^ »i) -f- 

0 :.= Ker/V’^S^V'“('■^' Vv) ., 

• J» 


The function represents purely elastic waves which propagate 

with constant velocity c^^ In both directions of the axes Ox^. These 

waves do not present dispersion or damping effects. The function 

0 describes purely thermal waves. They are damped and are subject 

to dispersion In the sense that the phase velocity depends on the 

frequency. The damping coefficient Is 0, ==Im >v„ j/*^! 

jf 2/r 


and the dispersion results from the dependence of the phase velocity 


<0 




on the frequency w. 


Let us study now th» equations (35.^) In which 6 differs from 
zero. From (35.^) It follows that both uj and 0* satisfy the equation 




(35.9) 


where 


e 


Tq?\ 

cpii ■ 


(35.10) 


Looking for the solution of the form 
to the characteristic equation 



we are led 


YJ* — 1- q -I- tq) -t- qft' = 0. 


(35.11) 


15 ^ 




We obtain 


{o* f- 7 I- C7 :| f(fl» 1 q j- e#/)*' - •l«o»P|. 

»“ 

The coefficient B enters in equation (35.11) only through c. 
Obviously, the roots of the equation depend on c and for 
e » 0 we have 


»Ji(0) rj(0) = q. 


We will designate the roots so that 


>!,(0) = X, 



>J,(0) = X„ = (1 


If we ask that the functions u!J and 0* given by (35.9) satisfy 
the equations (35.^) we obtain 

vT = ^,0*’'.*.+ -f — ^ 

pcf(o-* — r«) 

0* = 4- Bjc-'"*** H 

^‘■(7 — >]i) 


where A and B are arbitrary constants, 
a a 

With the notation 





+i»., 


we can write 






/111 


(35.12) 


(35.13) 


(35. 1*0 


(35.15) 
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«, = 4- ,4, ’«•»*» e”*^**^) 4- 

0 = Re 4 - 


(35.16) 


The relations (35.16) contain on the one hand terms of the form 


.4,e-V. 


(35.17) 


called quaslelastlc ones, on the other hand terms of the form 


(35.18) 

which are called quaslthermal ones, 

Tn order to Interpret the result, we will consider the relations /112 1 
(35.8) and the fact that for 6 = 0 (e = 0) we have I 


r,(0) -- 

<•„ r.^(0) - . 

|/2Xc> * 

‘-2, 


J),(0) - 

0, SV,(0) 


(35.19) 
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I 





The root n^(e) determines the quaslelastlc terms (35.17/ 
and defines the purely elastic waves (35. 8)^^. 

Similarly, PgCc) characterizes the quaslthermal terms (35.18) and 
112 ( 0 ) ■ >2 the purely thermal waves from (35.8). 

From the above presented facts It follows that the effect of 
the Interaction of the elastic deformation with the thermal field 
In the case of plane harmonic waves may be descilbed by two aspects; 

(1) Modification. The purely elastic and the purely thermal 
waves are modified. The quaslelastlc terms In contrast with purely 
elastic waves are subjected to damping and dispersion. The 
quaslthermal terms and the purely thermal waves are subject to 
dispersion and damping, but with different phase velocities and 
damping coefflecients . 

(11) Coupling. In the expression of function appear both 
quaslelastlc and also quaslthermal terms. The same thing occurs 
also for the function 6. The presence of different type terms In 
the expression of the functions u^ and 0 characterizes the coupling 
effect , 

In order to discuss the phenomenon from the purely physical 
viewpoint, It Is convenient to introduce the following quantities 


The equation (35.11) takes the form 

;« _ -f iX(i -t £)i 4- = 0 . 


(35.20) 


(35.21) 


From ( 35 . 15 ) and ( 35 .^ 0 ) we have 


5 . 


Si 

<•>* 



(35.22) 
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Solving the equation (35.12) we conclude 
5i ■= f (1 1- 4- i(l -f c)]*» f 

(35.23) 

(• I* - (1 4 1)^2/ •(• i(l 1 

.* {l^ 4 (1 I i(l I e)l>« - 

I’/ - (1 -I i)^i>x -I i(i 4- 


The expression of the phase velocities v^ and of the damplne /lJ-3 

coefficient 0^, may be obtained from (35.22) and (35.23). 


The data from table 1 Indicate the fact that e Is a small 
number. Developing the powers In series , according to the parameter 
e (the convergence is very rapid [^93) from (35.22) and (35.23) 
we obtain 


I 2(1 + *■) K(1 + ZT I 


e»xM5 - 


4 0(e=>)j, 


fj r, 


<•, I 2(1 4 X*) 4(» -i- X“)=' 

J(2x [i - 4 + o(c»)l 

* I 2(1 4 X*) «(> 1 




, , c(l - 1 ) .'(I - Oy, - I2y> 4 IOy’ 4 ;,,., 

' + 2(1—=) 5(M-'y7F + “ ’ 




We will designate 


f>l“' - li»n a, 

y • X 


ti>r 


The frequencies which will be reached In elastic media are 
limited at the top (Brillouln [40]) by the constant 


where M is the atomic mass of the medium and Is the velocity 

of the longitudinal waves under' adiabatic conditions. For solids 
the experimental data Indicate that the followlnK eauatlons 

«i> <■** <•>.* 


take place. 

Information concerning the order of magni' ude of the quantities 
which arise may be found In table 1, where the data were determined 
at 20®C. 


Table 1 


Units 


Quantity 

Of 

Measure- 

ment 

Aluminum 

Copper 

Iron 

Lead 

{rth 

i iu iiv’ • 

0..T.* • !(*• 

1 

ri,8i» • 10* 

2.M • Hi* 

c 

- 

:i.5c- hr* 

l.iiHto' ! 

3,'j7 • 10 * 

7.:i:» io » 


•et‘ ‘ 

4.r.o- i»'» 

1,73 -to" j 

J,7f. • I0‘» 

I.Ol • Uj“ 

0<») 

cin* 1 

t,3l • 1U« 


4.IK' 10* 

;i,27 • 10* 

iOf 

•re”* 

«,K0 • to** 

7,&& • J«t‘» 1 

U.'Jl< • to‘> 



It follows from this thac In agreement with experimental 
data, we can assume that \ Developing in series according 

to the powers of x» we obtain from (35.22) and (35.23) 

*■= + 


X^«(4 - e) 


t)“ S(» + e) 


— + 
A “ 


+ 


X^c(8 — 12c -f*c^) 
16(1 + tf 


+ 


0(X*)]. 


/iii 
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For frequencies reached In the laboratory and In nature (for which 
X « 1), we have 

A similar study may be undertaken to analyze the case when 
the wavelength Is given. For this, n ^s considered a real 
constant. In this case the equation (35.21) will be considered In 
the unknown x (Chadwick r**9l). 

b) Rayleigh waves. Let us consider now an elastic medium which 
occupies the half^space > 0. We assume that It exchanges heat 
freely, by radiation, with the atmosphere x^< 0 , the temperature 
of which Is Tq. We assume similarly that there are no mass forces 
and heat source and that the boundary of the half-space Is free of 
tensions. Consequently, on the x^ ■ 0 plane, we have the following 
conditions 

^<3 ~ 0. — (■’or . .r, = 0, (35 *2^1) 


where the transfer coefficient h Is constant. 

We will study the case of surface waves which propagate in the 
direction of the axes Ox^ (Lockett [265]). We assume that rhe 
components of the displacement vector have the following form 

= 9fi — 'I'fst «2 == 0, «3 = (p, 3 -f- ( 35 . 25 ) 


where (|) and i|; are functions of only x^^ and x^. 
satisfy the equations 

ti A39 - 9 - 6 = 0, 

P 


If these functions 

(35.26) 


= 0 , 


(35.27) 


AAjO — ToPA,9 — re == 0, 


(35.28) 
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where 


/115 


A, 




oxf ^dji 


9 


then the equations (33.1), (33.2) are satisfied In the absence of 
mass force and a heat source. 


We must find solutions for the equations (35.26) — (35.28) 
of the form 

(9. OJ « Re T(j* 3 ), A(x,)} (35.29) 


If we substitute these expressions In the equations (35.26)- 
-(35.28) we obtain for the functions of 9, A the following 
equations 


”5.3o; 

A ’ - (p> 

'1" - (y' = »■ 


In addition to the boundary conditions (35.2^4) we also have 
conditions which require that the solution should tend toward zero 
when Xg tends toward Infinity. Keeping t;.ls fact In mind, we will 
consider the following solutions for equations (35.30) 





r - 


Cf 






(35.31) 


l6l 


where A,B,C are arbitrary constants and Zg are the roots of 
the equation 


[^T<- 


Obviously, the equation (35.32) coincides with the equation 
(35.11). If we substitute the displacements (35.25) In relations 
(23.22), we obtain 

tis pc*(- 9»I3 I' 't'cia)* ^23 ( 35 . 3 ^ 

*33 “ P®I ^29 ^ - P‘'2(']'(I3 ■■ 9133) “ 


In view of ( 35 . 31 ) and (35.35) » we obtain from conditions 
(35.2^4) the following relations among the constants A,B, and C. 

+ (35 

2i(ft,A + 6jB) + f 2 - -^] C = 0, 

V p'^crj 


where we have designated 


ft? = l 


Elimination of the constants A,B and C from equations (35.35) 
leads to the relation 
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“r[(=-; 4 )'‘'-*-‘>'-^‘>h+‘-,M)]’ 


which connects the quantities p and w. 


If we consider jn (35.29) co as an Independent variable 


set 


t’ = 


b> 


then equation (35.37) becomes 

(- “ p* )' (''* ^ + fcj - I + *^ j - 4 -} fr,) = 

Prom ( 35 . 36 ) it follows that 

ft? + ft? = 2 - \ (;? -f ft?ft; = l - ' (:* r=) -f- .* 


/'• 


and from (35.32) we have 


1^3 I '» , i(or 

*' ■' ,.s '6 0. ii-i 

« 4 h 


/.(•? 


If we keep in mind relations (35.20) and (35.38), we obtain 

OlC V'‘ t>* 

/(•/<- yr’l kp*cj 

with this we are able to write 




(35.37) 
and 

(35.38) 

(35.39) 

/ 

(35.i»0) 
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similarly, we have 


hi I 



( 35 .^ 11 ) 


Keeping In mind (35.^0) and (35.^1) we can derive from (35.37) 
an equation for v. It follows from (35.29) that 1/Re v”^ Is the 
phase velocity and u Tm v”^ Is a measure of the attenuation In 
the direction of the OXj^ axis. The surface wave Is subject to 
dispersion because these quantities depend on the frequency o). 


If wo develop In series the powers of y and neglect the 
1/2 

terms of the order x we can conclude that the velocity v 
ceases to depend on the frequency and on the constant h and we have 


(-;;r •(-;)(-, r, a'- 


2 2 

Setting °p “ (1 + g)c^, we obtain the known relation which connects 
the velocity of Rayleigh waves and the velocity of longitudinal and 
transversal elastic waves. 


36. The Elastic Space Subject ed to Concentrated Loads 

Let us consider an elastic medium which occupies a whole 
space. We will study. In the case of harmonic waves, the effect 
of a concentrated mass force and of a concentrated heat source. 
The results presented here have been derived by Nowackl [316]. 

Let 


f, ■ Ko If nr) r '-'I, r Ke [»*(.r) 


(36.1) 


In this case, the unknown functions have the form 

ti, -- lie <j) 0 - lie [<)•(.»•, t.)) r'"’’']. (36.2) 


16 ^ 






The functions ♦ and Y which realize the representation (3^.12) 
may be taken in the following way 


«l»; Itc w) T - c ) 


(36.3) 


It follows from (3^.13)f (3*1.1^)» (36.1) and (36.3) that 
the functions and satisfy the equations 


/lie 


(A 4- T*) 1(A f «j*)(A I .1) j c7AJ^^,• /• 

'•>(>> -f 2 u) •' (36.11) 

l(A -i- oO (A \-q) , tql\ r* - - ^ r*, 

A* 

where we use the notations 


a 


2 





vz 



(36.5) 


If 


l>'i f- H o* (- 7(1 -f. 

A'f/i’; j 0*7, 


( 36 . 6 ) 


then we are able to write 


(A + a*)(A 4 q) i u^^ ■-= (A i- //;) (A t A;!). 


(36.7) 


Obviously , 


n 



and k. 


are roots of the equation 


In view of ( 36 . 7 ) » the equations (36.^) become 


(A + t“) (A + A?) (A I- A!) 4>f 


(A + Ai) (A -1- A?) T* 


fjt 

-I- 2 ,u) ’ 



(36.9) 


From (3^.12), (36.2) and (36.3) It follows that the functions 
u^, 6* are represented with the aid of the functions V* by 
the relations 


u* 2m) (A I- A?) (A -i- Ail) a>7- 

(t 

- (X f- M)^'[(A + 9) -f- - qA 0;,, -I- ---f — 

<• I >> I M J f 2 m 

0* (A + T*) a»*, + (A a'‘) T*. 

0 


( 36 . 10 '' 


If we assume that the mass force has the direction of the axis 
Ox^ and we do not have a heat source, that is, 






♦ Ify* 


0 , 


(36.11) 


then we can consider « 1 >.J «, *I>J - o, *J’* 0, 

It follows from (36.9) that the function satisfies the / 

equation 


(A -t- T*) (A + Af) (A 1- A-H) / 


' J-* 

h ii( i f 2 u) 


Let G* be functions which satisfy the equations 


(A -\-k\)Gr - 


Am(>. -|- 2rx) 


r, 


(A -f- A-i) «? = 


M>> + 2 m) 




(A + T-) G* = - 


A-m(X + 2m) 


/•. 


( 36 . 12 ) 


(36.13) 



The solution of equation (36.12) may be put In the following 

form 


X — «iiO|* -f- Ojfif + afif, 


( 36 . 1 ^ 1 ) 


where a^ are constants. If we suppose that the function x given by 
(36.14) satisfies equation (36.12) and if we consider the equations 
( 36 . 13 ), then we obtain for the constants a^ the equations 


«I F «S -f = 0, 

( •“ + m fl, I- (T-* -f A?) a, f (k\ + kl) fl, = 0 , 

-f- AfA*«3 - 1. 


( 35 . 15 ) 


It follows from G 6 . 15) that 


(At - A-i) (Ar - T'^) 


a ., - 


(Al - H) (AH - r-^) ’ 


(Ai - T^) (Ail - T'^) ‘ 


( 36 . 16 ) 


Here and In the following, we assume that the denominators 
of the previous fractions are different from zero, but the results 
which will be presented may also be derived in the contrary case. 

If the mass force considered is concentrated in point y, then 
we have 

/* «{•»• - .♦/), 

where 6 is the Dirac measure. 

In this case, the solutions of the equations (36.13) which satis- 
fy at infinity the radiation conditions (Courant [66], Kupradze 
[24?]) are 
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f 


I 

I 


I 




at 


c 

4 I- 2 |i) It * 


(36.17) 


olrlt 


4 Kkliil i- lin) H ’ 


where 


k--.V| 1(.0 - //,)(•'■,- !h)i 


/120 

(36.18) 


From (36.1^1) and (36.17) we derive 

<• r ( 

4 nA|x(). i- 'Jia) {/.'i AH) It L ■ "* 

_ e '*." (At AH) 1 

As — T* (A| ■ ~^) (As T*) J 


(36.19) 


The corresponding functions and 0* are obtained from 
(36.10) by setting <!»• /_(j, »/ ; w) , a>? - .. »r* o. 

We will designate these functions by u*(^)(x,y;u) and 

(J 

()*i» (J-, (/ ; ij) respectively, thus indicating the fact that the mass 
force has the direction of the Ox^ axis and is concentrated in 
point y. 

If we keep in mind the relations 


(A; -- q) (A; - n*) • htq-z, 

(kj - T'*) (As - T*) --- — a- ^ ^ - -• r q i 


)s -I- 2u 

A: +9 I- ; £9 


:i{l^a - ^/) ih ‘ -•) , OV 

j: ^ :*,v > ^ 

(a t ;i) /‘a 




■I 



i 


n 


after calculation we obtain 


_ 1 ^ I fKilt, (.*) 

•1 Ttpi'S H I iKt\th-, * 

( 36 . 20 ) 



•) 



A s«'(Ar • 1 


V If 

« ) 


where 


K{H, w) 


o Hkj - q) f'*i« - (/) 

14m - AH) Ji - /.i|) J{ ~ K ' 


( 36 . 21 ) 


Let us assume that 


/• ^ - If), r* 0. 


( 36 . 22 ) 


In this case we will designate u^ and 6* by "*'**( -J. y ; <■<) 
and y ; w), respectively. These functions are obtained 

from the relations (3 . 10), setting .'/;«>») 

and '}'«» = 0. 


Thus , we derive 


1 




«•'*’ (•' t.V;w) ‘ ■ S,r , 

•iTtpc: /i* I np(.)-‘ 


0*c> (j', n ; 


,! /<'*•« \ 


•I 7:fi(A'‘| - AH) (1 


(36.23) 


Let us study now the effect of a concentrated heat source. / 
We will assume that 


/; - 0, r* / 0. 

In this case we will take = 0. The function H** satisfies 
the equation 


(A 4- Af)(A + A;)»r* - ' r* 

k 


(36. 2H) 
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If we have 


(A ^ A’i) Hf 



(A + AS) nf 



(36.25) 


then we can write 


T* 


I 


Af - AH 


(//,• - Iff). 


( 36 . 26 ) 


If the heat source is concentrated In point y, then r* “6(x-y) 
and we obtain 


>1 ; ...) * f ) 

•l7rA(Ai| - AS) [ h U ;■ 


(36.27) 


In this case we designate the functions uj and fl* by 

u*^^^ and 0*^^] respectively. We derive from (36.10) and (36.27) 

J 


,, ; ,0) P 'V. { ] 

i^/. prr(Ar- AH) itT, I /,* R y 


( 36 . 28 ) 


The functions u^^^\x,y ;o>) , 6*^^^ (x,y ;u)) (p = 1,2,3*^) are Green 
functions for the problem under consideration. 

Other problems referring to harmonic waves are presented In 
the monographs of Nowackl [3151, r319l. 

37. The Method of the Potential In the Study of Vibrations 

a) Preliminaries. In this paragraph we will present a study 
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of harmonic waves In homogeneous and Isotropic media with the 
help of the method of the potential. Ignaczak and Nowacki [209] » 

[210] derived the reduction of the problem? to the limit ot' the 
Integral equations in the case under consideration. Kupradze and 
Burcluladze [2l49] (see also [2l<8]) studied these problems with 
the help of thermoelastic potentials. 

Let us derive the equations which describe the thermo€;lastlc /122 
process under consideration. We will assume that the loads have 
the form (36.1). We will use the designations from (36.2) for 
displacements and the temperature. Keeping in mind the relations 
(36.1) and (36.2) the following equations can be derived for the 
unknown functions uj, 6* from (33.1) » (33.2) 

l*«*M + (^ + ja) II*, j — pO*, + ptohif = —/,•, (37.1) 

H*. + + iwcO* = - r*. 


The constitutive equations imply the relations 
t* = + «r.r) - 

qr = , 


(37.2) 


where t* and q? have the amplitudes of the functions t^^ and a , 
rs j rs 

respectively . 

If we designate by tj the amplitude of the component tj of 
the tension that acts in point x of the oriented surface S, then 
we have 


fi* = h*,v„ (37.3) 

Where n are components of the unitary exterior normal at S in x. 
s 
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similarly, 


(37. M) 

where q* is the amplitude of the flux which acts on S, 


The system of equations (37.1) may also be written In 

matrix form. We will consider the vector v ■ (v, , Vr 5 ...,v_) as 

1 ^ in 

a matrix column. Thus the product between the matrix A " II j 1 1 nixm 
and the vector v Is an m-dlmenslonal vector. The vector v multiplied 
with matrix A will designate the products between the matrix line 
V " I I » . . . »vj I and matrix A. We Introduce the operator 


J} 





(37.5) 


where 


i>/t — A + (X -b (. pw**,, 

/)„ = k A -i !<.»<•, (j, k I, 2, 3). 


(37.6) 


If we designate ^ (”*»”•** «**<^*)t 1 ^' —— (/•i/**/s*»r*) 

then the system (37.1) may be written In the following way 


/123 


n 



u = 


(37.7) 


Let us Introduce the matrix operator 


172 


where 





4 k 4 


t 


“ Ml/ + 


«hi 


<>.r, 


0 

f*»/ - - • 

Oxt 


Btt - p«*, 7/,^ 0, 7f„ /. , ^j^ f. ^ 2, 3). 


f37.8) 


(37.9) 


It follows from (37.2) — (37.^) that the vector m PU 

may be written in the following form 


PU = n 



«,) u. 


(37.10) 


The reciprocity relation from Paragraph 29 becomes 


— drt ( (,.*(iiO*(a) _ r*''’0*"*) dv f 

J/» 

+ ( - ?*'-'6*"')drt. 

JjO 


(37.11) 


Let us designate by 

''(■iH'-OL- 

^he adjunct operator of the operator 


(37.12) 


We have 
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- — />,„ h^, 


" ^>41. (j,/. ^ i,2,;i). 


Let V«(r?, »•),/=_ (9,, Y). 


The system 




Is written as 


1*1’*.. + (X 4- n) c.*,, — TpJpwO*, + pfc,»r? 

^ + Pf*, + IfcirO* = _ y. 


Obviously, If we put the following In (37.15) 


t.* - i«ar,w?, »• = e*, g, = IwTo/f, Y - r*, 


then we obtain the system of equations (37.1). 


Let yj*», f*'*' = Y'»», iwr„u;'*' =? r?'-*, 0*'-'= »•'*’ , p== 

- - Y‘*')t r*"’), V - (cr-\ »•'*>), V = (u;“', 0*">). 

Let us designate by a finite domain from the three dimensional 
space limited by the closed Liapunov surface 3E and by Its 
complementary B^ + 3B with respect to the whole space. 

From the relation (37.11) we conclude 


C {Ubv - VDU)Av {U6V-VBU)(ia, 

Job 


17 ^ 


where 



(37.18) 


b) Fundamental Solutions. Obviously the functlon8«,*'*'(a*,.v;M), 
given by (36.23), (36,28) are fundamental solutions for the system 
(37.1). Let us consider the matrix as fundamental solution 


.V » *■*) — llF««ll4«4» 

r,. = «r*', r„ - o*'*'. 

where 


(37.19) 


If r(x,y;w) is the fundamental solution matrix of the system 
(37.14) » then we have 


f* (//» a- ; W) = r(x, U ; w). (37.20) 

We designate by A* the transposal of matrix A. If x # y, /125 

each column of (x,y ;u») (s » 1,2, 3, 4) of matrix f satisfies, 
as a function of x, the system 




(37.21) 
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If(i)-»-0, 8-4-0 then matrix r becomes 


n(a>,.v) = iin„ii,,„ 


(37.22) 


where II, 


U 


(k) 


‘Jk ” ""J fundamental solutions of the equations 
of elasticity [248], and ■ II ■ 0, The matrix n represents 
the fundamental solution matrix of the system 


Hr (X + |i) r,,,| = — /„ 


fcAO = - f. 


If we designate 

G(x, y ; w) = r(x, y ; t>) — ri(x, y), 

it can be seen that the elements of matrix G remain limited when 
X = y, and the first ordei* derivatives of these have in this point 
a pole of the first order. 

We have 

n(x, y) = y) = n(y, X). 


,(x) 


We will designate by the matrix line which has elements 

„ J « o .. We can write 


(•,i - 1,2, 3, 4). 




(37.24) 


f si 

Let n (x,y) be the columns of matrix n. As Is known from the 
theory of elasticity (Kupradze [246]) we have 



C Er n'*' (X, fi) da. 


where 


1 , 

X 6 Bt, 


T)(X) = . 

1/2, 

X e dB, 




X e B,. 


(37.25) 
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Let there be a matrix 


3f(X, y)= ll^rdliail 


(37.26) 


»ilth elements 


~ »/), 3f;4 =3 = 0, 




The matrix 


/y(a?, y ; tc) = H 




y), 


/126 


(37.27) 


has at point x ® y a pole of the first order, L^t us 
designate by A(x,y;w) the matrix obtained from ® » »x j f(a;, ?/ ; w) 
by transposition and exchange of x with y. In view of (37.20) 
we can write 


A(a, y ; to) = j^J 

• 

il 

Tt' 



- * «») f*(a » V ; to) . 


(37.28) 


From (37.)"', (37.26) it follows that 




n(.r, y) — 3f(ar, y) — H 


( 


Ox 


» 



(37.29) 


The matrix 


N(x, ?/ ; w) = A (a;, y ; a) — M*(y, x), 


(37.30) 


has for x = y a pole of the first order. 

Theorem 37.1. For x K y each column of matrix A(x,y;w) 
satisfies as a function of x the system d(-^-\u = o, 
that Is 

= 0, a- / y. (37.31) 


* 
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Proof. We have from (37.28) 

A„ — , ii„| r,„(a-, »/ ; w), 

where A are elements of the matrix A(x,y;u)). Thus, we can 
rs 

write 

"" ( On ’ '*•') ' ^ ^ <’• I 

I 

‘ i 

c) Formulas of representation. Conditions cf radiation. /127 ■ 

« 

Let us say that U = (Uj,uj|) Is a regulated vector In If 

U € and the functions u» .(r = 1,2,3,*<) are i 

1 

Integrable In Let U be defined In Let us say that | 

U Is regulated In B If F e H and u* . are Integrable | 

^ ” 5 J 3 

In If,OT(0, 8), where t(0,6) Is a sphere with center In 0 | 

and a radius 6 regardless of 6. I 

Let us consider the relation (37.17) • If we apply this relation | 

for a regulated vector U and for the vector V= r'**(y, x ; to), (« = i, 2, 3, 4), | 

Just as In Paragraph 30, we obtain | 


^ !l 5 *'*) — 


<(J^) = ( f »'(y, X ; w) HUiia,— 


(37.32) 


— j U(y) X ; w)da,— f x ; to) D |-^Jl7(y) d»„ 

(j - 1, 2, 3, 4), 

or In matrix form 

"" 5 .« ^ ( (-ff n.V, X ; to))» U(v) da, - 


(37.33) 


If U satisfies the equation 




(37.310 


then, using (37.20), (37.28), the relation (37.33) becomes 


I7(x) — C r(;r, y ; t>t) HUday — C A(x, y ; u) Uty) do, 
■'aB hu 


(37.35) 


Any regulated solution of the equation (37 >3^) may be written 
in the form 

U s {uf, «•) =. (tt'/> + Mj»>, «•), (37.36) 


so that 


(A + (A 4- kl) «)>' = 0, rot m»' = 0, 
(A + T*) = 0, <liv ii«' = 0, 

(A + k\) (A + IfS) «r = 0. 


(37.37) 


This statement .can easily be proven, keeping in mind the 
results from Paragraph 3^ • Thus from (3l<.10) it follows that 
we can write 
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‘‘ grad div ii* — A prad 0*. 

p 


u'-' - rot, rot M*, 

<o'J ’ 

U * = »'•' -|- nl - 1 . 


It can easily be seen that the relations (37.37) are satisfied. 
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We say that the solution regulated In of equation (37.3^) 
satisfies at Infinity the conditions of radiation If we have 
[2^48], [2H9] 


h'" n;;i 0( /»’ »), 

u'-' =0(/^ «), = »(/;• »), (37.38) 

Oh 

o* .= o(/r>), 0*; o(/,'-2), 


for any fixed y. 

A formula of the type (37.35) oc ^:urs also In the domain 
E if the regulated vector U satisfies the radiation conditions 
[2i48]. 

d) Thermoelastic potentials. The formula (37.33) leads to 
the introduction of the potentials 
the simple layer potential 

f (■»’ ; 4*) = ( f ( y ; w) 4'(,v) (37.39) 

the double layer potential 

W(.v ; 4-) =. C A(.r, y ; w) 4/(//) da,, ( 37 . ^40 ) 

J,IU 

the volume potential 

V(.v ; 94 l'(,r, If ; o>) (p(if) ( 37 . 4|1 ) 

where the components of the vectors 4> and 4> satisfy the condition 
of Httlder on 3B and B^ , respectively. 

As in the case of elastic vibrations, we can state [2447j, 

[24>8] 
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Theorem 37 >2, 


The single layer potential Is continuous. 


Theorem 37.3. The double layer potential tends toward 
finite limits when from the Interior and from the exterior, 

and these limits are equal to, respectively, 

Wi(S ; (|() = _ ^ f y . ^^y^ j 

- Jdo 


TT(« ; +) -V A( 5 , y ; w) ^(y) do,, 


(37. *12) 


the Integrals from the right member being understood In the sense 
of the principal values. 


The demonstration .!f this theorem Is based on the representation 
of W(x;ij;) In the form 

W{x ;<!()=-( A(ff, y ; <•>) r<Hy) — <H«)] + 

Job 

+ ( [ A(-r. ?/ ; ; •) •'■)] 4'(?) <1«K + \ ») 'H*) d«ir- 

Job 


In view of the fact that ip(y) satisfies the conditions of 
Httlder and that the difference (37.30) has for x = y a pole of 
the first order. It follows that the first two integrals above 
are continuous. If w€* keep In mind (37.25) we can conclude 

iru'?*. 4*) + = W {: ; <^{s) = W'.C?), 

and therefore (37.*<2). 

Theorem 37.^. The operator applied to the 

potential of single layers Is a vector which tends toward finite 
limits when t-*zedB, from the Interior and from the exterior, 
and these limits are equal, respectively, to 


[«( " ,„,) nr,;)] + 

+ ^ * «|| r(5, »/ ; w) j (K,v) do,, ( 37 . *♦ 3 ) 


Similarly, as in the case of the conventional theory of /130 

the potential, we have 

■ o (-~-) h '(®; 4 ') = o , x4dB, (37.^^) 

9) = - <?(•»■), J'6/?,. (37.^15) 

In the following we will consider the equation (37.3*<) and 
the following problems at the boundary. 

Interior problems: to find In the regulated solution of 
equation (37.3^) which satisfies one of the conditions 

^^ 1 ^ ]\xn U(x) = G{:), 


( I2 ) »im H , „,j U(.r) = a{t), 

where x € s e dB, and G(z) Is a vector, the components of which 
satisfy the condition of HOlder; 

Exterior problems: to find in the regulated solution of 
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the equation (37.3**) which would satisfy the conditions of 
radiation (37.38) and one of the conditions 

(E, ) lim I7(.r) = G(s), 

^^2^ liin H (— , r( r) := Q(z), 


where xeB,,zedJt, and G(z) is a vector, the components of 
which satisfy the conditions of Httlder. 

Homogeneous problems, corresponding to the problems (I^), 

(I 2 ), (Ej^), (Eg) for G(z) “ 0, will be designated by (I^), (I^)* 

(eO), (EO). 

The following can be proven [2**8] 

Theorem 37.5. The solutions to problems (E^), (Eg) which 
satisfy the conditions of radiation are zero in B^. 

p 

Theorem 37.6. For u different from the eigenvalues of the 
problem (A + t*) = 0, div 0 , x e lit, ii<s* — 0 pn i)B, 

the problem (I^) has banal solutions. 

2 

Theorem 37.7. For 10 different from the eigenvalues of 
the problem 

(A + t“) . 0 , div ) X € Bt, 

'2 — -f- n X rot u's> r.-- 0 , on ()B, 

On 

the problem (Ig) has banal solutions. 

e) Reduction of the boundary problems to integral equations. / 13 I 


183 


Let us look for the solution of the problems and (E^^) in 

the form of a double layer potential and for the solution of the 
problems (I 2 ) md (E^) In the form of a single layer potential. 
In view of the theorems 37. 3 » 37.**, we obtain, for the unknown 
density, the following singular Integral equations. 


- •— 'l'(J') -f- ( A(?, H) <W.V) dfl, = 0{s), 

- hu 


(37.tf6) 


^ H - , M, j r(s, 1/ ; w) dfl, = 0(s), 

~ <K*) + 5 A(?. V) drt, = (/(?), 

- -;7 I ( If I '*•,«,) r(r, .V ; <.>) ,},(:) ih --- 


(37.47) 

(37.48) 

(37.49) 


These equations are integral singular bldlmenslonal equations. 
Following the procedure used In the case of elastic vibrations, 
the following can be proven [248], 


Theorem 37.8. If 2 :t(>. *j (i) ± (a, then, for the equations 

(37.46) — ( 37 . 49 ) the theorems and the alternative of Fredholm 
may be applied. 


Similarly the existence and uniqueness of the solutions of 
problems (E^) and (E^) may be proven. 

We limited ourselves here to the pi’esentatlon of the method 
and of certain results obtained with their help. A more detailed 
exposition of these questions would exceed the frame of this work. 
This has been done in the monograph written by Kupradze, Gegella, 
Paselelsvlll and Burciuladze [248], where other boundary problems 
are also examined. Problems of plane deformation In t»he case of 
stationary vibrations were also studied by the method of the 
potential [IB 9 ], [197], [227]. 


38 , Short-Time Solutions. Lessen* s Method 


In Paragraphs 35 — '^7, the problems concerning the particular 
case of harmonic waves were considered. In which the equations of 
the theory are reduced to elliptic equations. Let us consider now 
the general case of non-periodic waves. One of the most widely used 
methods In the study of the problems of coupled thermoelasticity Is 
that of Integral transformations. However, serious difficulties 
appear when these transformations are Inverted. In general, developments 
In series according to the powers of the parameter e are used 
(Lessen [259]) or solutions which are valid for a short time are 
determined. We will consider some problems which will Illustrate 
these methods. 

a) Elastic half-space. Let us consider a homogeneous and 
Isotropic medium which occupies the half-space > 0. We assume 
that there are no mass forces and heat sources and che initial data 
are zero. We will study the case when the boundary ® 0 Is free 
of f^nslons and Is subjected to a thermal field Independent of the 
point. It is obvious that the solution of the problem must become /132 
zero at Infinity, In this case we have a one- dimensional problem 
so that 


M, — M,(ar„ 0 = 6(X|, #)» = M3 = 0. 


The equations (33.1), (33.2) are reduced to 


(X + 2|i) 




<i(‘ 



, <)*0 

k 

dx'^ 


dQ 
e — 
Ot 




(33.1) 


( 38 . 2 ) 


The components of the tension tensor which differ from zero have 
the expressions 


= (x + 2|x)^- 


^22 — '33 = 


(38.3) 
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If V3 introduce the non-dimensional variables 


f 

r- 

r 


i 


t 


\ 


X as 


c.c 




T =» 



M 


/.• 





(38.il) 


then the equations (38.2) become 




4 .. 

M — A — • - 0, 


dx* 


fix 

(38.5) 

0* 


- = 0, 



tlrj 




where 

4 ^ 

X + 2 |i ‘ 

We assume that at the boundary we have the conditions 

iu(0,T)=0, 0(0, ?) = 


( 38 . 6 ) 


i 

(38.’ 


where T* is a constant and H(t) Is Heaviside’s function, defined 
in the following way 


mx) 


0 , T < 0, 

1 , T > 0 . 


(38.1 


Let us consider the following Initial conditions 


M(X, 0) = 0, ti(x), 0) = 0, T(X, 0) = 0, 


(38. “ 


In the theory of uncoupled thermoelasticity the problem posed 
was resolved by Danilovskala [75]. In the theory ox’ coupled 


thermoelastlclty this problem was studied in various papers. Let 
us •mention In this sense -he works of Hetnarskl [1721, Boley and 
Tollns [2*»1, Mukl and Breuer [29^1* Boley and Hetnarskl [251. 

We will present first the solution of the problem In the 
uncoupled case (problem resolved by hanllovskala) and afterwprds 
we will study the problem within the framework of the theory of 
coupled thermoelastlclty. 

In the uncoupled theory the equations (38.5) are substituted 

by 


/ y* ,dT 

( l!l _ jL) r = 

\dx^ f)x ) 


( 38 . 10 ) 


We will designate by f the Laplace transform with respect to 
T of the function f, that Is 


/(•*■» P) — t)] = ^ t) dr. 


( 38 . 11 ) 


If we consider the conditions (38.9), we obtain from (38.10) 



( 38 . 12 ) 


Applying the Laplace transform to the boundary conditions, 
follows that 

♦n(0,p) = 0, r(0,7>)=-^. 

P^o 


It 


(38.13) 
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The solution of the equation ( 38 . 12)2 which becomes z«ro at 
Infinity, Is 




(38.14) 


where Is an arbitrary constant. Imposing the condition (37. 13 ) 2 * 
It follows that 


and therefore 


0 . 


T* 



f 




(38.15) 


In view of the fact that we have (Carslaw and Jaeger C^?]) / 134 


where 



prt'c .v 


2 f“ 


it follows from (38.4) and (38.15) that 

6(r, t) = T* orfc , 
21 /- 


( 38 . 16 ) 


(38.17) 


We obtain from (38.15) and (38.12)^^ 


I *** - . ^ 7 * v-rp‘ 

y- p =0. 


( 38 . 18 ) 


The solution of the equation (38.18) which becomes zero 
at Infinity has the form 
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(38.19) 


« =« <7,0*^* 




where le an arbitrary constant. We will determine this co.tstant, 
ImposlPt; the condition (38.13)j* We have from (38.3) 


- (X + 2^) ‘J - - poV, 

(ir 


and therefore 


/■„ = (X -f 2ii) f- 4- r^*-*^"* ] _ p,,. 

I - P)P|^P J /» 


( 38 . 20 ) 


If we Impose the condition (38.13)]^» we obtain 

AT* 


Cj = , 

W ~ V) ’ 


so that we can write 


/„ = _ (»• - c-l'?*), 

«=^ PI! 

(X4-2^)(l-p)pi J- 


(38.21> 


Prom (38.21) we can derive the expressions of functions t^^^ /135 

and u. Thus, In view of the relations (Carslaw and Jaeger [^7]) 


if' 

we can write 




i I"' (iF^ - 


'll = - P3r*r«(.r, T) - P^-ff(r ^ 


^)1, 


where 


*'"• “ V •’ ['■' (fpt - '') + '■ ““ +•'')] 


( 3 ^. 22 ) 


(38.23) 
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The term fro*" (38.22) which contains H(t - x) has the 
character of an elastic wave, while the other term characterizes 
the diffusion. It Is obvious that x ■ t, that Is, x^^ • c^t 
characterizes the wave front. Let us take any given point of 
the medium under consideration with coordinates x|. Before the 
moment t« -j- xf/c^^ the tension In this point assumes the expression 
-0T* S(x*,t). At the moment t* In the point under consideration an 
elastic wave arrives. After the moment t* the expression of the 
tension Is — t) — The tension Is discontinuous 

on the wave front and the magnitude of the discontinuity (of the 
Jump) Is 




(38.2‘i) 


It should be noted that the Jump of the function t^^ on the 
wave front does not depend on the distance to plane x^^ ■ 0. 


Let us now study the problem within the framework of the 
theory of coupled thermoelasticity. If we express the functions 
u and T In the form 

_ Oif _ 1 / a» di \ 

(38.25) 


then the first equation from (38.5) Is satisfied. Prom the second 
equation from (38.5) we conclude that the function. 4> must satisfy 
the equation 





dM 
at® j 


9 = 0 , 


( 38 . 26 ) 


where e Is the coupling constant defined In (33.^). 
In view of ( 38 . 25 ), we conclude from (38.3) 

«ii = {\ + 2v.)-^. 






(38.27) 
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3 


The initial cond-ulons are satisfied If 


. 0 , ''*?<£»«) = 0 . 

•*T Ox* 


( 38 . 28 ) 


Applying the Laplace transform to equation (38.26), we obtain , 


The general solution of equation (3B.'?9) which becomes zero 
at Infinity Is 

9 - -I 


(38.30) 


where are arbitrary constants and 


H- I + e t )fp* -- 2/»(l - ey-t- (I e)*}. 


(38.31) 


In view of 


^1 =» (X 2{i) /»*9, 7' ,.j J_ y*i‘ 

A 




(38.32) 


B is determined from the conditions (38.13). For the function 
a 

we obtain the expression 




(38.33) 


It follows from (38.25), (38.32) and (38.33) that 

« 


(X 3 2|i) /»{;.•? - AS) 

T* 


-(Ay> ‘V _ 


p(k\ - kl) 


f(A*f — p*)f — (AS — ;>*) 


(38.3^») 




pT*/» 




(k\ — k») 
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The problem of Inverting the transforms (38.3^) Is difficult. 

According to Abel's [^26] theorem. It follows that If T Is the 
Laplace transform of function f, then we have 

lim/(T) = Vmpfip), 

t*«0 f*^CO 

and thus, large values of p correspond to low values of t. This 
situation permits the inversion of the Laplace transforms for a 
short t5me. Th^' method permits, however, carrying out an exact 
determination for any time of the magnitude of the discontinuities 
on the wave front. If we develop In series the powers of 1/p, we /137 
can write 


A-, == fp - + 

I 


^p Ap]/p ^ ( p'"® ) 


k. ^ p f - + 

2 

e(.‘}e — 4) 


I I _ e , 1 - 4M e* 

- — ==j r ' « ‘ + 1 » 

k\ - kl p® P® . P* 

k\ ~ i»® e . e(2 - e) . e(3 + ** - 60 , 2t(l -f c® - 3e) 

rr^ 1- — h — “ ^ *1 M > 

A 'f _ Ail P P ‘ P ^ 

1.3 _ „2 C cY2 — e) . 1 — 6e + 3e* 2e(l — 3e + e®) 

A', 1 ® a 8 — 24 e 4- ^ e(5e® — 21 e) ^ 

2p* sp® V 

Aj ^ 2 — 3e 8 — 40e + irie® 

AfirA* ~ p3/> 2p»'® «P’'® 


(38.35) 


similarly, we have 


e"*>* » c“^*e ® e , 

(.-V « c>’ ft»pVp * 


In the following we will assume that 


•'**>. II \ 

.r, 

8p 

C(4 -S»)^ 

«I + 


^.2Vp ^ I .f. 

2]/p 


e(4 -3e) 

8p^^p 


X. 
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We obtain from (38.3*^) 


-- (>•)!■ 

„ *. '^^•r - ' - -I- ‘ I «( ' 11 . 

1 /. jp\'p ip'vJ 

In view of the relations (Carslaw and Jaeger [473) 




- x)t 








we conclude 


= pr<« • ■ ji - 1 1 '« “ ■'’} 

_ pr* + <‘ - •>[('' + i W' ~ 

- * i^T°' "i + ' r ' 


0 =U T* 


lerfc — + e«""{T - x)H(x~ x) + 


(38.37) 



It should be noted that In this case we have 


t^iil “ pr*e"»* . 


(38.38) 


Similarly, it follows from (38.37) that 


[ 6 ] = eT*e-T\ 


(38.39) 


Let us note the fact that the magnitudes of the discontinuities 
are exact for any time. 


For the function u we derive the expression 


where 


u = 


r 

X ;j|i L 


.«•) //( T - .r) - (4 t)»'» i 3 orfc ■ 1 , 

2KtJ’ 


i" rrU* .r 


V 


I s (I jO ^ jp 
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The expressions of the tensions and t^^ may he obtained in 
a similar manner. 

It can easily be seen that the solution obtained goes to 
zero at infinity. Within the theory of coupled thermoelasticity 
the problem under consideration above has been first studied by 
Hetnarskl [172] who gives a solution for short time, neglecting the 
powers of e which are larger than or equal to two. In another study, 
Hetnarskl [173] presents a solution developed according to the 
powers of e. The problem was studied by Boley and Tollns [24] and 
by Muki and Breuer [294]. 

Boley and Hetnarskl [25] studied systematically the discontinuities 
in the case of the half-space. As has been seen, the magnitude of 
the discontinuities may be studied indepondently of the derivation 


194 





of a complete solution of the problem. In C25] the Laplace transform 
is used to study 16 problems referring to the half-space, considering 
various boundary conditions. The discontinuities are classified 
and their magnitude was determined for every partial problem. 


b) Concentrated loads. Let us consider an elastic medium 
which occupies a whole space. We will Illustrate the method 
given by Lessen who studied the action of a concentrated heat source. 
In general, If a solution In the foim of la sought from (3** *3) 

and from (3^*6), It follows that the Laplace transforms of the 

functions 4> and with reference to the variable t aatisfy the 
following equations 


> 

i 

> 

1 


! a1 

IV 

A ) 

J 

- - ^ .• 


MX t 2ii) 

X 1 

V 

(A- n 

1 

V. 

1 . 

V* • 

1 / 




( 38 . 40 ) 


] 




We assumed that the initial conditions were homogeneous, 
and ^2 satisfy the equation 


If C, 

•i 1 

1 

I 


( 38 . 41 ) 


then the equation which satisfies the function i|) may be written 
In the following manner 

(38.42) 

Obviously, the functions do not depend on the coefficient /140. 
€. It follows from (38.41) that 1 


^i)9 - :7: f r» - , ~ ( 

MX -I 2|1) X -I V 
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(38. H3) 


Cf.i 


I jp* 

V 1 


pe 


(I + 0 rl: 


± 



+ 0 



In view of the fact that, In <eeneral, the coefficient e Is 
a small number (e "< 3) Lessen suggested a development of the following 
form for determining the function ♦ 


9 == ?0 -t «T| 4* **?, -f . . . 


(38.K4) 


In this case there follow from (38.40)j or (38.42) for the 
functions the equations 




(x + 


A(X + 2fi) 

^ [a - -‘--p) tt, 

h-»|x)l k-) 




(38.45) 


It can easily be seen that the function correoponds to the 
problem of uncoupled thermoelasticity. The function (j)^ Is the 
solution of a problem of the same type in which, however, the loads 
are determined by the function i(|q , etc. 

Let us assume that (Nowackl [3191 ) 
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/, =a 0, r Qi{r — V) 8(<), 


( 38 .^ 16 ) 


where Q is constant . In this case let us take ■ 0 and from 
(38.2<5) we obtain (see Paragraph 3(') 


9o 




ln/.(X + 2f-) 


/ 4 « 

(o ‘ — I* If 


(38.47) 


From ( 38 . 47 ) and (34.7) the corresponding temperature variation 
is determined 


"« “ -uln '• 




If we designate 


‘'l*' w 

“ n ‘"' 




A- 


then the original functions have the expression 






0o(P* t) 




8A»(itT)*'» 


e 


where 


*.(P, .) - «fc _ I e-.[e. erto + |'i) + 

+ .^er,c(-L 


^*(p* t) =» 0*-» — 1 . 


(38.48) 


/141 I 


( 38 . 49 ) 


(38.50) 
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The functions etc. are determined afterwards. The 
solution of this problem was studied by Hetnarskl [17^]. Similarly, 
Hetnarskl [175] considered the problem of the elastic space when 


/, aO, r = <?8(r - y)F(T). 

In this case we take ■ 0 and equation (38.^12) becomes 

(A ~ Cf) (A - Q) f « - -y— 8(x - y). 

kp(\ 4- 2|i) 


As in the case of the procedure used for equation (38.2^<) we 
derive for ^ the expression 


9 35 


^ 

•|«MX + 2(i) ifCf - Cl) 




In order to obtain the function Hetnarskl uses both approximation 
procedures; he neglects the powers of e which are larger than or 

equal to 2 and determines the solution for a short time. 

The problem of the elastic space asted upon by concentrated mass 
forces was studied by de Soos [386] with the aid of representation 
(3^.12). In this case the Laplace transforms of the functions 
satisfy the equations 




(A ~ Cf) (A - Cl) - 


MX4-2[i) 


fi- 


(38.51) 


It can easily be seen that if. In the equation (38.^1), we 
replace ? and p by Iz and -Iw respectively, we obtain equation 
( 36 . 8 ). Let us assume that 


f, ^ 8„S(a; — #/) S(t), r = 0. 

In this case we will take ® function /1^2 

satisfies the equation 
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e 


(38.52) 


(A - Cf) (A - Ci) (A - 


MX |-2|i) 


8(«), 


where c 


P /Oj. 


If we consider the results from Paragraph 36, It follows that 
the solution of the equation (38.52) Is 


4«A|i(x + 2|i) (G - G) n I G'- « 

G - G (G - G) (« - G) J • 


(38.53) 


Prom (3^.12) and (38.53) the Laplac€’ transforms of the components 
of the displacement vector and of the temperature variation can be 
determined The functions were originally determined for a short time 
and neglecting the powers of (n>>2). In [386]. Solutions both for 
concentrated forces directed according to other axes and for a 
concentrated heat source can be similarly obtained. 

Lessen [259], Chadwick and Sneddon [48], Parla [333], Sneddon 
[ 373 ], Lockett and Sneddon [259], Eason and Sneddon [99], Narlboll 
[ 30 ?], Galka [128] and others also studied problems referring to the 
space and half-space. Investigation of the coupling effect between 
the mechanical field and the thermal field formed the subject of many 
studies (see, for example, [1], [14], [151, [92], [303], [308], 

[ 383 ], [446]). 

39 . Propagation of the Disco - Jlnulty Surfaces 

The mathematical method used for investigating the discontinuity 
surfaces in the mechanics of continuous media, outlined at the end of 
the last century, was developed by Hadamard In [I 67 ]. In this 
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paragraph we will study the discontinuity surfaces In the theory 
of coupled thermoelasticity as given by Chadwick and Powdrlll f'jl] . 
Other studies concerning the pro, agatlon of discontinuity burfacea 
In the theory of thermoelastlclty were carried out by Chen [56] » 
Truesdell and others. 

a) Geometric preliminaries. We will express the position 
vector of a point In the form 

ll:=H„ 1 (39.1) 

where R- depends only on 0^,0^ and a.j Is a unit vector which 
depends ) similarly, only on 0 and 0 . The equation 0 • 0 determines 
a surface 

Wo-ll«((^ /OQ ON 


The vector ^ 


Is normal to this surface. 


If we designate 


then the covariant vectors from (2H.7) may be written in the 
following way 


(39.3) 


111 - «. i 0 * «3.« . flu ^ «:»• 


(39. J») 


It Is obvious that 


/W 


a,Q. = 0, OjMj = i, Oja.^ = 0 . 


(39.5) 


^ T* S 

For 0^ ■ 0 we have g„ ■ a . We will designate by a , a , a" , a» 

the values which 6j,gt k given In (24. 7)- (2^1. 10) resoec- 

tlvely take for 03-0. Therefore 
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(39.6) 


a. » a^, a„ « q,p ofy «. jt ^*1 . 

a« « o^ip , . <!,*«#,«•«• SR o«» as m aj. 

In view of the fact that 

dllo ^ dO- - a- cie., 

the arc element from the surface (39.2) has the form 


d#* rt.jdO' d»9 = o*«d0.d06. 


(39.7) 


The expression (39.7) Is the first fundamental form of the 
surface. The scalar product 

dHo da, = -h^ d 0« d e» = -6^ dO. dO,, 


where 


^*8 — s« a,_o — 


«B “j.« = - a, 0 ,^ = o. Op,, , 


(39.8) 


Is the second fundamental form of the surface. The coefficients 

are symmetrical surface tensors connected by the relations 


bg = a*' V == <»8x b^, 

fc,p = «^ 6^ . (39.9) 


The Invariant 


•J/f 


bS, 


(39.10) 


Is f.e average curvature of the surface, and 

K ^ ' 

« ’ (39.11) 
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l8 the gausslan curvature of the surface 


1 


The symbols of Chrlstoffel with respect to the surface 0^ ■ 0 
are obtained fror (24,17) setting 0^ • 0. If we designate these 
symbols by , keeping In mind (39.4), we have 

Hr = «’ « 9 .t. n* « «•■».» - = - 0 *» 

(39.12) 

J •# “ s*e«.o “ *#***.« ^ 

rj, == II X.. <». I M -= 0. 


It follows from (24.17) and (39.12) that 

“•.B M A,6«j, nj ~ - f «» -j. 

« 3 .. - -hi mx. 


If we consider (39.13)2 we can write 

«».. «3.» - A.X H, 


and therefore 




^4| 

1 

(39.13) 

i 

j 

(39.14) 

(39.15) 


an expression which represents the third fundamental form of the 
surface , 


Let the vector be 


V =r= t^ a, -f »X = r, a* f dX- 


(39.16) j 

i 


202 


Taking into account (39.13) we obtain 


V* =« -f fci Vy)Ba = 

= (»?. - 4i»») «x f- (»?, } Ax. »^)M3, (39.17) 


where 




(39.18) 


b) Singular surfaces. Let I be an Interval of the real axis 
F,G “ I X and 2 a hypersurface from G which allows the representation 


= 9t (6„ e„ 0, 0„ 02 6 £7 c ie*, ( 6 7. 


(39.19) 


For a fixed value of t, the equations (39.19) define a surface 
I . Thus, the relations (39.19) describe the movement of the surface 
I'hen tel. 


We say that E Is a smooth hypersurface if the functions <|), 

2 ^ 

are blunlvocal and of the class of C on U x i and the matrix 


rd<p. 

ido». 


has the rank of 2 In any point of E. The variables 6^: 


02 define a system of curved coordinates on the surface of E^ 


We will designate by n the normal to E^ and therefore In the 
relations from (a) we have 


H.| n. 


(39.20) 
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It follows from ('^Q.3) and (30.S) that 


« I 

»• * ?«.•«<, « «i \ «j, 

<1 

and thus 

I 

«'lr. 9r.l 


(39. ?1) 


(39.2?) 


similarly we have 


/ 


Hf M, .a 1, W, ^ ... 0. 


(39.23) 


Keeplnj.'; In mind (39.6), (39.fi), (39. .'^1) we conclude 

**•# ^ 9i,«»"«> 

Krom (39.13) we obtain the relations 


9(,«0 • f*af 

«... - - fci9.,x - JW9..X - «'*9 ,.m9..x »>. 


(39.2'0 


(39.26) 


Uslnp: the oovarlnnt derivative 

9. ..II 9».«# " I'i(i9a. 

and the relation (39.23)., It follows that (39.2*1)^ may be 
written 1n the following form 


(39.26) 


f'alt - 9.i.0 «#• 


(39.27) 


Similarly we have from (39.26) 

9 . 1.11 - f'ai «♦. 

«(,. fl^'9>...9..x «/■ 


(39.?fi) 



t’len, on the banla of relations (?4.7) It 


If n • 
follows that 


pfft put 
dn, rfo. 


itf. 


(39.29) 


Keeplnp; In mind (IQ.l) and (39. 1^)) we conclude 

.V« ^ ^ ?• I 0*M(, 

and the relation (39. ?Q) takes the form 

'/•"(V.., I i I N|M, V 

Thus we have on the surface of 




(39.30) 


The velocity of a from the mobile surface r, at the 

moment t, has the component 

♦>9, 


I. 


tU 


(39.31 ) 


and the velocity of T In the direction of the unit normal at 
1 a 


Tf the surface Is locally represented by 


- 0, 


(39.33) 


where ♦ Is of the class C‘ , then 


/in 6 




<i0> 

ift 


«!*., r, 0, 


(39. 3n) 


I 


(•b., •b.r) 


d4» 
dt ■ 


Let us calculate the first and second order derivatives of 
a function on a hypersurface which Intersects each domain of 
definition. 
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Let f be a real function: fl R and 1 c f? , a hypersurface. 

•a 

Let us assume that n • D x I where D Is an open set from E and 
Q n I o for any tul. In view of the fact that the results 
which will be derived refer only to that part of E which 5s Included 
In n we will replace o n S by E, and n n II, by E^ . 


We will assume for the beginning that ^ we have 

f ■ f(t,0^(0^, Og)) and thus 


•V I f ^ 

• 1 / tU tU ’* ftxi 


(39.35) 


Prom ( 39 . 35)2 ( 39 . 30 ) we obtain 


Odt 


-f- 


(hi 


n,. 


(39.36) 


Tn view of (39.36) It follows from (39. 35)^^ that 


Of . Of 
(V ilf 


,.p 


I ( — 



(39.37) 


We define the 6~derlvatlve with respect to time (Thomas [^13]) 

by 


8 

si 



(39.38) 


This refers to the derivative with respect to tire, following 
the motion of E along the normal at E^. 


We conclude from (39.37) 


St (It 


— n«B 


y,f.a 


(39.39) 


and 


Of . ^ Sf _ j. (}/ 
Ot St i)n 


( 39 . 110 ) 
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If f l8 a known function of t and 0 on S then the derivatives 

ct 

df/dt, f can be calculated. The derivatives which are determined 
in this sense will be called interior derivatives on I, From (39.39) 
if follows that 6f/6t is an interior derivative on I, 

The relations (39.36) and (39.^0) express connection between /1^7 
the first order derivatives of f on 1 and are called conditions of 
compatibility for the partial derivatives of the first order of the 
function f on I. 


If f and 0f/3n are given on T then the relations (39.36) and 
(39.*<0) determine the first order derivatives of its f functions 
on T. . 


If we consider (39.39) and (39.31) we can write 
whence, on the basis of relation ( 39 . 28)2 we obtain 




(39.^1) 


From ( 39 . 23 ) and (39.*<1) we can derive 




Hn, 

nt 





-- 


(39.42) 


If we multiply both members of the relation (39.42)- by 

/Y ft ^ 

a o and sum up after the index a, then, on the basis of 
relations (39.30) and (39. 42)^^, it follows that 


Rw, 

R/ 




(39.43) 
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Let U8 assume that in this case the relations 

( 39 . 36 ) and ( 39 .^ 0 ) can be applied to the functions 3f/3Xj^ and 
3f/3t. Thus, we have 






Whence we obtain 


1/ 

thi 






ihr^ 




in which we Indicated 


^^7 


'> I "/ 

fht \tiij / 


(39.*H*) 


(39. *<5) 


(39.*»6) 


In view of (39.23), (39.27), (39.28), (39.26) and (39.^5) we 
find from (39.^^) that 


tKr,il.r, 


I /.j(. 

''"II 


7jJi i 

w-‘/ 

t 

fht- 






(39. n) 


From ( 39 . M?) on the basis of the relations (39.23), (39.10) /148 

we obtain 


(^J'i 


- 2 // 

()n 



(39.48) 


If we apply the formula (39.36) to the function 3f/3t we can 
derive 


JIL 

dxi at 




(39.49) 
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In view of (39. *<0), (39.36), (39. '»3), (39.46) it follows that 


I 


i{?i\ 

Stydn f 




+ 


^ 8«, 
dx$ 9t 


dn\dt) 


+ V 


9‘f 

dll* 




(39.50) 


If we keep In mind relation (39.50), we can derive from (39.49) 



(39.51) 


In view of (39.40), (39.50) we obtain 


9 y. 

df* 


Ap/_ 

4/ dll 


; i4t\dii; 


(39.52) 


The relations (39.47), (39. 5D and (39.52) are the conditions 
of compatibility for the partial derivatives of the second order of 
the function f on E. 

Using the conditions of compatibility we will derive the 
corresponding conditions for the discontinuities of the partial 
derivatives of a function which appear on a smooth hypersurface. 

-f - 

Let us designate by and by the open and disjunct subsets 
of D, the reunion of which Is /)\S, We assume that the normal n at E. 
is directed toward D. . Let 


J 


^ . i 

4 

A 

I 

.1 

".1 

i 

■i 

1 

t 




{(J‘, 01 6 /V, / e /}, tJ- == {(X, 01 J- « I 6 /}. 


We asBume that f Is continuous on u SI and O* u SI 
but It Is not continuous on 0, Let f* and f“ be the ejctenslons of 
f on the open subsets which contain ti SI and jj- u H respectively. 

The Jump of f through T Is 

[fl - - f“. ] 

i 

i 

If [f] Is different from zero throughout nearly the whole of ! 

E, then we can say that E Is a singular absolute hypersurface for 
tne function f. 

Let us assume that /< (r> I) and /«- u SI), /t u 

u SI). We can thus calculate the Jumps of the derivatives 

of order r of f on E. If at least one of these is different from Oil 

zero t)iroughout nearly the whole of I, then E Is called a singular 
hypersurface of the order r for the function f. 

Let E be a singular absolute hypersurface for the function f. 

We assume that f is of the class of on u SI and on 1J“ u SI 
The conditions of compatibility (39. S^') and (39.^0) are applicable 
on E both for f^ and for f". In view of the fact that 


r/1.. 


(r - /-). 


~ r _ r »t/l 

-/u /... 


»/* _ if- 

it it 


(39.53) 


we can derive the relations 



« f 


r^/i fd/i 

V- M«, - 




(39.5^0 


which represent the conditions of compatibility for the Jumps of 

the partial derivatives of the first order of the function f through E. 
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If E l8 a singular hypersurface of the first order for f, then 
[f] ■ 0 and we have 



(39.55) 


2 

Let us assume that f Is of the class C on u £ and 
on n- u £. In view of (39. *17), (39.51), (39.52) and (39.53) we 
obtain the following conditions of compatibility for the Jumps of 
the partial derivatives of the second order of function f through E. 



(39.56) 


From (39.56)j^ we obtain 



(39.57) 


If £ Is a singular hypersurface of the first order for f, 

then ff] ■ 0. If r Is a singular hypersurface of the second order, 

we have o therefore 

IdH J 



(39.58) 


The relations (39.5^), (39.56) and (39.57) have been derived 
by Thomas [*I13] and the relations (39.55) and (39.58) are attributed 
to Hadamard [1671. 

Let us assume that Z is a singular hypersurface of the order 
r > 2 for the function f. In this case the relations (39.55) ere 
applicable for the Jumps of the partial derivatives of the order 
r-1 of the function f. Applying these relations successively, we 
can write 


f- 1 

‘ f- 1 

*J 

1 iKv, . . . • *W.r, J 


and step by step we reach the following conditions of compatibility 


’ >'-[ 2 .] 


(39.59) 


where (Hadamard [16?]) 


<)»!' 


. . . Ow, 


. n. 


(39.60) 
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If f is of the class on ii'*’ u and on lJ-u£ 

the conditions of compatibility (39.5^), (39.57) » in which 

[f] • 0 are applicable to the partial derivatives of the order 

of (r-1) of the function f. In these conditions, substituting f 

ty — — and using (39.59), we obtain 

„ 


' 

(iTrSbs) -H2]-- -1..- - 

+;,iia I - ' (iTrass)-'- 

[a;a^i-';p 

L'ijp . . . d j', dx, 3x* J l^w^J 

4.1 £^1 — 


( 39 . 61 ) 
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c) Characteristic hypersurfaces and wave fronts. We will 
assume that the elastic medium which occupies the domain B is 
homogeneous and isotropic. In the following we will Indicate 
jl === ’n X /. As shown in Paragraph 3^, the equations of thermo- 

elasticity for such media may be written in the following form 
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•)% 

df 


- 4 


jPu, 

OXfda'f 


i (<1 -- <*)-—/“ 


<)0 

<• 

dt 


+ J’oP 


9ht, 

dj'fOl 


d*a 

Ox, Oxi 


P rfa*/ 


(39.62) 


If there are no mass forces and heat sources. 

These equations were derived under the assumption that the 

functlonr, u. and 9 are of the class on If the functions 

2 

Uj^, 9 of the class C on satisfy the equations (39.62) In a. 
we say that (u^, 0) represents a strict solution of these equations. 

Let us determine the characteristic types of the equations 
(39.62). The problem will be formulated In the following manner. 

Let S be a finite union of smooth hypersurfaces which has a non- 
empty intersection with df Prom now on we will designate 
by S. Let us assume that on the hypersurfaoe E from S are prescribed 

H.. 0, , as analytical functlonr of b. , 0., and t. These 

Oil dll 1 2 

functions represent the data from the corresponding Cauchy problem. 
The problem of the determination Is placed Into a certain neighbor- 
hood of S of a strict solution of the equations (39.62) which should 
ratlsfy on S the conditions of the Cauchy problem. 

In order to extend the solution of the S variety by means 
of series of powers, we must determine on S the partial derivatives 
of u^ and 6 of any order with respect to and t. If, In the 
relations (39.36) and (39.^0) f is substituted by u^ and 0, It 
follows that we can determine on S the partial derivatives of the 
first order of the function of u^^ and 0, with the help of the data 
of the problem. In view of (39.*«7), (39.51) and (39.52), it follows 
that in order to determine the second order partial derivatives, 
the derivatives ^ and on S are needed. In order to determine 
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these derivatives, we will use the oquatlons (39*62). If we 
evaluate the terms from (39*62) on S with the help of the relations 
(39*^7), (39*‘»8), (39*51), (’‘9*52) we obtain 


iV* ^ , J a, 

(I ... .. ; ^ 

(hi* ,iui ’ '* 

•^4. 


7< n I* , (t'^O 

Oil* Oh* 


(39*63) 


where the functions Aj,(r • 1»2,3,^) are determined by the Cauchy 
data. Prom the system (39.63) we can determine the derivatives 

S if 

(/!(• thi'^ 


k dot ((I**— »i|) — (<1 — tj) ^ «». 


(39*6l|) 


If, In the point of S we have 


k 




(39*65) 


then we cannot determine the derivatives sought , and the 
method cannot be used. If the relation (39*65) occurs throughout 
the whole of S, then S Is calle ! a characteristic variety of 
equations (39*62), We say that (39*65) Is the characteristic equation 
of the equations (39*62). Carrying out the calculations, the 
equation (39.65) is reduced to 


- cfxr* - <?)- = 0. 


(39.66) 


If the hypersurface Is given In the Implicit form (39*33), then 
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In view of (39.3^)» the equation (39*66) may be written In the 
following way 


k 



Os, I U<W/ 0,; 


- 0. 


It follows from this that the characteristic variety of the equations 
(39.62) consists of two hypersurfaces, given by 


«l» - 0, 


0 , 


^ „ d<t> d<l» 

Ot ) ‘ Ox, Ojt, * 


fO*ky .<>«!», )i|i 


(39.67) 

(39.68) 


As we have seen, a hyper surf ace E may be interpreted as /153 

a mobile surface In the three dimensional euclidian space. In 
the case of a characteristic hypersurface E, we say that the 
surface E^ Is the wave front and for Its motion we will use the 
term propagation of the wave front. 

It follows from (39.66) that 'he wave front ^,ifel) represents 
families of parallel surfaces; the propagation of a wave front takes 
place with one of the constant velocities c^, Cg. 

d) Weak thermoelastic waves. Inasmuch as equations (39.62) 
are equations with second order partial derivatives, the singular 
hypersur.faces for Uj^ and 6 of the order more than or equal 
to two will be designated as weak singular hypersurfaces. We will 
show that weak singular thermoelastlc hypersurfaces are characteristic. 

We will refer to these hypersurfaces by the expression of waves. 

We assume that E Is a weak singular hypersurface of the order r. 
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If r > 2, then the equations (39.62) occur on fl; If r ■ 2, then 
(39.62) takes place on Thus, for any r > 2, equations obtained 

by the application of the equations (39.62) of the operator — 7dT~ 

take place on Q\l. Inasmuch as I is a singular hypersurface of the 
order r for the functions u^ and 0, the Jumps through E of the 
de. xvatlves of the order (r-1) are Identically zero, and the Jumps 
through E of the partial derivatives of order r are defined. 

Making the Jump through E of each term from the equations 
obtained, we find 


I • 

) . 


dUi, 1 

1 f'T 

</.!•„ . . . (KiyH* . 

1 • • • OXpdTiOXf 

+ (t-i-cS) 

d'H, 1 

. . . . ih'p(ix,d.r, J’ 


] 


+ 





1^4 

. . . iKvp tij'i (H J L ^ ' m • • • (IrpdXfiix, 


]■ 


(39.69) 


If we keep in mind the relations (39*59) we can give another 
form to the equations (39.69), expressing the Jumps from (39.69) 
by the right members from (39.59). Then, multiplying with n^...np 
and summing up, we obtain 


/i^ + ^ ~ 


(39.70) 


where 
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Keeping In mind (39.59) It follows that the Jumps Xj, t 
determine the Jumps through I of the partial derivatives of the 

order r of the functions u, and 9 and therefore on the basis of 
the hypotheals all of them cannot be zero. Therefore, the determlnan 
of the system (39.70) must be zero. This condition coincides with 
the Characteristic equation (39.66). Thus, the singular weak / 

hyperaurfaces In thsrmoelastlclty are characteristic hypersurfaces 
which propagate with constant velocities c^ and Cg. They will 
designated as weak thermoelastic waves. 


If we consider the relations 


fltl# 

I'l = » 

(It 


I (OUi , i)u,\ __ 1 


then on the basis of the equations (39.59) we conclude 


r d'-% 1 
1 dr-‘J 

= {-vyh, 


(39.71) 

r 


')'-»(X,M, - X,»j). 


L c>r-‘ 

J ‘J 




In the case when the wave is propagated with a velocity c^ It 
follows from (39.70)j that X^ - Xn where X - Xph^ and 


i dr-» 1 

r ^‘<^1 ^ 0. 

I or-' J 



^ 0, 


(39.72) 
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If the velocity of the wave Is c^. It follows from (39.70) that 
X ■ 0 and therefore we have 




( 39 . 73 ) 


In view of the above we will say that a weak thermoelastlc 
wave Ip dilative If It propagates with a velocity of and 
rotational If It propagates with a velocity of c^. For a weak 
dilative wave of the order r, the discontinuity In the derivative 
of the order (r-1) with respect to time of the velocity 
follows the direction of the normal to the wave front. For a 
rotational weak wave of the order r, this discontinuity Is tangential 
to the wave fronts. 

It follows from (39.70) that 


I. ’ for dilative waves. 


(39.7‘») 

^ 0 , for rotational waves. 


Thus, the Jumps of the partial derivatives of the order r 
of the functions u^^ and 0 through a weak thermoelastlc wave Z of 
the order r are determined by the vector of singularity ^ of 
components X^. The magnitude of this vector Is a measure of the 
"force” of f. 


I 
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Qt-l 

Let us apply the operator to equations 

(39.62). Then, we form the Jump through T to each term from the 
equations obtained and express It with the help of relations 
(39.59)* (59.61). Multiplying with summing up, we 

obtain 


(I’-' -rii)}*, — (<•;— rjl) + 

j- «*'* ■ ■ 

- X, ^ 5m, -0, 

8/ m P 

To'A I I’li/'O - ”1 )- ] + 

•I Ay 1 (7> r - •-»/.//) 5 ■ 0, 


(39.75) 


where 





r .#'+‘0 1 

\u 

L J’ 

Y . 

[ <)w'+‘ j 


In deriving the relations (39.75) we considered (39.23). 

In view of ( 39 .A 13 ) and the fact that for weak thermoelastic waves 
V Is a constant. It follows that 


8 X 

at 


a 


at 


(h»i) 



(39.76) 


If we consider (39.10), (39.28)^^, we obtain 

~ 'i/AX, 




Xy « M ; — X/ /*itv 9i,p * 


( 39 . 77 ) 


The relations (39-76), (39.77) allow us to write the equations 
(39.75) in the form 


“ *»/ + (39.78) 

ot r 

np V IL,H, -}- /.-Y - r«p j 

+ (7>r-2A//)5 0. 


- r«"‘(X,9,.e);. -H2l7/x| + 


If we multiply (39.78)^^ with n^^ and add, we obtain 

(*'*-<•?) - (< i - 9y,(j);, - 

-2K-?^ + 2//rfX + -^5 = 0. 

ot p 


/156 


(39.79) 


(i) Weak dilative waves. For weak dilative waves we have 
V * « Xn^, C = -Tq Bcj^X/k, and the relation (39.79) leads 

to the following equation of transport 

<•, 8< il» I 2o, ] (39.80) 

where e and w* are given by (33.^) and (35.20) respectively. 

Keeping in mind ( 39 . 80 ), the equations (39.78) become 
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+ Ay - To 3 <',x l^if 4 “*- ( 5 To - -^ ej j. (39.81) 

Let U3 assume that at the moment t • t® the average curvature 
and the gausslan curvature of the wave front are Hq and Kq, 
respectively. The mean curvature of the surface may be expressed 
In the form (Thomas [^1*1]) 

ff //n - hKq 

1 - 2»//„ 4- «*A'o ’ (39.82) 

Where n Is the distance measured on the normal from With 

the help of relation (39.82), the equation (39.80) may be Integrated 
and we obtain 


1 cu* 

X = Xod -2«//„-} W-'/i'o)' * e’ " , 


(39.83) 


where X ■ on 

It follows from (39.7^)-j^ and (39.83) that the Jumps of the 
partial derivatives of the order r of the functions u^ and 9 through 
a weak dilative wave of the order r are determined by the values 
of the latter on an initial wave front. More precisely, It Is enough 
to know X on the Initial wave front Z^o. It may be noted from 
(39.81) that the Jumps of the partial derivatives of the order 
r « 1 of the functions u^ and 0 are not determined except when the 
Jump of one of the partial derivatives of the order r ■ 1 are known 
ahead of time. This occurs because equations (39.81)^ are not 
independent; by multiplying them with n^ and summing, we obtain an 
Identity. 
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(11) Rotational weak waves. In this case V ■ C 2 » ^ *0 and 

5 ■0. The equation (39.79) Is reduced to 




(39. 8H) 


and from (39.78) we obtain the following transport equation /157 


.K = 1 ,//, 

<•* dn (39.85) 


and Y ■ 0. 


In view of (39.82) 
we obtain 


equation (39.85) may b- Integrated and 


I 

X, == X? (1-2m//o ^ ’•'■‘A’o) *• 


(39.86) 


where « X® on This Indicates that the Jumps of the 

partial derivatives of the order r of the functions u^ through a 
weak rotational wave front of the order r are determined by the 
values of the latter on an Initial wave front. The partial derivatives 
of the order r and r + 1 of the function 6 are continuous on the 
hypersurfaces of the type under consideration. In order to determine 
the Jumps of the partial derivatives of the order r + 1 through 

It is necessary that we know two of the quantities of Let us 

note the fact that in the relation (39.83) for weak dilative waves, 
the factor exp (-cw*n/2cj^) appears; this Indicates that the values 
of the Jumps of the partial derivatives of the order r of the functions 
u^ and 0 tend towards zero when the time interval t-t® tends toward 
infinity. 

e) Strong thermoelastic waves. To complete the study of singular 
surfaces we study the case of hypersurfaces of zero and first order. 
These hypersurfaces are called strong singular hypersurfaces. The pres- 
ence of discontinuities Implied by these hypersurfaces contradicts the 


hypothesis of regularity In which the equations of thermoelastlclty 
were derived. Therefore it Is necessary to establish beforehand 
a theory that would permit us to study the strong singular hyper- 
surfaces . 

Let 9B4(j) be a set of the regulated regions contained in 
If P€9W«(i¥) we will designate by the interior of and by 09 
the boundary of Let ^(6') be the set of functions with compact 

support on G. 

If the functions 0, t*i t), satisfy the relations 


Oui 1 

Ul --- XCrrSf^ -f- 2(XC(| — (39«87) 

pTl -f flO, 

~ k0,i 


and for any jy »= 'JW4 (dr) and any C) e (d**) we have 



U, 


o.r, ) 


lit’ 



(39.88) 


then we will say that (u^,6) represents a weak solution of the 
equation (39.62) on dr. 

It can be shown [51] that if the functions Uj^» 6 represent /158 

a weak solution of the equation (39.62) on .a and are of the 
2 

class C on dr then (u^,e) Is a strict solution of these equations 
on Ji and vice versa. 
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Let U8 assume that (u^,6) Is a weak solution of equations 

(39*62) on Let £ be a strong singular hypersurface » and D an 

open set from B so that 0 ■ D k I Intersects £ the same way as 

2 

before. We assume that u. and 0 are functions of the class C 
on n and on Q . Let be an arbitrary regulated region that 
Intersects £ and be non-empty sets. 

In view of the fact that (u.,0) la a strict solution of the equations 
(39.62) on n and on ft , it follows that the equations 

hi. I - p7'oi - qi.t ^ 0, 


are satisfied In ^+and In Therefore, we have 


5 


(^U>|) I «Ii’ •= 0, 


\ {ir'pwi 

#*u»- 


th' - 0. 

dx, 


(39.89) 


Let (Vq, Vj) be the components of the unitary normal at d^. 

In view of (39.3*<) we can write 

''o — — V* =- <‘tw<on«. 


using the theorem of divergence and the fact that the functions 
become zero on we obtain from (39.89) 

5 <:.{pr [r.l 4- 

j .'K {pfo •’ fiol + [?|] M|} d« = 0. 

£ 0 . 4 * 


In view of the fact that the quantities below the integral 
are continuous functions on £, it follows from the above relations 
that 
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pV [V,] + [U,] «/ - 0, p T^V [ij1 + [qi] ». =■ 0 on £. 


( 39 . 90 ) 5 


These relations ere called dynamic discontinuity relations. 


If we use (39.87) the relations (39.90) may be written In 
the form 




(39.91) 


1 01 II, - 0, 


] HT^noi n on 


The equations (39.91) are applicable both to the absolute singular /159 
hypersurfaces and to the first order singular hypersurfaces. 


In the following we will assume that the functions u^ are 
continuous on a. The conditions of compatibility for the first 
order partial derivatives of the functions u^^ are thus those given 
in (39.55) 



(39.92) j 


i 

3 


where 






It can be shown that the law of the conservation of mass j 

Imposes a restriction on the Jumps of the functions u^ and In our 
assumptions this has been Identically satisfied [51]. It follows, 
similarly, that the discontinuity relation corresponding to the 
second law of thermodynamics Is satisfied. 

; 

We will study the basic properties of the strong singular I 
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surfaces on the basis of the discontinuity relations (39*91) and 
of equations (39*62). Substituting In (39*5*1) 0 for ^ and keeping 
In mind the relations obtained and also (39*92) It follows from 
(39*91) that 

(f*— fj) X| -- (of — oH) ).»l| -I- ^ (01 Hi 0, 

p (39*93) 


where 5 - j* ^ >*"<• Forming the Jump through E to each term 

of (39*62) and applying the conditions of compatibility (39*56) to 
the functions u^ (with [u^] - 0) and (39*36), (39*37) (39*57) to 
the function 0 we obtain 

(r*-«D |i< - ('•? - *•*) » "• + “ 

_ *M- ** -pi// i (0? - 'S) ).w.} -t 

St St 

1 <•* 

p (39*9*0 

-f r - 2A//) ; - 7> -t /.•rt“'‘|01..s-l- 

rtf 

1 r„3X;j^ t “* 


where 




In deriving the relations (39*9**), the relations (39***3)» (39*77) 
have also been taken Into account. 
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1 




pr 

Sh 


r 


The equations (39.93) and (39.9^) represent the basis of the /160 
study of strong singular hypersurfaees . They differ from the similar 
equations (39.70), (39.78) for weak waves by the presence of the 
terms in [6] and 6V/«t. | 

(i) Shock waves. If E is a first order singular hypersurface 
for and 6 then [6] b 0 on E and equations (39.70) and (39.93) are 
formally identical. As has been shown before, these types of hyper- 
surfaces are characteristic surfaces and thus propagate with one of 
the constant velocities c^, c^. Therefore 6V/6t ■ 0 and equations 
(39.78) and (39.9^) coincide. Therefore, the relations (39.83) and 
(39.86) are applied also to the strong dilative and rotational 
first order thermoelastic waves, respectively. 

I 

If V ■ Cj^, it follows from (39.93) that ■ ^n^ and | 

-rxw, »* 0 (39.95) 1 

■j 

j 

The discontinuity of the velocity is directed according to 
the normal to E . The wave E is called a shock wave. The velocity 
of the shock wave is the displacement velocity of E. 


If V • C 2 » we obtain from (39.93)^ X ■ 0 and 


I t'«l )U •— 0, [f«(l — 0, [w*;! 


(11) Absolute singular hypersurfaees. If E Is an absolute 
singular hypersurface for u^^, 6, then [0] does not become zero 
on E. Multiplying (39.93)^^ and (39.9^)^^ with n^^ and summing, 

we obtain x -f- [01 

P 

(V* — — (n - fs) — (39.96) 



- 2 r n, - X + 2ff r^X + ^ 5 - 0. 
St St p 
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^ -m I 


Prom (39.96)j^, In view of the fact that [6] 0 It follows that 

V Therefore, In order that an absolute singular hypersurface 

be characteristic, V must take the value of Cg. If V • Cg then 
6V/6t ■ 0 and (39.76) takes place. Eliminating u^nj and [6] between 
the equations (39.9^)^ and (39.66) we obtain the transport equation 

^ (X) — Xmi) (X< — XMi) (Xi — 

r, lit (In 


If we replace H by (39.82) and Integrate, It follows that 

X. _ x«, - (X? - X®«,) ( 1-2 m 7 /, 
where Xi =» x?i X * X* on 


Consequently the tangential component to of the vector 
\ satisfy the same relation that the component of X satisfies In 
the case of weak rotational waves 

It follows from (39.96)^ that ^ may be determined only when 
[6] Is known on E. 


If V ^ Cj^,C 2 , the equations (39. 93)^ and (39.96)^ Imply that 


X 


PI0| 

p(r» - cjf) ’ 


*.N„ 


I 



(39.97) 


Substituting (39.97) In (39.96)2 we obtain the transport equation 

“ X/ + X j- *’« |rtp(n - ..f) - p*] + ' _ 


2H 


- r: 


- (1 
r 


|Xy«,. 


The relations (39.93) Indicate that the Jumps through E of 
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the partial derivatives of the functlone and 6 may be determined 
only when I Is a free surfa^'e (\ ^ c^iCg), and [61 and V are known. 

If these requirements are satisfied and X and C are determined, 
then equations (39*9^) determine and therefore we can determine 

the Jumps of the second order partial derivatives of the functions 
u^ and 6. 
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CHAPTER V. THE LINEAR THEORY OP THERMOELASTIC ITY 


40. _Eauatlon8_glLThermoelastle Egulllbrlum 


Let us consider the case of equilibrium in the linear 
theory of thermoelasticity. In view of the fact that now 
the functions Involved do not depend on time. It follows that 
the fundamental equations (25.1) — (25.3) are reduced to 

- equilibrium equations 

^M+/. = 0, (40.1) 

- energy equations 

(40.2) 

- constitutive equations 


fii — Cijiitti — 




(40.3) 


- geometric equations 


2e^j = + 


(40.4) 


In (40.1) — (40.4) we used the notations from Paragraph 25. 
The coefficients have the symmetry properties (25.5). 


To the above equations the boundary conditions are added 
which. In the case of a mixed problem, have the form 


Ml — |M‘ Sp ti = (ijMj — ^ 

e = 6 p«* Sj, q,Hi = fj pe 


(40.5) 


where (1 » 1,2, 3, 4) are parts of 3B so that Si uS, — c>B, 

S,n Sj - - S^n S, = 0. 

Let us observe that. In the case of equilibrium, the 
problem is uncoupled, in the sense that the determination of the 
temperature Is independent of the deformation of the medium. 
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We obtain from (40,2), (><0.3)2 (><0.5)2 following boundary 

problem for the temperature variation 


0 “ 0 |K* S3. </ on 


(Mo. 6) 


In the following we will assume. In general, that the function 
e Is determined. 

We call an admissible state the ordered set of functions /163 

^'^l* ^IJ* with the properties 

(1) 11. 6 CHU), «. e 

(U) tt) -- *>it til 6 C®(/>)| 

(Hi) t„ t„iU, e r*(/<) ; Uu € 


If we define the addition of admissible states and the 
multiplication of an admissible state with a scalar by 

(Ml, t,„i„] I {»;, So,/:/) -- (M. + 

X(Mo t„i it,} -= (Xh„ Xe,„ y.(„], 

then the set of the admissible states Is a linear space. 

By the term thermoelastic state, corresponding to a specific 
force of volume fj^ and to the temperature variation 0, we understand 
an admissible state which satisfies the equations (Mo.l), (Mo.3)]^» 
(MO.M). 

The determination of the thermoeiastlc equilibrium Is reduced 
to the resolution of two problems. The first of them Is the boundary 
problem (M0.6). 


The second problem consists In the determination of a thermo- 
elastic state corresponding to the functions f^ and 6 which satisfy 
the boundary condltons If there is such a state, it is 

called the solution of the problem. The problem of the determination 
of the function 0 is considered as an auxiliary problem. 


Therefore, the study of a thermoelastlc equilibrium problem 
amounts to the resolution of boundary problem for equation (M0.6)j^ 
and the integration of the equations 


fiU + f* 


(40.7) 


U) = Cl, i, tit — (40.8) 

‘2tt, =- 111,, + 

(40.9) 


in which the function 6 is known, with the boundary condltons (40.5)^. 


41. Analogy with Problems from the Theory of Elasticity 


Considering the function 6 known, we can obtain an expression 
of the mixed problem with the help of the components of the 
displacement vector. Thus, proceeding as in the case of Paragraph 26, 
we obtain the following form of the equilibrium equations. 


(Oi,iiiii,i),, + /( — 


(41.1) 


The boundary conditions obtain the form 

«( ill on Sp Cin,ii, ,,ij ■ f, -i- ^ijOhj on S^. 


(41.2) 
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The problem (41.1), (41,2) Is a problem of elastostatlcs /164 

corresponding to the specific forces of volume f^ - j» 

the displacement on and the surface forces t^ ♦ Sg. 

Consequently the effect of the temperature in this case Is shown by 
the appearance of the term j ir' equlllbrl im equations 

as a specific volume force and of term boundary conditions 

as a surface force. 


On the basis of this observation (due to Duhamel [91]) It Is 
possible to transpose a series of results from the theory of 
elastostatlcs to the theory of the thermoelastic equilibrium. 


It can easily be seen that on the basis of the linearity of 
the theory, the solution of the problem may be written In the 
following way 

{«., So, {«'!”. »«') + 41'), 


where 
the load 


{uf e^.V,t»?^} is the solution of the correspon 
ad system { f ,Uj^ ,t and (u^ , 


spending problem of 
} is the solution 


of the corresponding problem of the load system 


/«»> {_ (p„e).„o, 


In general. In thermoelastic equilibrium problems It Is assumed 
that the functions f^^, and tj^ are zero, thus only the effect of the 
temperature variation is studied. In the contrary case, an auxiliary 
problem of elasticity corresponding to the mechanical loads must be 
sought . 

Strictly speaking, thermoelastic equilibrium problems are 
considered, which are, on the one hand, problems in which the function 
e and then the corresponding functions Uj^ are determined effectively, 
and on the other hand, problems in which the solution is based essentially 
on the equation which satisfies the function 6 or the special mode 
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of the loading system If • 9B, the problem Is called the 

first boundary problem or the problem with displacement given at 
the boundary. If Eg » 3B, we cay that we have the second boundary 
problem. 


Further on we will present a characterization of the second 
boundary problem with the help of the tension tensor components. 


We assume that the tensor Is Inversable. 

we conclude from the constitutive equations (*10.3) 


In this case 


where 




(* 11 . 3 ) 


»ij = 




(‘il.*0 


We will consider the case when the tensions at the boundary 


We assume that and are functions of the 

Keeping 


are prescribed. 

2 — 

c?ass C on B and that the domain B is simply connected. 

In mind the compatibility conditions (3.21) it follows that the 
symmetric tensor t^^^ of the class C‘ on B Is the tension tensor 
corresponding to a solution of the second boundary problem from the 
theory of thermoelasticity If, and only If 


ft ~ 

C.i O it* 


(* 11 . 5 ) 

(** 1 . 6 ) 

(** 1 . 7 ) 
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h2» Formulas for the Mean Values of Deformations and Tensions 


/165 


The mean value of the function f, continuous on B, Is defined by 

/•(B) ( /ill’, (^2.1) 

where V(B) Is the volume of the domain B. 

Theorem ll2,l. If u^^ and 6^^* £.re continuous functions on 
B which satisfy the equations (So.ll), then the mean values of the 
components of the deformation tensor depend only on the boundary 
values of the displacement and we have 

'*?(») = a, ( («*»> + «>»•) do- (^2.2) 

Moreover, If the mediuir. Is homogeneous, and 0 Is a continuous 
function on B, then the mean values of the components of the tension 
tensor depend only on the boundary values of the displacement and 
the mean value of the temperature variation 0*(B) and we have 


• (/>) Job 


(42.3) 


Proof. The relation (42.2) follows Immediately by applying 
the theorem of divergence. It follows from (40.8) and (40.9) that 

and consequently, using (42.1) and the theorem of divergence we 
can derive (42.3). 

If the boundary conditions are 


Vi = 0 on (>B, 


(42.4) 
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then It follows from (i»2.2) and (42.3) that 


e5 («) = 0, 


(42.5) 


In view of the relation (5.9) we conclude that in this case 
the variation of the volume Is zero. 

Theorem 42.2. If ® thermoelastic state which 

corresponds to a specific volume force fj^ and the temperature variation 
of 6, then the mean values of the components of the tension tensor 
depend only on the boundary values of the tension and of the forces 
f j and we have 


Moreover, if the medium Is homogeneous and the tensor Is 

Inversable, then the mean values of the components of the deformation 
tensor depend only on the specific volume force, the boundary values /166 

of the tension and the mean value of the temperature variation and 
we have 




\ 'V.Un-l ( .rj,dp’4 a„0*(«). 

M /m Jolt Jn 


(42.7) 


Proof. In view of (42.1) and the relation 

( j (/,tW»da + C r,f,i\r ( .r, + /;) dr -1 ( »(,dp, 

Jon Jn Jn Ja 

we obtain (42.6). In view of the fact that the medium is homogeneous, 
the relations (41.3) Imply 
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and, in view of (42.6), (42.7) follows. 


If f^ ■ 0 and the medium Is free of tensions, that Is 


oon oB, 


then we obtain from (42.6) 


tfum - 0 . 


(42.8) 


Similarly, in this case the relation (42.7) becomes (Nowackl [315]) 


- a„a*(B). 


(42.9) 


From (5.9) and (42.9), It follows (Nowackl [314], Hleke [175]) 

that 


8p = V{B) 0*(/f) 


(42.10) 


43. The Theorem of Reciprocity 

Although the theorems of the linear theory of thermoelasticity 
may be derived from the theorems of the theory of elasticity, using 
the analogy frcm Paragraph 41, we prefer to derive some of them 
directly In order to facilitate the reading. Similarly, we agree also 
to take mechanical loads Into consideration. 

In the case of a thermoelastic equilibrium, we will call the set 
0| a thermomechanical load system (it is assumed that the 

function 6 is known) . 
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Let an elastic medium be subjected to two systems of thermo- 
mechanical loads 

//•• = {/;•', 0">), (* 1,2). 


We will designate by ll'*» = solution of the 

thermoelastic equilibrium problem (*10.7) — (*10.9) corresponding to 
the loading system . 

Theorem *13.1. If an elastic medium Is subjected to two systems 
of loading L^®^(o ■ !»?)» then between the corresponding solutions 

the follov/lng reciprocity relation prevails /I6 


il*' do = 


( /•"«;‘='dt’ - C d»> + ( do-f ( 

)u Jb ^OB (*I3.1) 

= J /♦*’ «1” dr - J dr + ^ C«i" do + do. 


Proof. Let 

= (C + 


(* 13 . 2 ) 


In view of the constitutive equations, we can write 

21V.P = 


(**3.3) 


Prom (**3.3)» on the basis of relations (25.5) we derive 


W’l2 = IV 


21* 


(*13.*l) 


Using the theorem of divergence and the equations of equilibrium 
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we have 


+ J "j«l*’‘l«+ J //“’ Hl^'dff — ^ Oi|0'">)j «l*'dp. 


('<3.5) 


(<<3.1) follows from (<I3.'<) and (<<3.5). 

Let us give another form to the established reciprocity 
relation. The equations (<11.1) may be written In the vectorial 
form In the following manner 


All = p, 


(«3.6) 


where the vectors ■ (Aj^u) and £ ■ (p^^) have the components 

^,11= (<?<»! (<<3.7) 

and 


/*• =/. - (Po0).„ 


('<3.8) 


respectively. If we Introduce the vector Tji with the components 

Tt%\ C,f„Ut ,n), ( <1 3 . 9 ) 

then the problem (Ml.!), (<<1.2) consists in the Integration of 
equation (<<3.6) with the conditions 


II .1 Qfi £(, 111 =- I* on^*’ 


( 43 . 10 ) 


where displacement vectors 

with the components uj^^ and up^ respectively. We will 
designate 

2ir(u, V) . 2h',j £»«('■)• 


(43.11) 
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Prom the relatione (ll3.5) we derive 


/168 


! vTinlfl +( vAimIi’ 




do { ( II Audi' »nii)‘i'’. 


(1<3.12) 


(‘•3.13) 


where W(u) • W (u,u) le the elastic potential corresponding to 
the displacement u. The reciprocity relation <*<3.1) may be 
written In the following way 

C (II Av - vAii)dr = C (vTii - iiTv) do. ( ^ 3 . 1 *0 

Joli 


Let us observe similarly that the relation (^3.1) may also be 
written in the following form (Maysel [281]) 


/}"Hj*’dr 4- ( ^1'' H[*'dfl 4 ( - 

71 Jon hi 


= ( d»4- ( «}''drt 4- ( 

in Xtu J/i 


(43.15) 


The reciprocity relations may be used to establish certain 
formulas of representation of the type of those given In Paragraph 
30 (Maysel [280]). It Is possible to Introduce potentials which are 
similar to the simple layer potentials, double layer potentials and 
mass potentials, from the conventional theory of the potential. By 
means of this potential the boundary problems are reduced to the study 
of certain Integral equations (Kupradze [246]). 

44. The Theorem of Uniqueness 

The uniqueness of the solutions of the problems under consideration 
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l8 derived from the study of the uniqueness of the solutions of 
problems from the theory of elasticity. For the unity of the 
treatment we will mention the following theorem 


Theorem *lll.l. If Is a definite positive tensor, then 

(а) the first boundary problem has at most one solution; 

(б) any two solutions of the second boundary problem differ 
by a rigid displacement; 

(y) the mixed problem has at most one solution. 


Proof. Let {u®, tjj> be the difference of two solutions 

of one of the boundary problems under consideration. On the basis 
of the linearity of the theory, {u^, J corresponds to 

zero loads and it follows from (**3.13) that 


\ - 0 , 

(*»*♦. 1 ) 

where ■ (u9). In view of the fact that W Is a square positively 

0 

defined form, it follows that ■ 0 and therefore 

in which a. and b* are arbitrary constants. For the first boundary 

0 

problem and the mixed problem It follows that Uj^ • 0. The solution 
of the second -undary problem Is determined, however, by the rigid 
displacement . 

If the following conditions are Imposed 

( imIi’ o, ( - 0, (1*1*. 2) 

jii 


It can easily be seen that the solution of the second boundary 
problem, which satisfies the conditions (***1.2), Is unique. The 
first of the conditions of (****.2) eliminates the translation and 
the second one the arbitrary rigid rotation. 
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45. Variational Theorems 


We will present two variational theorems from the theory of 
elasticity with reference to the equations of the thermoelastlc 
equilibrium. 

We call an admissible kinematic state an admissible state 
which satisfies the relations (40.8) » (40.9) and the conditions 
Imposed at the boundary portion £^. 

Let ** be an admissible kinematic and functional 

state 


M‘(») t ^ Mp— ^ /(M r 

-- C V 

Ji;i h. 


(45.1) 


defined on the set K of the admissible kinematic states. 


Theorem 45.1. (Theorem of the minimum potential energy). 
If is a symmetric and positively defined tensor, V Is the 

functional defined on K by (45.1) and s Is the solution of the 
mixed problem, then 




(45.2) 


for any e 4'. 

Proof. Let s,H*eK and s’ ■ s*-s. Obviously s' Is an 
admissible state and we have 




•u 




i'll ■ 1<I 


(45.3) 
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We can write 


r„ I T,., , I 

W .'/I 



>Hr 


J in 


+ J^(PoO)., «; dr - J /,«; dr - J^p,^0«^u;d« - J i.ii,' da -f 

+ 5 (^i + Po0) Mudr=T(f)+ U C,,ue;,ei,d»- 
■'* 2 Jn 

— ujdr + J (,) «Idr. 
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(45.^0 


In view of the fact that s is a solution of the mixed problem, 
It follows from (45.4) that 


*P{»)_ — C C<;»<e|;8i|dr. 
2 Jb 


(45.5) 


In view of the 
we can write 


fact that 


Is a positive defined tensor, 


T(») < r(»*), 

M'(») = T(s*) **■ t\, — — ti, = 0. 


The functional (45.1) may be substituted by the functional 

F(*) =i-C Co4,c„e„d» - ( p,;e„Odr-(/,M|dP--( ?,u,da. (45.6) 

}q 
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This is due to the fact that the second term of the right 
member of the relation (45.1) may be written In the following form 

( (Po®).i Mo C ^jOnittida + ( p<;0n^ti(da — ( ^i^ctfOdo, 

-B Jc, Jtt h 

and the integral extended at may be eliminated because the function 
6 Is assumed to be known. 

Remark. Let us consider the mixed problem of the thermoelastic 
equilibrium written In the form (43,6), (43.10). Theorem 45.1 may 
be derived also with the help of the results mentioned In Paragraph 
43 . Lot us consider first the equation 

, (45.7) 

where A is a linear operator In a real Hilbert space, and u and f 
are elements of the space. It is known (Mlhlin [288]' that if the 
operator A Is positively defined, then the equation (45.7) has a 
generalized solution which minimizes the functional 


F(u) = {Avy It) — 2(11,/). 


(45.8) 


The domain of this functional Is a new Hilbert space which /171 

Is the closure of the domain of the operator A In the metric 
generated by the scalar product (Au,u). 

The operator A, defined by the lineal which Is dense 
in the Hilbert space under consideration. Is called positive If 

(ylif, f) t (i',vlr) Vw, ( 45 . 9 ) 

(Ah, h) > 0, Vh t />.„ (Ah, h) -- (»=* « 0. 


The positive operator A Is called positively defined If for 
every uc/>, the following Inequality takes place 


(Ah, h) il H i’r. 


(45.10) 
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where y la a positive constant 


Let operator A be definite through (43.7) and the conditions 
(43.10) in a homogeneous form. Let us consider the real Hilbert 
space L2(ft) the elements of which are square vectorial functions 
summable in B; the scalar product of this space is defined by 

(u, V) - ( «v dr = ( 5j ”d’«dr. 


The symmetry of the operator A follows from (43.14), keeping 
in mind the fact that we have homogeneous conditions on 3B. 
Inasmuch as is a definite positive tensor, it follows 

from (43.13) and theorem 44.1 that the operator A satisfies the 
conditions (45.9). It follows that the solution u^ of the problem 
under consideration minimizes the functional (45.8). 

(43.13)1 (43.8) we can write 

/•’(u) h'(M)dr-‘2( I/, 


In view of 


For nonhomogeneous boundary conditions it can easily be 
shown that we are led to consider the functional 

<I»(n) ( ir(u)dr - ( |/( — — ( {h -1 (1,/Oh/) »»,d«. 

h, 'v J:;, 


(45.11) 


In this case we can state that in the set of the displacement vectors 
corresponding to the admissible kinematic state, the solution of 
the problem minimizes the functional (45.11). 

It can be shown that the operator A is positively defined 
(Mlhlin [ 288 ]). From this fact follows the existence of a generalized 
solution and the applicability of the variational method stated in 
[ 288 ]. 

We will now present a known variational theorem from the theory 
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I 


i 




of elasticity (see Ourtln CI63]) with reference to thermoelastostatlcs 


Theorem (The Hu-Washlzu Theorem). Let be the set of 

admissible states and A a functional defined on by 


A(») . - C (l„ I- p„0)c,;«li' - 

- 'll hi 

t (t .» f /.) Ill tiv 4 ( I, fi, d(H C (I, - /',) M, tia, 
•« 's. Jj:, 


(‘• 5 . 12 ) 


for every « a, {,i„ ^„} e .or. 


Then 


/ 


SA(.V) 0, 


(‘<5.13) 


If end only if s Is the solution of a mixed problem. 


Pror f. Let o ■ j j j ^ ^ 

admissible states. Then 4- xs' t for any scalar X. Then In 

view of (31.1‘‘) we will form the expression 


S,’ A(») - A(.v-|- X.t') >,.c- 

<IX 


It can easily be seen that 

8 , A(i») — (i„0) tl, — (/,y., 4 -/,) 11 , ' — 

— Kit, I “ dr 4- ( <;«. d«i 4 ( li;„, 4 (f, _ /*) MlJdrt. 

’‘c, J'j, 

If we keep In mind 

( t ;, , M.dr ( r;,M,H,drt - ( «,./»;/dr. 

Jfl J,.n hi 

then (‘I5.1‘‘) takes the form 

8,' A(.») “ ^ (fi/uCw — (i,/0 — (,i) tjjdr — 

«./ 


(“5. I'D 


r I 


(‘•5.15) 


If s Is a solution of the mixed problem, then It follows 
from (M5.15) that 


*,• A(«) ^ 0 for any «' e s/, 


(1»5.16) 


which Implies (^*5.13). 

In order to prove the reciprocal, let us assume that relation 
(**5.13) takes place. This implies (**5. 16). If we select s*« (u^,0,0) 
where u^ becomes isero on 5)B, then from (**5.15) and (*15.16) we have 

( + /,) «I dr o. 

Jli 


On the basis of the fundamental lemma from the calculus of variations it 
follows that t^j j+ ■ 0. Let us select s' ■ {u^,0,0} where u^* 
becomes zero on . We obtain from (**5.15) and (**5.1**) 

( «, - <') ii; il« - 0, 

h. 


whence, on the basis of a generalization of the fundamental lemma 
(Gurtin [ 163 ]) It follows that t^ « tj^ on 

where becomes zero on 3B. We derive from (**5.15) and (**5.16) 


j — Po® ~ **/) di>=0, 


an 


whence follows t^^j « 
becomes zero on 3B, we obtain 


- 6^j0. 


Taking s’ 


{0,0, t^j} where tj^ 
If we do not 


'^i»J 

request that t^j become zero on 3B, we obtain from (**5.15) and 

(** 5 . 16 ) 


( (Ti, — w, da == 0, 

Je, 


whence, using an e:.:tenslon of the fundamental lemma (Gurtin [I 63 ]), 
we derive that u^^ ■ u^^ on Z^. Consequently s « »^ij ^ 

Is a solution of the mixed problem. 
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M6. The Existence of the Solution* Approximation Method 


The existence of solutions of the boundary problems of the 
linear theory of thermoelastlwlty results from the theorems of 
existence established In the theory of linear elastostatlcs (for 
example see Plchera [112]). We will limit ourselves In the following 
to the presentation of an approximation method of the solutions 
and to the study of the existence of approximation solutions 
(Mlhlln [288], Ourtln [I 63 ]). 


The standard method for determining a approximate solution 
of the mixed problem consists In minimizing the functional (^ 15 . 1 ) 
or (lJ5.ll) In a particular class of functions. It is attempted 
to find an approximate solution u^^^ In the form 

I'*"’ = + S ( ll 6 . 1 ) 

(|K 1 


Lm 9 I 

sp’ 


are given functions which become zero on 

The term 


Al) .(N) 

WnGr*0 (p j 9 f 0 4 

X / « I \ X 

Z, , and is a function which approximates on 

will be omitted in the case of the second boundary problem. 

(N) 

1* “2 " ■■■" 


The constants a,, are so selected that the 4>(u^ ') is 


minimum , 


If we set 


then we have 


0(«„ «v) = 


where 


a., +J. V ^ j, , 

- . I O ^ "mil «« *11 f 

^ o' - Jr/* - dt. - 

^ B 

— J «}*^*da, 

•'iJt 

=5/.,., .a . 1 . - J w-(s„e,„, t 


(U6.2) 


(116.3) 


(U6.H) 


2 H 9 


When Is empty, we will have • 0 in the above relations 

and therefore 


.4 





(ite.s) 


If are components of a semldefinlte positive tensor, 

then the matrix (A ) will be positively semldefinlte and 

mn 0 

♦ , 0 ^, . . . ,Ojj) will have a minimum In If, and only If 

Is a solution of the system 


N 




(r - 1,2, .V). 


(H6.6) 


we will establish the conditions In which 
the system (^l6.6) has solutions and In which the approximate solution 
converges In energy for N “ on the solution of the problem. 


In the following we will assume that Is positively 

defined. We will designate by Mq the set of continuous vectorial 

functions with continuous first order derivatives on portions of B. 

Let G., be an N-dlmenslonal subspace of M,. with the property that 
N u 

elements of G., become zero on E, . If S, O, we designate by 
_/w\ N 1 

u^ ' a given element of Mq, and by Gj^ the set of the vectorial 
functions of the form 


«• - U 4 « 


V) 




If S, -O. then G« = Gj^. 

Theorem 46.1. There Is so that for every ve<7j 

we have 


< a>(v). 


(46.7) 


If S, t* O then is unlquej If S, = O then la 

determined up to a rigid displacement. Moreover, If u Is the 
displacement vector which corresponds to the solution of the mixed 
problem, then 

C F(u - u'*'’) df- inf ( W(u - w)dc. 

3« g 

(N3 

The relation (il6.8) specifies the sense In which the vector u Is 
optimum. 

Proof. Let be a base in In order to 

establish the existence of a solution u^*^^ for (46.7) It is 
sufficient to establish the existence of a solution of the 
system (46.6). 


Inasmuch as 
(46.4) that 


Is positively defined* It follows from 


A„9i,x,> 0. (46.9) 

f,s • I 


Let us assume that 

.V (46.10) 

S -'If.*.*, - 0, 

f,5 I 

and let 



Pmt 


(46.11) 


From (46.4) and (46.10) we obtain 
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and in view of the fact that Is positively defined, It 

follows that h represents a rigid displacement. If £| 0 

then ji ■ U. 

In view of the fact that Is a base In Qjj 

It follows that 

«, = ,j = ... = ajf == 0. (H6.12) 


Therefore If £, s»0 then (M6.10) Implies (ll6.12) and 
accordingly It follows from (^6.9) that the matrix (A ) Is positively 

X* B 

defined. This state of affairs Indicates that the system (46.6) 
has, In this case, a unique solution. 

Let us consider the case when S, -- If 


.V 






= 0 , 


(46.13) 


then (46.10) takes place, and therefore h, defined by (46.11) 
is a rigid displacement. Prom (46.5) and (46.11) we obtain 

V ArJr - -i [/. - hi d** - [ (4 + 4< d«. 

r.. I 'i; 


Inasmuch as h Is a rigid displacement and the forces f^^ 
are in equilibrium (which implies that f^ - 
+ Bj^j6nj are in equilibrium) it follows that 


and 




E 

r»l 


= 0 . 


Therefore ( A^,A^ , . . . ,Aj^) is the orthogonal with any solution 
^®1*®2* * * * of the homogeneous equation (46.13). Using Fredholm’s 
alternative, it follows that the nonhomogeneous equation (46.6) has 
a solution. 


252 


In order to demonstrate (46,8) we will show first that 
(Tong and Plan [417]) If {u^, tj^j} Is a solution of the 


mixed problem, then for any we 31, we have 


< H ( w ) - ^^(u) ~ C W(w - II ) dr + ( (4<+P<iO) n,(w,— u,) d<i. 

3b Jj:. 


Let us designate ”i ” '^1 " '^l* Obviously 

( ir(u)d»’ = ( ir(ii') du -t- ( W(ii)dp4-C " 

• u h )u Ja * * 

= ( fF(u') di’ + C W(ii) dr + ( (f,, -HPoO) ii',., dr = 

Ju Ju Jtt 

^ ( H'iw - ii) dr -f- ( fK(u) dt» + ( (4/ + PmO) n,u| d» 
hi Ju J,iii 

- \ {fii -f Po0)„ v\ dr. 
hi 


We obtain from (45.11) and (46.15) 

<I»(w) — <t(ii) f H’(H ) dr - C IV(M) (|« _ 

•« 3 b 

- \ l/<-(PoO)</l II,) dr — C il -I- p,,0w,) {w, 

• ii 

•'-I 

= ( IV(tt-u) dr - ( -I /,) ^ 

■'« Jh 

1 

+ ^ + PoO) Hj(w, — ii,) ila. 


II,) (In 


(46.14) 


(46.15) 


Keeping in mind the fact that t^^j satisfies the equilibrium 
equations, we derive the relation (46.34) 
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If weOi, then W ■ ' on 

Inaemuch as it follows from (^I6.7) and 

(M6.1U) that 


C - II) lb == IH(U'*'')-4»(||) - C (ly-t %0) If, «I<I 

< in(«) - (i>(ii) - ( (i,,+^,e) n,(w, - iia <ia - 
Ji;, 

«« ( W(w — II) (b, 
jb 


for any weO*. The same procedure Is used when S, 0. 

Let us study the convergence of the approximate solution. 

This has been done In detail by Mlhlln [288], [289]. 

We will assume that 

(1) for any displacement vector u corresponding to a admissible 
kinematic state, there Is a series "'*'* ^^* such that 


^ lf(ii w«w») (b -> 0 for N -* oo. (46.16) 

(N) 

Theorem 46.2. Let us assume that (1) takes place and u 
and Gf, satisfy for every N • 1»2, ... the conditions Imposed by 
theorem 46.1. If u' ^ Is a series of approximate solutions (solutions 
for (46.7)), and u is a displacement vector corresponding to a 
solution of the mixed problem, then 


{ JT(ii — u"'») tl« -► 0 for N -B.OO 


(46.17) 


Proof. Taking Into consideration (1)» 
there Is a series w">eGj} such that 

The relation (M6.9) and the fact that 
Imply 


It follows that 
(46.16) takes place. 

Is positively defined 


» < 


IP(ii - n>K>) do < C IP(u - V'*') do. 
Jb 


an 


In view of (46.16), (46.17) follows. 


The above theorem Includes the method of the finite element 
(see for example Tong and Plan [417], Zlenklewlcz C4|>6], Oden [325]). 

47 . Homogeneous and Isotropic Media 

Let us consider now the case of the thermoelastic equilibrium 
of homogeneous and isotropic media. It follows from the statements 
presented In Paragraph 23 that In this case the constitutive equations 
(40.3) have the form 


It, - -( '2 |it(, — 


(47.1) 


Inasmuch as the medium under consideration Is assumed to be 
homogeneous, the coefficients X, y, 6, k are constant. 

The boundary problem (40.6) becomes 


A AO -- - r in 


0 ^ b po S3, A n f/ons,. 
rill 


(47.2) 


If this problem le resolved, the following equations must be 
studied 


=s XCrr^l, + »!**«> ~ 

2C(j — M*,| + hi /i, 


(n.3) 

(^7.5) 


with the boundary problems (^I0.5)j^. 

From (^7.3) — (^7.^) results the following expression of 
the equilibrium equations with the help of the components of the 
displacement vector 

nA«, -f (X I- li) f /, 0. (^17. 6 ) 

The boundary conditions assume the form 


(^♦7.7) 

Ml- »<4 on£|, [Xu,.,S„ -I- ii(M, , f w^.,H»i, I, 1 po«, onr.. 


If we assume that k ^ 0, we conclude from (^17. 6) and (^J7.2)j^ /17S 


( X + 2 |i.) A div u = — div f — 



|xA rot u = — rot f. 


(47.8) 


If fj^ » r ■ 0, It follows from (47.6) and (47. 8)^^ that 

A AM| = 0. 
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We have thus (Ourtln [1633* Carlson [*i63) 


Theorem ^17.1. 
and e of the class 


1) 

If the functions Uj , of the class C 

2 * 

C on B satisfy tlie equations 


on B 


|lAW( fi) PO.; « 0, 

AO s 0, 


('17.9) 

('< 7 . 10 ) 


then 


A div II = 0, A rut II c=> 0, AAti| = 0. 


Let us assume that In ('»7.'<) the function 6 Is known. We 
will present the method due to Ooodler [135]» to determine a 
particular solution for equations (^7.9) which allows the reduction 
of the thermoelasticity problem to a problem of elasticity, with- 
out mass forces and with loads at the boundary. A particular solution 
of equations (<<7 .9) Is sought In the form 


«• = 


(<<7.11) 


■3 

The function assumed to be of the class C In B, is known 
under the name of thermoelastic potential of the displacement. 

Substituting ('17.11) In (<<7.9)» we obtain 


t(X -f- l>(i) A«l> - pOJ„ - 0, 


('< 7 . 12 ) 


and thus the equations (<<7.9) are satisfied If the function ♦ Is 
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the solution of the equation 


A0» « — 2 — 0 In tt. 

\ + 2|i 


(*17.13) 


The components of the tension tensor corresponding to the 
displacement (*I7.11) have the form 

In view of (M7.13) It follows that 

ir, 2ti('l*„, - (U7.1*») 


Let us mention also the use In some cases of a Bousslnesq- /179 

Papkovlcl-Neuber representation for the direct study of equations 
(ll7,6). Thus, It can easily be verified that the funct-ions 


- 


4(1 - V) 


(•^r'^r -I- 9)«. 


(*<7.15) 


■3 

where (t> and are functions of class C on B which satisfy the 
equations 


At;, 


M 


(/, - !i0„), A9 - 


(47.16) 


are solutions of equations (47.6). 

It Is shown (see for example Gurtln [1631) that any solution j 

of equations (47.6) may be written In the form (47.15). s 
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Often it le convenient to characterize the fundamental equations 
by means of the components of the tension tensor. It should be 
recalled (see Paragraph 23) that if v 0 and v -1, then the 
relations (4?.^) may be written In the following way 


1 + 


h 


(^7.17) 


Making use of the analogy from Paragraph ^<1, we can 
state (Boley and weiner [23] » Carlson [46]) 

2 

Theorem ^7.2. Let there be tensor e^j of the class C and 
the tension tensor t . . which satisfy the relations (^17. 17) where 

ij 2 

0 Is a function of the class C which satisfies the equation (^17*2)^^. 

If also k 0 and v 1, then the equilibrium equations (47.3) 
and the compatibility equations (3.4) imply the following compatibility 
equations for the tensions 




+ V [H-v A(i_v) 


+ -- — -!■ 4 = 0 . 

I - V 


(47.18) 


2 

Inversely, If Is a symmetric tensor of the class C on B, 
which satisfies the equilibrium equations and the equations (47.18), 
then the tensor defined by (47.17) satisfies the compatibility 

equations (3.4). If the domain B is simply connected, then there is 
a displacement vectoi which satisfies the relations (47.5). 

In the case of a domain which Is multiply connected. In order to 
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r 


ensure the uniformity of the displacement, the following conditions 
are derived from (3.27) and (^7,17) 


* w) ‘Ul + 

]•: 3 /.. K 

‘H * ^ ( 0S,j — f’, I 0.,„) ilsi C, 


* * ''aJrrw'Ul ! 

K 3/., ii 3/.„ J/ , 

(»l 1,1.’ •'■'• 


('<7.19) 


In conclusion, let us derive the expression of the thermal 
field which does not produce tensions in homogeneous and isotropic 
media . 
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We assume that we are dealing with a second case of the boundary 

We consider also that there are no 


problems, and that «* 0 on 3B. 
mass forces and thermal sources, 
follows from (47.18) that 


If we set t 


ij 


0 in B, then it 


e . 


iJ 


0 , 


and therefore 


0 » 


(47.20) 


where a^ and b are arbitrary constants. 

It follows from (47.17) and (47.20) that 

z„ = «(o,r, + b) S.,. 


(47.21) 
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The displacements corresp '.I’ng to the deformations (M7.21) 

are 

fi, = c j + b)Tt- Y a,.r,X;J + »♦?, ^ ^ 

where uj are components of a a rigid displacement. 

48. Special Problems 

In this paragraph we will study some of the special problems 
of thermoelastic equilibrium for homogeneous and Isotropic media In 
the absence of mass forces. We will assume , with the exception of 
Paragraph 48 (f), that there are no heat sources. Other problems 
of this type are found In the monograph of Nowackl [3151. 

a) The problem of the half space. Let us assume the medium 
under consideration occupies the half space ^ 0. We will study 
the problem of thermoelastic equilibrium for the case in which, 
at the boundary, x^ = 0 is the prescribed temperature variation 


In addition, we assume 
This last case implies 


0( j‘|y Xj, 0) — 

that the boundary x^ = 
the following boundary 


(48.1) 

0 is free of tension^, 
conditions 

(48.2) 


We will also impose the conditions 

M( — 0, 0 — 0, X, -■> 00. 


(48.3) 
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This problem has been studied by many Investigators (Melan 
and Parkus [286], Lurye [271], Sternberg and McDowell [393], 

Sneddon and Lockett [375])* 

In the following we will present the solution given by Sneddon 
and Lockett [375] • 

If we designate (Sneddon and Berry [372]) 

, , x + (H8.H) 

fli _ I , 0 — , 

|X 


then the relations (Hi . 1 ) are written 


— I + «/.< + — 2) e„ — fcO] 

I* 


(48.5) 


Equations (47.9) become 


(48.6) 


In order to Integrate the equations of thermoelasticity, we 
will use the Fourier transform. Let 


I ,(, « 

***3) ~ k 1 1 ^ U.i 

2 r. J_« J-* 


e*(a„ * 2 , X 3 ) = ^ [ i j j, Xj) 0 dxj. 

2tT J.oo J-oo 


(48.7) 
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The equations (l»7.10) and (48.6) Imply 



(48.8) 

(48.9) 


where 

«* = «! + «** «3 - ‘ » i* = — 1. 

UX'j 

The solution of the equation (48.8) has the form 

0 * . 

where A and B are arbitrary constants. 

We derive from (48.9) and (48.11) 

nr -- (Op + 1 

u* ■ (Oa - iy./*.!;, I 


(48.10) 


(48.11) 


(48.12) 


In (48.12) and are arbitrary constants, and D and D' are 


defined by 


7> 


(fl 


/)' 


(rt- + 1) 


I- -i 1 ) a V a- — \ J 

(.« ! i.r; "'"-I. 

a V 7/- - 1 ; 


(48.13) 


rt- — I 





If we consider the conditions (*<8,3) It follows that 


0^ At‘ *y., 

''It i^'n + />7.(s.*'.,) (•-’*!, 

It* — (f';| — I* ’»«, 


(K8.14) 


Applying the Fourier transform to the relations 
(48.5) and keeping In mind (48.14) we conclude 

f *3 = - -1 iKri^'a H 

(i<0.15) 

(*j ~ |a|'( 2 — -I- a“/>.r;,) -t tr'(ix‘W.r:, — — 

— i«/>) — hA 1 0 *'>. 


Prom (48.1) and (48.2) we have 

0*(a,, 0) =- b*(a,. *„), /*(a,, a«, 0) - - 0. 


(48.16) 


If we Impose the condition (48.16)^, it follows that 


A - b*(a,, *j). 


(48.17) 


Similarly, we obtain from (48.15) and (48.16)2 


c. 


ihO*ap 


- 1) a- 


, C'a 


fcO* 


- 1 ) a 


(48.18) 
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In view of (M8.17) and (M8.18), it follows from (M8.13)j^ that 
D ■ 0. Consequently, the relations (<48.14) take the form 


US = 


0* = 5*(«„ 

. be* 


2 ( 0 - - 1 ) 


HT ~ — 


2(0-' - 1 ) a 


o-"*. 


(48.19) 


If we replace A and given by (48.17) and (48.18) In 
(48.15), and we keep In mind that D *0, It follows that 

<•=0, .r3>o. (48.20) 


Therefore, a state of plane tension, parallel with the 
boundary ■ 0 takes place In the body. 

Inverslng the transforms (48.19), 0 and are determined. 
Sternberg and McDowell [3933 considered the case of an axially 
symmetrical problem In which 

0 = 0„W(f - >•), 


2 2 2 

where 0^ and c are constant, r = x^^ + X 2 and H is the Heaviside 
function. In this case, using cylindrical coordinates (r, <j>, z). 
It follows from (48.19) that 


«r = 


/m 0 „ 


«, = — 


2 ( 0 -^- 1 ) 


2 ( 0 - - 1 ) 


/(M;- 1), 

- 1 ), 


where 

^00 

V ; X) 1= I Jy(.mr) c~ da. 

•'0 


/183 
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J^(x) was used to designate the first species and u order 
Bessel function. For the nonzero components of the tension tensor, 
the following relations result 


On + 

< 1 - — 1 




The integrals J(l,l; -1), J(1,0; -1), J(1,0;0) have been 
tabulated for various values of r/c and z/c by Eason, Noble and 
Sneddon [98], 

b) Elastic layer placed on a rigid foundation. Let us consider 
an elastic layer which occupies the region 0 ^ ^ d and which 

Is placed on a rigid, friction less foundation. Let us assume that 
the surface ■ 0 is free of tensions and the surface x^ ■ d is in /184 
In contact with the foundation. On the surface x^ « 0, it Is assumed 
that the temperature is given, while on the surface In contact with 
the foundation, a thermal flux Is assumed. 

Thus, the boundary conditions are 


* ^n ~ 0 0 for 'a — 


(i<8.21) 


»3 ^ <»3 Q for 

dx. 


This problem was studied by Sneddon and Lockett C376], 


In the previous problem. It was shown that the solutions of 
the equations .9) $ (47.10) have the form (48.11), (48.12). 
Obviously, these solutions may also be written In the following 
way 

0* - K eh «X3 + A" sh «j 3 , 


(48.22) 
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(M8.23) 


= (^19 + <*l» ar, + (.I3 + /'ig-ia) nIi »: 

Ma* " (-^la -I- ia/^Vj) k|i xrj + -f ia/'j j) rli a^a, 


where A^»Aj^,E,E' are Integration constants and P and P’ 
by 




ia^~ 1) 

(«* + 1) a 

J«LzJi, 

(rt* + 1) a 


^^^ag -}■ ixA 

I" 


3 “ 


ihK \ 
~ I j’ 

\bE’ \ 


For the components t^^ tension tensor, the 

expressions are found 

^83 ■- (a -^8 ~ 1 * 8^3 -f- 7**8) aJ ’3 -|- 2 7’7.aj./'3 t*h aJ '3 4 - 

H* 

4- i»A’^ — iaa^ij 4 - Ph aj’j 4~ sh a^a, 

* /?a = — '(«* - -*) <*h aj'a 4- /'a-J'a sli a.i .,) — 

— bJH vh aj'3 4 <i*a(vl3oh a.r^ 4- i/Vh aJ^ 4 - 
4 - iaa-j/' Hh aa,) — i(a- - 2 ) {A'^»^ sh axj 4- 
4- /"a*XaCh axa) — bE' sh aa ^ | 

4- a'^aiA'a sh axa 4 - iP' sh axg -f- iaa'a;*' ch aXj). 


are defined 


(H8.2H) 


following 


(^♦8.25) 





The thermal conditions 

/«: <>, 


Imposed at the boundary Imply 



where S ■ sh ad, C ■ ch od. 

The tension conditions Imply 

- i {tt- - 'J) - hi: f- -f « /* 0 , 

at.13 — I /''ap • ■ 0, 

(a.to - iapM;, 4- /'«0) S f 2Pa»»dC 2/" ««3 dS ^ 0, 

{A3 + \P'*(i) N h (/li 4- i /*«</) r = 0 , 


If we designate 

/,(>• __ M 

2 ia*(«‘”l) ‘Jia* (<i 1) {S \-a.dC *) 

then we have 

.I 9 a{,/>, 4, - - {hh: - 2ia-7>), 

1 ^ 1 -a 

.1^ - ' - {\hh:' - 2a* />.S7’-») ap, .I, - ia 

2 rt'a* 

/' ‘ - |2a-7>(«* - n - if//; I. 

LVf-a 

/*' - - ' - (2a- 4.Sr->(«- - 1) 4- ihH']. 

*Ja*% 


Mm 


/185 


(i«8.26) 


(il8.27) 




(H8.28) 


In the case when the foundation consists of a material which 
does not conduct heat, the elastic layer Is thermally insulated 
from the foundation and we have Q * 0, and therefore 
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/> 


- I) 


We obtain P ■ P’ ■ 0 and therefore 


At = - ' 

2a-(rt^ I) *®‘ 


hii* 

2a(«» J77) ’ 


A,^ - . 


a 6 * sr 

2«(<i»-|) 


(^18.29) 


If we consider the above relations. It follows that In this case 
the Fourier transforms of the temperature and of the dlsplace»"ent 
components are expressed as 


/186 


0* «* (fl, XJ.3 - SV I sh« j,), 

i66*«8 


(^<8,30) 


us 


2x* (<l2- I ) * ‘' 3 ), 


u; = 


fco* 


2x(a 


(sh a.j -3 - SC I fh a j^). 


In general the Inversion of the transforms 0*, uj implies 
serious difficulties. For some particular cases, the functions 
were originally determined, and the results were Interpreted 
(Sneddon and Lockett [375], [376]). Other problems referring to 
the elastic layer are presented in [315]. i 

c) Elastic space with a circular crack. At the start, let 
us mention the fact that if we take 

«. = <!>., +(a=-l).r3<D,.3 + j3 

«3 - -«=^a».3 -} - I) J -3 <I..33 -} r 3,;.,3 - 8 . 3 1 ) 

® =* y '{'.3 . 

h 

4 

1 

1 

.j1 
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where 


♦ (Xj,3t2»*3^ and are harmonic functions 


A<t> EE 0, A<jl = 0, 


(48.32) 


then the functions u^, 0 satisfy the thermoelastic equilibrium 
equations In the absence of mass forces and heat source. This 
can easily be derived by substituting (48.31) In the equations 
(48.6) and keeping In mind (48.32). A representation (48.31) la 
due to Sneddon [3773 and Is useful for studying some problems 
referring to the half space. We obtain from (48.31) and (48.5) 


Ui ==• 2|i [(«*-!) i’3 + ‘*’3 

^33 = 2^[(«-!-1)X,<I»,333 - («*-l)<l>„3 + .I., (48.33) 


••'hence it follows that for • 0, we have t^^ ■ 0. 

Let us consider the problem of determining the thermoelastic 
equilibrium In the case when. In an elastic medium which fully occupies 
the apace, there Is a crack (Oleslak and Sneddon [326]). 


We assume that the crack is circular, and that It Is located 
In the plane x^OXg and has Its center at the origin. If the radius 
of the crack Is equal to unity, and we use cylindrical coordinates 
(r,4», z), then the crack Is described by the disk 


r < 1 , ? 0. 


(48.34) 


Let us consider the case when the crack is free of tensions. 
We assume that the temperature, as a function of r, Is prescribed 
on the surface of the crack. In this case we have the boundary 
conditions 
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«T„ 0, 

- 



(48.35) 




0, 

«»<»•< 1, 

(48.36) 

II, 


c 


»■ > 1, 

(48.37) 

u 




< r < 1, 

• 

CD 


", 

- . 

0, 

»>l, 

(48.33) 


by means of which we are able to determine the displacement and 
the temperature of ^.he half space z >0 and therefore, by symmetry, 
the space In Its en*‘> ety. Obviously, we also have the condition 
that the displacement, temperature, tension and the flu'f should 
tend towards zero at Infinity. 

In order to resolve this problem, we will use the representation 
(48.31). With that, the conditions (48.35) will be similarly 
satisfied. The problem under consideration Is a problem with 
axial symmetry. Keeping in mind (48.31) i (48.32) and the conditions 
(48.38), (48.39), It follows that In order to find the temperature 
the function i|»(r,z) must be determined, satisfying the equation 

r Or ' j (48.40) 


(48.41) 

= »• > 1 . 




and the conditions 


m 

m 
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Sirollarly, it follows from (M8.3D* (*<8.32), (H8.33)* (^»8.36) 
and (<48.37) that the function ^(r,z) must satisfy the equation 


\ih'^ ttr 




and the conditions 


I OS’ r»; J, 0 


< r < I, 


(148.-) j 


f . I. 


We will designate by t the zero order Hankel transform of 
the function f(r,z). We have (Sneddon [371]) 


DM 


hi,:) .. C"r 

Jo 

/('•.‘h C (I r) til 

Jq 


(48. 4H) 


Applying the zero order Hankel transform, the following equation 
follows from (48.40) 




(48.45) 


This has the solution 


'> = -•! ( 5)0 5 .-, 


(48.46) 
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where A Is an unknown function. If we designate 


9(5) = (5), 

O" 

then the function tjf may be written In the form 

^ (*9(5)<*’'*’/o(5»‘) ‘15, 

2 Jo 


and we conclude from (^18.31) 


0 == -ILir ^,,(5)e-5*./„(v)U;. 

o Jo 


similarly. It follows from (^<8.^12) that 


Setting 


t|> = 


/(5) = («*-!) [25' ^(5) -9(5)1, 


we obtain 


0 _ f i-r_!_/(5) + ,(5)1 

2 Jo c, J 


(118.47) 


(48.48) 


(48.49) 


(48.50) 


(48.51) 


(48.52) 


It follows from (48.31), (48.33), (48.48) and (48.51) that 


«,(r. <»)- --^^r/(5)*/o(50«l5, 

j(a — 1) Ju 

'»«(»■, '») { 5(9( 5) — / ( 5) 1 '/o ( 5*’) ‘I ;• 


(48.53) 
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The conditions (HS.ill) lead to the following Integral equations /189 


for the function q 

5j5*7(5)./o(5»‘)(15=.o, ,->i. 


(48. 5**) 
(48.55) 


In view of (48.53), the conditions (48.43) imply the equations 


Uv(5) -/(5)l./o(;r).IP 0, 0<r<j, 

( /(O'/o (Sr) (15 0 , r>I. 

•'O 


(48.56) 

(48.57) 


If we keep In mind (48.54), then the equation (48.56) Is 
replaced by 

C If ^ - ^ g(r), 0< r < I. 

(48.58) 

The solution of the dual integral equations (48.58) and (48.57) Is 
(Sneddon [371]) 


Id) - - 




I sill tt (k 

'o 


n; (r) dr 


(48.59) 


Similarly the solution of the dual integral equations (48.54), 
(48.55) Is given by 


l(l\ 1) ■- 




fl(.v) ‘l.v 

]/t-^ 


(' 

)o 


C jg (jg) sin ( 5 j) d.r. 
Jo 
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(48 60) 


If the faces of the crack are kept at a constant temperature, 
g(r) ■ -T», then the following Is obtained 


267 '* 

,(5)= ----y-. M) 


--- (sm I — ^cuH 5). 


r,a 


In this case we have 

2hT* 

o,,(r,0) .-(fi _!)-!« r>l, 

na* 

bT* ‘ 

v,(r, 0) - — (1 - r“)«, 0 < r < 1. 

A similar study can be made also In the case when the /190 

thermal flux is prescribed on the faces of the crack (Oleslak and 
Sneddon [326], Sneddon [378]). Other problems referring to media 
with cracks were studied by Sneddon [37^], Das [78] and others. 

d) Bousslnesq's problem for a heated die. Let us consider 
the problem of the thermoelastic equilibrium of a semi-infinite 
medium which is in contact with a rigid heated die (Sneddon [379]). 

The presence of the die produces a temperature variation In the 
medium under consideration. We assume that the boundary of the die 
is a revolution surface and that the axis of the die Is 
Similarly, we assume that the nondeformed boundary of the medium 
Is the plane x^ = 0 and that the tip of the die starts to enter 

into contact with the original medium. In view of the fact that 

the die is pressed normally at the plane x^ “ 0, then, when the 
equilibrium Is established. It will have, In contact with the plane 
x^ “ 0, a circle with a i-adlus a. We will consider a ® 1. 

We will assume that the portion 0 « r< 1, z “ 0 is the prescribed 

displacement u and on r>l, z * 0, the normal tension is zero. We 

assume, similarly, that the surfaces in contact are smooth and that 
the temperature of the die is a function of r and z. These assumptions 
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Imply the following conditions 


r > 0, 0) - 0, r>\, 

H.(r, 0) -- (»•), 0 < >• < 1, 


(48.61) 


We will consider the thermal conditions of the form 

0 {»•,()) o„(c) II (\ •»•), (46.62) 

In order to study the problem we use the representation (48.31)* 

On this occasion we Introduce the functions q(C) and f(^) by the 
relations 


q(l) 


\ 


ft- -V 




(48.63) 


In this case the functions ♦ and 4/ have the form 

<I» ^ ( 5 '/ (5)1 »' 

.'o 

and therefore we have 

0) - ( - 7 U)1 •/«(;»•) <1;, 

J{) 

<!„(/•, 0) --:Mi ) «U, ,0) 

Jo 

0(M1) - ‘-V> 

Jll 




(48.64) 


(48.65) 
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Prom (M8.31), (**8.46), (48.63) It follows that 


/191 


9(5) = 


2 («-' - 1 ) 


«( 5, 0) “ — r f 0(r, «) Jo(5.“ dr. 

2{a* — 1 ) Jo 


(48.66) 


If we designate 

/>(,•) = C Or, 

Jo 


(48.67) 


then from (48.65) and (48.61) the dual integral equations follow 
for the function f(^) 


5‘‘ /( ;) Jo ( 50 < 1 5 - yj (0 I- g{r), 0 < r < 1 , 

r/(5)./o(5r)(15 0, r>J. 

.'0 


(48.68) 


We will write a solution of these equations in the form 
f « f^ + f^, where f^ and f^ satisfy the equations 


5-'/i(5)./o(?r).15 -- /J(r), 0 < f < 1, 

r/i(5)-/o(5»’)«l5-o, r>i, 

5"‘/2(5) </o (5r) (1C tr), 
r/2(^)'^o(5 0«i5 = 0, r>l. 

Jq 


(48.69) 


(48.70) 
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The solution of the equations (M8.70) does not depend on the thermal 
field and It can be written as In (1<8.59). 


If we keep In mind (48,52) It follows that 

0(5,0) I- 0o(r)Jo(5O«lc. 

Jo 


In this case we derive 


/.(5) = 


hX 


-*(«•' • I ) 


0 ( 5 , 0 ). 


Solutions may be obt, lined also for other thermal conditions 
on the plane z ■ 0 (Sntldon [374]). 

49, Plane Thermoelastic Deformation 
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In this paragraph we will assume that B Is a straight cylinder 
with a length 1 , the bi ses of which are pex’pendlcular with respecv 
to the generators. We select a reference In such a way that the 
axes Qc ^ are parallel with the generators of the cylinder. Let 
E be the domain of the transversal section and L Its boundary, 

a) Statement of the problem. Let us assume that the domain 
B Is occupied by an Isotropic and homogeneous medium. 

Let us define the state of plane thermoelastic deformation 
parallel with the plane x^ 0 x 2 as being that state of deformation 
in which 


». •» 2 ), '* 0 , J-,), ^ 0 . 


Keeping In mind (49.1) we conclude from (47.5) 


(49.1) 




(49.2) 
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and therefore 


l«V -f- ‘ 2 \l. *,y — 

^33 -■- ^*YY /«3 ~ 0. 

The previous relations Indicate that in this case t^^^ ■ 

It follows from the third equilibrium equation that the state 
of plane deformation parallel with the plane Xj^Cx^ is possible only 
if f^ ■ 0, The other equilibrium equations are reduced to 


('»9.3) 


^00, 0 + /« = 0, 


(«<9.5) 


whence it follows that the state of plane deformation under 
consideration demands that the functions f^ do not depend on x^. 


by 


The tension on the lateral surface of the cylinder is given 




and therefore, on the basis of relations (^9.^) it follows that 
t^ ■ 0, and t^ does not depend on x^. Therefore, if a tension is 
prescribed on the lateral surface, then, in order for the state of 
plane deformation under consideration to be possible, this tension 
must be parallel with the plane x^^Ox^ and it should not depend on x^. 


The surface force which is applied along a portion of the 
cylinder S, contaxned between two right sections at unit distance 
One phase from the other, and between two generators which project 
in points plane x^^Ox^ is given by the relations 

If, -C I, (|« f , ,|.Y 

It- >'ur case we have 

K - ^ ^ 0”0 If 3 
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We will consider t . n<, as a tension on an arc element. 

Op P 

We obtalr the expressions for the components of the moment resulting 
from the tension 

W. - f,« 

Equation (<(7«2) is reduced to 



which indicates that the plane deformation under consideration /193 

requires that r should not depend on x^. Proceeding as before, 
it follows that the expression kS^j^n^ has the interpretation 
of a flux per unit of arc. 

Consequently, in order to determine the thermal field, the 
equation (^J9*6) must be Integrated in the domain E, with certain 
boundary conditions L. These conditions may take the form 

0 = Oon A'0„ M, = $ on ( ^ 19 . 7 ) 
where Ai, u /^a - A/, />, n = o and 6 and ^ are prescribed functions. 

After the determination of tlie functions 6 the system of 
equations 

*f" "(A 6,y ~ 

~ "a. B ( «B.a» 

must be Integrated in the domain E with certain boundary conditions. 

The equations (<<9.6), (*19.8) — (*19.10) are plane thermoelastic 
deformation equations, in the case when the tensions are given | 


(** 9 . 8 ) 

(** 9 . 9 ) 

(** 9 . 10 ) 
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at the boundary these conditions have the form 


<•9 «9 = « 6 //, 




where are prescribed functions, n^^ are components of the exter- 
nal versor normal to L. 

The conditions necessary and sufficient for the existence of 
the boundary problem (*<9.b) — (^ 19 . 11 ) are (Mushellsvlll [296], 
Plchera [122]) 



f j - 0, 



[ <’,83®, f/iih =s 0. 

h 


(^ 9 . 12 ) 


If the functions and 0 have been determined, we obtain from 
(ll9.^) the expression of the component t^^ and thus are able 
to calculate the tensions which act on the bases of the cylinder 
in order to maintain the state of deformation under consideration. 

Assuming that the function 6 is known, we can express the mixed 
problem by means of the displacement vector. Thus, it follows 
from (^9.8) — (49.10) that the functions u^^ must satisfy the 
equations 


i (^- 1 I^) **P,P» fa 


(49.13) 


and the boundary conditions 

M, -- «. [‘^"p.o ^.9 * >■ on f”, 


(49.14) 


281 


where // u //' =- A, V n h" = o. 


The plane deformation problem may be studied In general by 
methods known from the theory of elasticity (Mushellsvlll [296], 

Melan and Parkus [286], Boley and Welner [23] , Nowackl [315]» Orlndel 
[152], Kovalenko [242], Green and Zerna [139] » Kupradze [246], 

Teodorescu [409], Flchera [112]). 

As we have shown In the problems of thermoelasticity. It Is 
assumed that the mechanical loads are zero. Strictly speaking, 
those problems are considered, rightly, problems of plane thermo- 
elastlclty ; on the one hand, those whose solution Is based 
essentially on the equation which Is satisfied by the function 6, 
or on the special character of the loading system, and, on the /194 

other hand, concrete problems In which the function 0 and 
then the corresponding displacements are effectively determined. 

b) Reduction of the problem to the Isothermal case. Let us 
consider first a case in which there are no mass foices and 
thermal sources. Consequently the function 6 satisfies the equation 


Let us designate by F(z) the analytical function of the complex 
variable z ■ + Ix^, which has the function 6 as real part 

P(5) = e + i4'- (49.16) 


Let us Introduce the function u* by the relation 

wf -f i«? = ^ F(c) d*. (49.17) 


282 


It Is obvious that we have 


«fi * «*i *= 8, «{;* —tiJl,. 


(<♦ 9 . 18 ) 


If we consider the unknown functions u* such that 

o 


M, « «i + 


P 


•i(X t- |i) 


h: 


('♦9.19) 


then we obtain from (*»9.?) and (1<9.18) 


*•» ~ i* 


2(X f- fi) 




where 


(M9.20) 


3*ie = u’a.^ + Mp,«. 


(H9.21) 


In view of (t»9.20) and (49.3) it follow? that 


f«p — ^Cyv ^«p "f" 2|X Sqp* 


(49.22) 


Consequently the problem of thermoelasticity was reduced to 
a problem of elasticity In the displacements u^, the deformrtlons 

and the tensions t^g referring to the same domain. It should 
be noted that the tensions t^g from the new problem, called the 
auxiliary problem, coincide with those from the initial problem. 

Let us assume that the domain Z Is simply connect., a. If zero 
mechanical loads are prescribed at the boundary, then the solution 
of the auxiliary problem Is 

Co = 0. i«; 0. 
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Thus, In a simple connected medium which Is In a plane thermo- 
elastic deformation state, in the absence of heat sources and 
mechanical loads, no t^^ tensions appear and the displacements 
are given by 

M « — & 

2a I {*) (H9.23) 

The tension t Is expressed as /195 

. («I9.21|) 

X + ' 

Obviously, in this case the deformation of the medium Is due to the 
temperature variation caused by the thermal loads at the boundary. 


Let us consider the case of a multiple connected domain. Vfe 
assume that the boundary L of the domain E consists of the external 
outline Lq and of n internal outlines • 1,2,..., n) which 

do not have common points. The function P(z) whose real part Is 
the uniform function 6, can have many forms 

F{s) = t -.%) t- t'ois), i^9.25) 


where are points situated inside the outlines Lj^, are real 
constants and Fq(z) Is a holomorphlc function In the domain under 
consideration. 


In this case, we derive the relation 


«• i »M? = ? S (s ~ St) \- i i***) (' - *») I fo (»). 

km.t 


(^ 9 , 26 ) 


In which bj^ are real constants, and fQ(z) is a holomorphlc 
function In E. 
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We obtain from (Il9.26) 

f«* f Im?U, + ii»). 


W-21) 


We designated by CflLij ^^e variation of f when It follows a 
positive direction, an outline which contains thf outline Lj^. 

In view of the fact that the functions u are assumed to be 

a 

uniform. It follows that the functions u^ have many forms. 




(^ 19 . 28 ) 


!!l 


A f (X 


(fit -Ti -f <!,). 


In this case in the auxiliary elasticity problem the displacements 
u* must have the multiform nature given by (49.28). It Is said 

Ot 

that the auxiliary problem Is a problem with dislocations. The 
quantities 


e» 




X I (A 


lit, «, 




(49.29) 


are called the characteristics of the dislocation. The results 
presented are due to Mushelisvlll [296]. 


Let us consider now the case when only the mechanical loads /I 96 
e zero. In order to reduce the problem of thermoelasticity to 
a problem of elasticity, let us look for the solution In the form 


«. = 


(49.30) 
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where the function ♦(Xj^,Xg) latlafleo In the domain t the equation 




ti- 


-J-e. 

X -I 2 \>. 


('<9.31) 


If we replace (<<9.30) In the equations (<<9.13) (In which 
f^ - 0) and we keep in mind («9.31), It follows that the functions 
u^ satisfy the equations 

|i<M H (X -f |i) = 0. (49.32) 


We obtain from (49.9), (49.4) the expressions for the tensions 


= t:a -f 2|i(«D.,, - 0^), 

'm “ ^*09 - -|A ‘4.,,, (49.33) 

where 

/«0 --- ?.tip ) 2(1 t'p, ( ll9 , 3ll ) 

wi.B i- «8.«- 


It Is obvious that the equations (49.32) are equivalent with 


<«0.B — 


(49.35) 


If we have the boundary conditions 

<«B ”p “ 
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(H9.36) 


then we derive the following conditions for the functions 


= - 2(i «9 - 4».rr »«)®n 

Consequently, the problem of thermoelasticity is reduced to 
the determination of a function ^ which satisfies equation (49.31) 
and to the integration of the problem of plans elastic deformation 
(40. 3 H), (49.35), (49.36). 

As is known from the theory of elasticity (see for example, 
Mushelisvlll [296], Sokolnlkoff [382], Qurtln [163]) the solution 
of the problem of plane elasticity may be determined with the help 
of the Airy function. In this case we have 

(49.37) 

Where the function A(x^,Xg) is biharmonic 

(49.38) 


It follows from (49.37) that 


<l.v 

With this, the conditions (49.36) become 


(A,,) = 2|x y- (.4.0 = 2^1 4- (‘*‘. 1 ) 
(]« ds d.9 d« 


/197 

(49.39) 


(49.40) 


The plane deformations may also be studied with the help 
of complex varlablt ? . On the basis of the theorem of Goursat 
(for example, Mushelisvlll [296], Gurtln [I 63 ]) the function A 
may be expressed (see also Paragarph 55) by two analytical functions 
of complex variable z « x^^ + IXg. Thus 

2.4 = z + x(2) + X(*)* ( 149 . 41 ) 


^ ' V 
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The displ Axemen 1 8 and the tensions arc represented 

in the form 


-V (m{ + iwj) = “ 5C'(»). 

X -1- li 

f|. +/«= 4Uctf («)], (49.42) 

<i!j — ^!i + 2U5a = 2|«4<**(*) + 


Similarly, we have 


+i-4.a) = + s-m + ?(5)]. 


(Iv 


i\s 


(49.43) 


In view of (49.30), (49.33) and (49.52) we obtain, for the solution 
of the problem of thermoelasticity, the relations 


‘Mu, .f i«„) = - -+'(«) - x'(*) + 2|x , + i 

f„ -t- = 4 Re [<>'(c)j 0, 

X 4- 2(1 

1.2 - f„-i- 2 i/,j= 2 [s 4 <''(a) + y'(s)] + 2(i(<I>.2,-<l>.„+2i«I>,,2). 


(49.44) 


A detailed study of the problem of plane elastic deformation with 
the help of complex variables may be found In the monographs of 
Mushellsvlli [296] and Green and Zerna [139]. 

c) Thermal tensions in a tube., Let us consider the case when 
Z is the domain contained between two concentric circles with radii 
and R2(H^ ^ center at the origin. We will use polar 

coordinates (r,(|)). In this system the equations of thermoelasticity 
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are derived easily from (2^,86) — (2il.90). 


We assume that there are no mass forces and that the /198 

boundary of the domain is free of tensions. We will consider the 

case where the temperature 6 is e function v/hlch depends only on 

r. Let u “u(r),u. ■0, It follows from (2M.86) that 
r <p 


cIh 


<lr ’ 





r 


('<9.‘<5) 


If we consider the relations (2*».76), (2^1. BO), (2^4 .85)* (2^ .86) 
then the equations (^ 19 . 9 ) are substituted by 

<»rr X (e„ 4- e,,) + 2.U e,, - pe, ( i<9 . *46) 

= X + J,,) 4 - 2 n e„ - po, 

Or* = 2yi e.,. 


We obtain from (*49.*<5) and (*I9.*46) 

= ~X **- (r«) 4- LV**" - pe, 
r (Ir dr ’ 

o*p = X ^ (ru) 4- u — po, 
r dr r 

Of, ~ 0. 


(*49.*47) 


The equilibrium equations are reduced to 

— ■ + -- ( dfr — o„) = 0. ( *4 9 • *4 8 ) 

dr r 

The boundary conditions may be written in the form 




Off (Jf z) — b- 


(*49 .* 49 ) 


If we replace the tensions from (*»9.^7) In the equation 
(l| 9.^48) the following equation may be derived for the function u 


-lf± p dO 

dr I r dr ' 'J >. + (il9.50) 

The solution of this equation Is 

II — Aft + - ■ ^ C rO dr, ( ^9 • 51) 

r (K-l-2^)r)«, 


where A are Integration constants. We obtain from (^<9.5D and 

(^<9.^7)^ 


- 2 (X + rt JnL. r ,e d^ 


— 2 (X 


+ ,.)>!, -h — gjj P ■ fVedr 

>• -H 2fx (X -f- 2ft)r*J«, 


(^9.52) 


similarly. It follows from (^9.^) and (49.51) that 


021 


^33 ^21 X (iff ^99) — 2 XjC| "" ' 


2|aP 

X + ‘Jix 


(49.53) 


If we Impose the conditions (49.49) we derive the following 
values for the integration constants 


(X + pi).4, = 


.4 


ffP 

(X + 2 ii)(Jtl - Ri) 

(X + 2fx) (Rl - Ri) 


r». 


r 6 dr, 




r6 dr. 


(49.54) 


Replacing these values in (49.52) we obtain for and 
the expressions 
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('<9.55) 


0^9 


2>xp 

(>^ + 2ii)r* 


(X 4* 




The radial component of the displacement Is given by 


M = 




(X + 2»x)(i?i 


+ '!L)t“V6.„+_i — r,edr. 

— /ii)\X,4-n f / j/t, (X4'2(i)r Jr, 


(M9.56) 


If there are no heat sources and at the boundary of the domain 
r we have the conditions 


6(/2,) = e(i?2) = Tj, (<<9.57) 

where and are constant, then the solution of equation 
(<19.15) which satisfies (<<9.57) Is 


0 — C, In r 4- (’j, 


(«9.58) 


in which we designated 


C 


1 


^2- y. 

Inifj - Inie,’ 


y, In/ia - T, In Jt, 
In Hi — In 


(«9.59) 


In this case we can easily determine from (49.55) and 
( 49 . 56 ) the solution of the problem of plane deformation. If 
T^ = 0, then we obtain for the tensions the expressions 


= 


0^9 — 


(X 


r['" 

4 - 2fi) In It.lH, [ 


(X 4- 2|1) \nU^lH 



(49.60) 


The method of Muehellsvlll presented in Paragraph 52b may also 
be used to study this problem. Thus* In the case of the temperature 
distribution (^9.58) the function P(z) Introduced In (^19. 16) is 


/*’(«) - Cl loff * Tj.. 


(119.61) 


We obtain from (il9.17) and (ll9.6l) 


«r -I- i«? ^ s{t\ lo},' c- - 0,). , ( i»9 . 62 ) 


The constants Bj^, bj^ from (149.26) are reduced to ■ C^, 

®1 “ ^1 " solution of the auxiliary problem of elasticity 

which corresponds to the characteristics of dislocation 

TTpC, 


e, = — 


+ (i 


a, = p, = 0 , 


was established by Mushellsvill [296], This has the form 


T(*) = 


2fi(«; + i«;) ~ x7(s)l. 

I > + F J 

4- (^) = J »F(f) (b, x,(s)=J A(c).l:, 

|_1 J t*S In i <2 — li't In 7^1 ) £i !>-i -l-. t^) ^ 

[2 Jii-hi I 2jT{/.f2.x) " 


A(«) = - 


e,tx (X + fx) 
27t (X 4- 2{x) 
£,^l(X 4- 




7i,tMx + j?f) ie, ’ 

o' = /■‘o- /^tI" \ 

" 7r(X 4-2(x)V rHIil-Ui) 7/, Hi ~ J’ 

o;, = A 

7t{X|-2(x)V »-s(//|-/7j) /i-, m~Ifl ) 

a'„ = 0. 


(1»9.63) 
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The displacements are determined from (**9.62) and 

(*♦9.63). 

Other problems Involving the state of plane thermoelastic 
deformation will be found in the monographs written by Melan and 
Parkus (286], Boley and Weiner •’231 f Nowackl [3151 » Pors [351 » 
Qrlndel [152] » Teodorescu [**09]» where there Is also a large 
bibliography of works In this area. 

50. Generalized Plane Deformation 

a) Statement of the problem. We assume that the cylinder 
under consideration In the previous paragraph cons’lsts of a 
nonhomogeneous and anisotropic medium for which the coefficients 
Cijki» ® depend on the axial coordinate x^. 

Let us define the state of generalized plane thermoelastic 
deformation parallel to the plane x^^OXg of the medium under 
consideration as being the state of deformation In which we have 


/201 


«( ^ »<.( »•„ .1'..), 


^ ( ' i, J‘4). 


( 50 . 1 ) 


These restrictions imply the case that ^>j ‘‘i), ft, j„). 

Moreover we have 


•*Eae — M|i. 3 + “(».*> -®<i3 “■ "a.»» ‘33 


ffa ~ 6 P<« 




♦33 — ^33tS **t.B P33 


The equilibrium equations (*I0.1) take the form 


( 50 . 2 ) 


(50.3) 


(50. *0 


♦<«.« 


(50.5) 
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from which It results that the generalized plane thermoelastic 
deformation requires that the functions f^ will not be dependent 
on Xg. 

Let us assume that the following tension Is prescribed on 
the lateral surface of the cylinder 


<1* M. " Pi- 


( 50 . 6 ) 


Thus, the functions p^^ must not be dependent on dTie 

equation (^<0.6) is reduced to 


(^•■.9 0 p).« - -r- 


(50.7) 


Obviously, the state of deformation under consideration 
requires that the thermal loads be Independent of the axial 
coordinate . 

If the thermal flux Is prescribed at the lateral surface, 
then In order to determine the furctlon 6, equation (50.7) must 
be Integrated In the domain I, with the boundary conditions 

/.'.e 0,3 H, -- 5 onL. (50.8) 

After determining the function 6, the system of equations 
(50.3) » (50.5) still must be Integrated In the domain E with the 
boundary conditions (50.6) on L. This system of equations may 
be written In the following way 


(f’l.tB «».(>),. - (| 3 <, 0 )„ 4- /< = 0 in V,- 

The conditions (50.6) take the form 

(^'•.*9 «*,(, - 0) «. . on/,. 


(50.9) 


( 50 . 10 ) 
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If we know the functions and 0, we obtain from (50.**) 
the tension t^^ and can thus calculate the tension? which act 
on the bases. 

The generalized plane deformation of homogeneous elastic media 
v&L considered In various papers (see, for example, Lekhnltskll 
[ 256 ]) assuming that f, ■ p^ ■ 0. This restriction Is unecessary. /202 
The equilibrium conditions of the cylinder under consideration 
may be written In the form 

S/' *** ^ ■'•/ft j ^93 •'■f/9 d« «, ( 50 . 11 ) 

( ^./s Pa d«. ( 50 . 12 ) 

Js h h 

The relations (50,12) are similarly satisfied on the basis of 
relations (50.5), (50.6) so that 

\ l'.3 + (*ap.9 +/3)ldo - 

*39). 9 + fa) da = Pa d« + /, da. 

It has been shown (lesan [203]) that In certain conditions of 
regularity, the relations (50.11) represent necessary and sufficient 
conditions for the existence of the solution of the boundary 
problem (50.9), (50.10). 

The problem of the generalized plane thermoelastic deformation 
for homogeneous and anisotropic media was studied by Manolachi [276] 
with the help of • omplex variable functions. The case of the 
connected multiple domains was analyzed by lesan [191], using the 
method of the potential. 
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b) Reduction of the problem to the Isothermal case. Let us 
consider a homogeneous and anisotropic medium which Is In a 
generalized plane thermoelastic deformation state In the absence of 
thermal sources and mechanical loads. 

In this case the equation (50.7) becomes 

*^. 8 0 ..# *= 0 : ( 50 . 13 ) 


We assume that the boundary problem for the determination 
of the function 6 has been resolved. In the following this function 
will be considered as being known. 


Let be the roots of the equation 

as 0. 

On the basis of the relation (23.7) we can write 


(50. lU) 


X. = a - (-1)- ih, i =a J^_1. (50.15) 

If we make the transformation 

y, = yj = j-j -h aa„ (50.16) 


then the equation (50.13) will take the form 

.^*9. .1. ^ 0. (50.17) 

<*.vi t>y* 

Let us Introduce the complex variable C ® + ly 2 * P(c) 

be the analytical function which has as its real part the function 6 


tU) = 0 + i'p. 


( 50 . 16 ) 
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Obviously, we have 


/203 


dO 00 _ 

Oy, ’ ay, “ 


(50.19) 


In the variables these r'slatlons are written as 

(X 


( 50 . 20 ) 


where 


.• A - - _ A* _ l 

" fc ’ •* i, * '•« 


( 50 . 21 ) 


Let us consider the functions u* defined by 

a 




( 50 . 22 ) 


Thus we have 


'*1'?- r. ^ 0 dMf ^ duf 

’ »>.», Oy, 


(50.23) 


In the variables x these relations become 

a 

w«.B — <*»0 I A,p (50. 2^4) 

where 

flj, =«, a„ = 1 , (50.25) 

Aii — — <1, />,, — I, jj 

Let us introduce the functions u^ by the relations 

(5C.26) 

In which p^g are constants which must be determined. 
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If we designate 

* 'tai* 

then we obtain from (50.3) and (50,26) 

■■ Ua 'I (I, 

In view of the relations (50.2^1) It follows froj»» (50,28) 

- K» + (0„^apt,a,, - fj„) 0 I- p^J,^ 

We require that the functions t^^ satisfy the equations 

C. - “ 


(50.27) 


( 50 . 28 ) 

that 

(50.29) 


(50.30) 


We obtain from the equilibrium equations (50.5) » In which 
fj^ • 0, and relations (50.28), (50.30) 


1 

/204 ^ 


(«l» /*»v P(») I /^tv ■ a. 


(50.31) 


Keeping In mind (50.20), the relations (50.31) become 


K, -f- ft,, r,^) -p,^] 0^^ 0. 


If we have 


(\aU {(f,» Sait + = P 




(50.32) 


(50.33) 


then the equations (50.32) are satisfied. We vMll determine 
the constants so that (50.33) takes place. It can be shown 

that the system (50.33) determines, in a unique r»anner, the constants 

Pla* 

In view of (50.29) we obtain from (50.6), In which p^^ ■ 0, 


(( t (,4-p /^jkv ^v0 P^a) ^ ^vP Vl^^a 


(50.3^0 


In this way the problem of thermoelasticity was reduced to the 
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reaolutlon of a problem of elasticity (6 • 0) with a certain load 
at the outline. The elasticity problem consists In the Integration 
of the equations (50.27), (50.30) with the boundary conditions (50.3**). 

If the domain £ Is multiply connected, then, as In th(> case 
of (iJ9.25), the function F(c) has th form 

“ C») J- FoiO, (50.35) 

where are points situated Inside the outlines Lj^, 

are real constants and Fq(c) Is a holomorphlc function. It follows 

from (50.22) and (50.35) that 

-C,) 4-^JI («, 4- ifc*) (50.36) 

in which bj^ are real constants and fQ(c) Is a holomorphlc 
function. In this case we obtain 

.1 

'■ ■•'i •< Pit Ih -i'i 4- Pnb^ — pfiait], (50.37) | 

I 

\ 

Consequently, for multiply connected domains in the auxiliary problem, 
the displacements u^ must have the multiform nature given by (50.37). 

The results presented here were derived by lesan [196]. i 

51. The Problem of Saint Venant . Let B be the Inside of a right 
cylinder with a length A, the bases of which are perpendicular on 
the generators. We assume that the generic transversal section £ 

Is limited by the closed Liapunov curve, L. We will select the 
reference Ox^ so that the axis Ox^ is parallel with the generators j 

of the cylinder, one of the bases is In the plane x^ ■ 0, and the 
other one In the plane x^ ■ £. I 
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We assume that 6 Is occupied by an elastic medium which /205 

Is In equilibrium under the action of a prescribed temperature 
field. We will consider that the mass forces and the tension on 
the lateral surface are zero. Aaoptlng the principal of Saint- 
Venantf we assume that the tensions that act on one of the bases 
are statically equivalent to zero. It follows from the equilibrium 
conditions of the medium that the tensions which act on the other 
base are statically equivalent to zero. If the mechanical loads 
were not zero this would imply the resolution of an auxiliary 
problem of elasticity. 


of 


We will study the case In which the temperature Is a polynomial | 

degree r In the coordinate of the form 1 

0 - J (51.1) 

*-0 


where the functions T^^Cx^^^Xg) are given. Consequently, we assume 
that the temperature obtalneo by the Integration of the equation of 
propagation with certain boundary conditions is approximated by 
(51.1). 


The equilibrium conditions are 


tn, I = 0 ia Ji. 


(51 .2) 


In view of the fact that the lateral surface Is free of 
tensions. It follows that we have the conditions on this surface 


»« = 0 . 


On the bases situated In the plane x^ 
following conditions 


® 0, we have the 


J /.3 da = 0, 


(51.3) 


(51.^0 
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Jl„da -0, 


(D1.5) 


'i: 




( 51 . 6 ) 


J /’3ifl J', /p3 da = 0, 


(51.7) 


which expj’eas the fact that the tensions which act on these bases 
have the resultant and resulting moment zero. 

f n 1 

Let us designate by ' the problem of the determination 
of the thermoelastic equilibrium of the cylinder when 


0 ■ T, (j„ 


(51.8) 


where n Is a positive Integer, or zero, and ® prescribed 

function. It Is obvious that if we know the solution of the problem 
P' ^ for any n, then, on the basis of the linearity of the theory, 
we will be able to determine the solution of the problem when the 
temperature has the form (51.1). In order to resolve the initial 
problem, we will use the method of Induction. First we will resolve /206 
the problem and then we will establish the solution of the 

problem when the solution of the problem Is assumed to 

be known. 


If u]'"' are components of the llsplacement vector from the 


^(k) 

problem P^*') (k * 0, 1, 2, ...,r) then the components of the 
displacement ector corresponding to the problem In which the 
temperature has th'» form (51.1) are given by 


•0 = S 


!») 




(51.9) 
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Boley and Weiner [:*3] studied the problem of the deformation of 
homogeneous and Isotropic bars when the temperatuie Is linear In 
x^. The results presented in this paragraph were derived by 
lesan L190], [200], [203]. 


a) Homogeneous and isotropic bars. In this case the constitutive 
equations are 


/ii — ).e„ iff -f — pO hfif 


( 51 . 10 ) 


where X, y, $ are constants and 


-«o f u,.f 


(51.11) 


.^ 0 ) 


Let us consider at the beginning the problem P . We 
will assume that 




(51.12) 


where f Is a given function. 


Let us look for the solution of the problem in the form 


[•*1 + v(j'f — 4)J — ajVTjT, — a, VJ*, + P, {r^, r.,). 


(51.13) 


M.. a, v.r,.r, —a, [j^ — v (jy — .r|)| — vj,-, -j- Pj (j„ j-,), 

M, -■ (n|j’| + fl.J’, + a,) J'a, 


where v^ (x^^,X 2 ) are unknown functions, are unknown constants 
and V represents the Poisson coefficient given by (23.20). 

If we Introduce the designations 
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•* **« , ft * f ^*ft . 1 » 

- = ^Ypp 4,(( |- *i;i v,3 - 8,3, 

we obtain from (51.10) — (51.13) 

U 9 • 0, 

^3» l’> (fl|J'| I ilji.1'2 1 < 13 ) i v»T 33 

where E and a are constants defined In (23.19)> (23.20). 

The equilibrium equations (51.2) are reduced to 

*«0.B •** 

and the conditions (51.3) become 

«.(»»*# = 0 on L. 

Thus, the functions components of the 

displacement vector from the problem of plane thermoelastic 
deformation (51.1^) » (51.16), (51.17) corresponding to the 
temperature 6 ■ f(x^,x^). In the following we will consider this 
problem as being solved, and thus the functions v^, will be 
assumed to be known. j 

.1 

The conditions (51.^), (51.7) are satisfied on the basis j 

of the relations (51.15). We obtain from (51.5), (51.6) and (51.15) i 

I 

^1 ~ "t (J's^is I*J» j 

ha 

«2 (51.18) 

03= ^ P — rt,a® — fl.j-S, 

K/1 • 


/207 


( 51 . 16 ) 


(51.17) 


(51.15) 


- /‘V. 
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where 


I' — y Atl«, .V, --y A • A’«/— vo)|j, A s= y d«, 

h h h ( 53 . 19 ) 

/*(s ~ j (J’« •fi) (Jp •ifl) d<i, d ffilti ~~ ^ ^ 3',dfl 


Consequently, the problem is reduced to the solution 

of a problem of plane thermoelastic deformation. The solution of 
the problem has the form of (51.13) where the constants a^^ are 

given by (51.18). 


Let us study the process of recurrence. We will designate by 

’^i* ^Ij* respectively, the components of the displacement vector, 

the components of the deformation vector, the components of the 

tension vector, from the problem p^*^^ and by u . , c,., t.. the similar 

(n+13 ^ 

functions from the problem P . Let us establish a solution of 

the problem assuming that the solution of the problem p^*^^ 

Is known. In view of the fact that the solution of the problem 
/ \ 

P' ^ is known for any T (x, ,Xp), It is also known, therefore, In 

n X c 

the case when the temperature has the form 0 “ 

problem may thus be presented In the following way: let the functions 
^1* ^11* ^IJ found which satisfy the equations (51.2), (51.10), 

(51. ll') and the conditions (51.3) — (51.7) when the temperature 
has the form 


0 = y(.r„ J'j) J'S 


i.H 4 I 


( 51 . 20 ) 


assuming that the functions uj, , t*j which satisfy the equations 
(51.2), (51.10), (51.11) and the conditions (51.3) — (51.7) 
where the temperature is 


0 - y(J „ J ^) x5, 


( 51 . 21 ) 


are known. 
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Let us search for the functions u^^ In the form 

M, ^ (M l- I) fe,|.l3 v(j? - »i)l - ftjVJ;,®,- 

fejVTj — TJ'jJ'j -j- 

Mj - (II + l)||| ‘tiJd-J j — fciVJV' s — " frafj’s — v(J'i — A’®)] — 

■ “I" •*’2)^1 

«3 “ (M + 1) ’«• djj -f (b^r^ + fcjfcj -H fra) Jj *|- /-’(a’,, .r,)|, 


/2O8 


( 51 . 22 ) 


Where the functions w^Cx^.Xg), FCx^jXj) and the constants and 
T must be determined. 

We obtain from ^51.22) 


Ca9 ~ (M'I' ^aed.l’a — v(fr|.ri ■(• fr^J’. fra) + 

c«3 (^* ~ **’2» ^)j|* 

®33 ~ (^* £33 d.i’a biXi •(- fcjj'a -}- fra + 


(51.23) 


where 


2y« 0 = «o«.e + 


(51.2i») 


In 


view of (51.20), (51.21), (51.23) it follows from (51.10) 


that 
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(51.25) 


^.9 (>• + •) -f mI^’.. - 'f'atfi •»•» + •»•*. «)]j» 

faa (« + l)f -I- K(fc,.r, j V.* t /»») l-vrr., h 


I (X •}• 2|i) Wj(j'k J'j» Ii 


where 


Jt,p Xypp«,p I 2.uY,p. 


/209 


( 51 . 26 ) 


The equilibrium equations are reduced to 

’J.3.B t .V. =" bf 

A/-’ A in V, 


(51.27) 

( 51 . 28 ) 


in which we designated 

‘*'2 ) ~ •*‘2> XMj., J' jf 0), 

fi(a„ r..) -= - ~ 0). 

a 


(51.29) 


The conditions (51.3) become 


(51.30) 


(fF 

Uii 


q on L, 


(51.31) 
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where 


J'g» ^0 W«t 
•**(’*'n •*'*» 


It follows from the above that the functions w^ satisfy 

01 


(51.32) 


the equations of the problem of elastic (6 ■ 0) plane deformation 
(51.24), (51.26), (51.27), (51.30). 

The conditions which are necessary and sufficient for the 
ey.lstence of the solutions are 




(51.33) 


In view of (51.29), (51.32) and the theo»'em of divergence, 
we obtain 


L^’**'* ^ 5/* ' lit <*) <'«, 


(51.34) 


so that the conditions (51.33) are satisfied because the functions 

t»j satisfy the relations (51.4) — (51.7). In the following we 

will assume that the functions w^ are known. 

a 

The necessary and sufficient condition for the existence of 
a solution of the problem (51.28), (51.31) Is 


h <l'f 



(51.35) 


If we consider (51.29), (51.32) we can write 


/210 


hda-i qdn= - -i C x^, 0) da-0, 

'k Jl II Ja 


(51.36) 
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on the basis of the fact that the functions t|^ satisfy the 
conditions (51.^) — (51.7). The function P depends on the 
constant t . In order to determine this constant we Introduce 
the function of torsion which satisfies the equation [382] 

A 9 =o in (51.37) 


and the boundary condition 


df 

=* on L. 

Let us consider the function ip defined by 


(50.38) 


/•’ = T9 + 

It follows from (51.28), (51.31), (51.37) — (51.39) that 
the function t|> satisfies the equation 

Sfp = H in 21, 


(51.39) 


and the condition 


dn 


■ 0) on Jjt 


(51.40) 

(51.41) 


The function i|» does not depend on t and we will assume that 
It is known. We obtain from (51.25), (51.39) 


= (« + I ) «?3 djfj + (it(9„ — + (51.42) 

+ JA'I't. + fx«J (x„ Xg, 0)j, 

In view of (51.42) it follows from (51.7) that 

t/) = — (1 j + « 9 (JP„ a-8, 0)] da, (51.43) 


308 


where D Is the rigidity upon torsion l3B2j 

^ -h -f ) «lrt. ( 51 . i| 1| ) 

It Is known that D > 0 so that the relation (51*^3) determines 
the constant t. 


We find from (51*5), (51.6) and (51.25) that 


/21 


- /|»^I + Q], 

iuA 


(51.1J5) 


where 


V = .V, 



(X -j li,u) r„ 0), 


while the other designations are given In (51.19) 

The conditions (51.^) are similarly satisfied on the basis 
of the equilibrium equations and the boundary conditions. Thus, 
we have 


^ y«3*^** ” ^ (^«3 "t ^ l(•^ll^B3).p "t” ^a^33.3ldfl ' — 

^ ^ «s <1» -{- (H 4- 1)^ do = 0, 


because the functions tj^ satisfy the equations (51.^) — (51.7). 

Consequently the problem thus posed is reduced to the 
Integration of the equations of a problem of plane elasticity. 

The study of some special problems Is presented by Boley 
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and Weiner C23]» Orlndel Cl52], etc. 


b) Bare made of different materials. Let us consider the 
case when the transversal soction £ it the combination of domains 
£q and £^(j ■ l,2,...,m), £^ being a multiple connected domain, 

lliTilted by closed curves L^(J ■ l,2,...m^l) which do not have 
common points. We assume that the domains Ej are finite and simply 
connected, limited by the curves Lj(J ■ l,2,...,m) respectively, 
and is the boundary of the domain E. We will consider the case 

when the bar consists of different materials, so that in each of the 
domains ■ 0,l,2,...,m) we have a homogeneous and Isotropic 

medium and by going from one domain to another, the thermoelastic 
properties of the respective media are different. 

The problem of Saint-Venant for these bars in the isothermal 
case has been studied by Mushellsvlll [296], Bors [35], et al. 

We will impose that in this case the components of the dis- 
placement vectors and of tension vectors be continuous in B. These 
conditions, together with those on the lateral surface, may be 
written in the following way 


|m,1( 1m»Ic» 


I l< ■* lo ***• ^<4 (• “ I )» 

- 0, on Vj,6(0, a 


(51.i<6) 

(51.i«7) 

( 51 .^ 18 ) 


where we designated by n^ the components of the vector of the 
unit normal which Is external at the boundary of the domain 
and [ ]j indicates the fact that the expression in the parentheses 
or brackets is calculated for the medium which occupies the domain 
E^ Cii ® 0,1,2,..., ml. 
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Let U8 designate by u^» 0^^ the constants which 
characterize the thermoelastlc properties of the medium which 
occupies the domain (1 ■ 0,1,2, ... »m) . The constants E^, v^, 

■ 0,1,2,. ..,m) correroond to these ooefflclents through the 
relations (23.19), (23.20). 

We will consider three auxiliary problems of plane elastic 
deformation A (k ■ 1,2,3). Let us designate by tiV, (X =• l, »2,») 
the components of the displacement vector, the components of the 
deformntlon tensor, the components of the tension tensor, respectively, 

fit) 

from the problem A . These auxiliary problems are characterized by 
the equations 

~ (51.^9) 


and the conditions 


2tiV = -f vV 


= in - 0 , 1 , 2 , 


(51.50) 

(51.51) 


I»c A,(,- 

['•VJo«a 0, pe 


(51.52) 


where 


oU -■= ( V, Vu) (J1 - ,rf), (v, _ V,) ar,a;„ 

f7ii’ - (V( — V,) == — * (v, — v,) — 3 ^), 

fflj’ = (V, - V,) j-.. 
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The above auxiliary problems were considered by Mushellsvlll [296] 
In the course of the study of the problem of Salnt-Venant In the 
Isothermal case. They were i^lso studied by Sherman [3631* In the 
following we will assume that the solutions of these problems are 
known . 


In order to solve the problem we are searching for the 

solution In the form 


M, ^ M r, .r.), 

Wj - ; - v,(jii - 4)1 - rtjV.Jj-). r 4 - 

" *»i 

•I- 

«3 («,,r, I ftj.r. I ill 1 , x|0,/)(; «, 1,2 „,), 


(51.53) 


where v are unknown functions and a. are unknown constants, 
a J 

In view of ( 51 . 52 ) it follows that the functions (51.53) are /213 
continuous In Z if 


1 *'J< ■ f<'Jo |M‘ 1,2, 

We conclude from (51.53) 

-f /»j= 0, 

-• 4- 4 - fl,) 4- V, 2 4 -v,<rp 0 - 

Aa 1 

- A>,/ in S,(i = 0 , 1,2, m), 


(51.5^0 


(51.55) 


where 




= >^.YeP«.8 2ft, Y,8 - P,/«,8, 

= + fj., ill I, f, 1 , 2 , . , w). 


( 51 . 56 ) 
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In view of (51.51) and (51.55) the equilibrium conditions 
(51.?) are reduced to 


®«M “ ® I* 2, . . m). 


(51.57) 


The condltlona (51.**7) and (51.^8) become 


(®gol« I on -- l* 2, , . ,f »i)i 


(51.58) 


on tht basis of relations (51.52). 

In conclusion, the functions are the components of the 
displacement vector from the plane thermoelastlc deformation problem 
(51.56), (51.57), (51.58), (51.5*») In which the temperature Is 
f(Xj,X 2 ). We will assume that this problem Is solved (see Sherman 

[363], lesan [193]). 

The conditions (51. <0 and (51.7) are satisfied on the basis 
of relations (51.55). We obtain from (51.5), (51.6) and (51.55) 

(I, - A'2:»I| — A' -• A’ijIM. — A’|5{W<,, 

— p — «|d| ( 51 . 59 ) 


where 


‘all = • J) *1" 

W 


- AVr. V,. 


1 " f m 

'0 ! ■'■pp'ldfi, </, = 2 [Ki I 

(I - A’„/r,j - A*?J, P ^ J f A<“ 

", • - 0 

«'» t\ [A'‘> ! v,t4V)l .rp.l«. 


(51.60) 


313 


It can be shown (Mushellsvlll [296]) that 0, d 0. 

Let us study now the process of recurrence. We will try to 
find the solution of the problem of in the form 

«i “ (« 4 *) jf - -H)] - 

— — ftaViJTi ~ T-*Xj f JMl*’ + 

I 

Mj = (H }- I) M.J iIj'j — ft,v,.r,j -2 — 6jfxS — — xH)] — 

a 

— fcjViTa f- rx,X3 -}- Yt t •t’iU'ii J'j). 

A s I 

M3 = (M + (fc,x, + fejX, -h ftj) .1-3 L Xj)l, 


where the functions w^, P and the constants b^^, x are unknown 

For the components of the tension tensor we obtain the 
expressions 

fa» ^ t I)[^JJ/5««1 x 3 f - ::,p i- 

Ua = (« f- 1) <- - *'’3.e-ra hw?(ar„x2,0)]|, 

^S3 ~ (*• "H Wl-Xs r -i- +''<T] + 

I Jo *t| 

|-(Xj -}■ M*(X|, X2|0)l| 


where 


«.e = >^Ypp*«S 2(xy,p, 
2Y.e = M’,.0 -i- W0.,. 
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( 51 . 61 ) 


( 51 . 61 ) 


(51.62) 


(51.63) 




In view of (51.52), the conditions (51. ^<6) — (51. '<8) are 
reduced to 

= l«’.U - [«.9)o«p I xi", 

KiiIdMo - 

f|i 1 Mp on //«♦!, 


in which 


’‘i?* ^ (Xo ” j-„ 0) »i„ /), = - a>, 0), 

q, - ((!„ - .r„ 0 ) - T<-a,pa-p ) 


Q ■= l*of - «?(•«•„ j-j, 0) I 




(51. 6H) 

(51.65) 

( 51 . 66 ) 

(51.67) 

/ 

( 51 . 68 ) 


If we keep in mind (51.51) and (51.6?) the equilibrium equations 
take the form 


where 


«.(».» t- = 0, 


Af’ /«<•' in 1,(1 - 0 . i, . . . 


(51.69) 

(51.70) 


(/«* 0) j'j, 0), 

/»<*' rj, 0) - * /*(.,•„ j-j, 0). 


(51.71) 


.J 
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In the following the functions w^(x^^,X 2 ) from (51.61) are 
the components of the displacement vector In the plane elastic 
deformation problem (51.63)* (51. 6**), (51.66), (51.69). The 
necessary and sufficient conditions for the existence of this 
problem are (Sherman [363]) 


iJ« * 
JIf ■ 


Y, ^ -t- C />« xg>d» = 0, 

laUV£| tmtJLt 


(51.72) 


If v?e keep In mind (51.68), (51. 71) and the meaning of 
the components n^ we can write 

“ S ( •»’2» 0) tla. = E ( Xj, 0) da, 

1-0 

so that the conditions (51.72) are satisfied on the basis of 
the fact that t|j satisfies the relations (51.^) — (51.7). 
We will assume that the functions w are determined. 


For the function F we obtain the equation (51.70) and the 
conditions (51.65), (51.67). The necessary and sufficient condition 
for the existence of a solution of this problem Is (Mushellsvlll 
[ 296 ]) 



(51.73) 


It follows from (51.68), (51.71), (51.5) that 

•'I'jt d) da — 0. 

i«o 
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The conditions (51.^) are similarly satisfied on the basis /2l6 

of the equilibrium equations and the boundary conditions. This 
is indicated in the same way as in the case of homogeneous bars. 

In order to determine the constant t we will introduce the 
torsion function (^(x^jX^). This function satisfies the equation 
(Mushelisvlll [ 296 ]) 


A<i> = Oni i:,(/ - 0,1, »»0, (51.7*0 


and the conditions 


|»(* //| 1 = 1,2, • • - f Ml)f 


P** ^«i+l 

On 


(51.75) 


If we introduce the function through (51.39) » it follows 
that this function does not depend on x. We obtain from (51.7) 
(51.39) and (51.62) 


t/> 


i t' 0) 1 •!«, (51.76) 

I - 0 1)| 


where D is the rigidity at torsion 

/> = V C Mf3,e.r.<p,0 i- ,cT t- (51.77) 

Consequently the constant x Is determined by the relation 
(51.76). From the conditions (51.5) » (51.6) and (51.62) we 
obtain for the constants b^ the expressions similar to (51.59). 
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c) Thermal tensions In nonhomogeneous and anisotropic bars. 
We will study next the case in which the cylinder B 
Is occupied by a nonhomogeneous and anisotropic medium. In this 
case the constitutive equations are 


til -■ 


(51.78) 


We will assume that 




(51. 7i)) 


In the following we assume that E Is a domain C -smooth 


and Tj^ are functions of the class 


(Flchera [112]) and 

c". This problem may be studied also under more general conditions, 
but we preferred this path in order to Insist on the m.ethod used. 


The problem consists In the Integration of the equations (51.2), 
(51.78) with the conditions (51.3) — (51.7) in the case In which 
the temperature is given by (51.1) and the coefficients and 

have the form of (51.79). 

We say that in the medium under consideration an elastic /217 

(e ■ 0) plane generalized deformation takes place (see Paragraph 
50) parallel with the plane x^Ox^, if u^^ » u^(x^,X2). In this 
case the constitutive equations are 

III ~ ('llktHk.ai 

and the equilibrium equations, in the case when the mass forces 
^1^^1**2^ are are taken into account, become 


I Ji d i" 


If the boundary conditions 


^,w. - t, on A, 

are considered, then the conditions necessary and sufficient for 
the existence of a solution of this problem are (lesan [191], [203]) 


5/' ‘I’ j /*s.3 ' t .0. ^ 5 j Q 

If fj^ and t^ are of the class C* then «, e(7*(S) (Flchera [112]). 

In the following we will use four special problems of the 

generalized plane elastic deformation designating them by 

D^^\r ■ 1,2,3,^). Let and be the components of the 

displacement vector and the components of the tension tensor 

( s ^ 

from the problem D . These problems are defined by the equations 


and boundary conditions 




(51.81) 

<^12!. 1 

(P — 1, *J), 

(51.82) 



(51.83) 

<*. - -- « in 

(51. 8H) 



(51.85) 


^ ^P03 on Tj* 



i V 

ii 


; j 


It can easily be verified that the relations (51.80) are satisfied 

(f) 

for each of the problems D , the fact that ensures the existence 

of the solutions. We will assume that the solutions of these problems 

are known. In the case of a homogeneous and Isotropic medium, the 
{ s ^ 

problems D have the following solutions 


t’i'* : 0, 




»i 




>. 




•I(X I |1) 

X 

'^(X I |1)“ 

X 

2 (X + |i) 


(j? - 4 ,, 4" 


-*(X I |i) 




(4 -..H), r!,^' 0, 


•(X ( |i) 

4 ’> =x 0 , ti*> s= 0 , »i*’ *= ?(X|, Xg), 


( 51 . 86 ) 
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where <|) Is the solution of the problem (51.37), (51.38). 

Let us now study the problem We are looking for 

the solution of this problem In the form 

„ _ 1 j « 

«♦, a.j’8 — rt«»’3,p.reX3 )• £ + x,), 

^3 — (a|T, f ajX2 4’ «3) i’g 

t«i 


(51.87) 


where are the solutions of the problems D^®\s = 1,2,3,^), 

are unknown functions and a^(r « 1,2,3,^) are unknown constants. 

We obtain from (51.87) 

4 

Ik I 

«».. = («,-r, I- «gX8 -t- «,) 
so that the relations (51.78) Imply 

4 

^J = l^«;33(®»‘*‘l + <*2‘»'2 f «a) — f V ffljojj' } Ttii, 

( 51 . 88 ) 

( s ) 

where are given by (51.81), and 

^*1 — ~ P«</- ( 51 . 89 ) 


In view of ( 51 . 82 ) — (51.8il) and (51.88), the equilibrium 
equations (51.2) are reduced to 


’**•.« = 0 In £. 


(51.90) 


On the basis of the relations (51.85)* (51.88) the conditions 
on the lateral surface become 

«i,», = 0onfy. (51.91) 


Consequently the functions Vj^(x^,X 2 ) are the components of 
the displacement vector In the generalized plane thermoelastic 
deformation problem (51.89)* (51.90) ,(51.91) . We will assume 
that the solution of this problem Is known. 

From the conditions (51.5) — (51.7) we obtain the following 
system for the constants a 

s 





(r - 1), 


(51.92) 


where 


•*«[0'3333'lS T Ojs ] Cl<l, />g3— ■^ar^3333 'I* 

7/^= J^t,[C33pjPb*3J*b l-ffiVjdrt, 7^3,= jjC3333j', 4- aiVJda, 

7y,3 = J^l(733jj +cg'](Ja, 7y3,=( tr,3,3<.B,3.rB I 

1 ^3Pa‘i'pl^'0333 -f~ J 

•'i: 

^'43 ^3P3*' pf^0333 4* 

Jz 

^ ^ f ^^Xv 3 I <la, 

= ~5j.'^«’^33do, 7/3 = 774 = - j., rrB 3 d«. 


(51.93) 
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It Is known that (L^g) 0 (lesan [203]) » so that from the system 

( 51 . 92 ) the constants a^ are determined uniquely. 

The conditions (51.^) are satisfied, similarly, on the basis 
of the equilibrium equations and the conditions on the lateral 
surface. Thus, we have 

f. ^ == j x,f3B»Bdrt=0. 

Consequently the solution of the problem has the form (51.87). 

If we keep In mind (51.86), it can easily be seen that In the 
case of homogeneous and Isotropic media, the constants are 
reduced to 

where Els Young’s modulus, and A,x^ and D are given by (51.19) and 
(51.i<M. 

Next, we will study the process of recurrence. We 

I* XT 

are looking for the solution of the problem P" when the temperature 
is given by (51.20) In the form 

rr. • 1 

«3 = (N I- 1 ) U wJdjj \ hi.V.y\ h,)X3 \ ^ I J,)j, 

where u? are components of the dlsp.'.acement vector from the /220 

problem ^ corresponding to the temperature (51.21), w^^(x^,X 2 ) 
are unknown functions and b^(r = 1,2,3*^) are unknown constants. 

We obtain from relations (51.78), (51.81), (51.20), (51.21), 

( 51 . 9 ^) 


«, =■(« t I I J’s)j 
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(51.95) 


#., = (« }- 1) 



f frj.rj I fcj) —C,it3fai»b^Tf^ 4- 


1 bMf 


•-I 


•lijt 


where 


Ojj — 


(51.96) 


I’u = •'■j. O)- 


(51.97) 


If we keep in mind (51.82) — (51. 8M and (51.95) the 
equilibrium equations are reduced to 


0(*,s t '» -• 


(51.98) 


in which we designated 


«i(.r„ .rj) = (Taij't, .» 2 , 0) t- A- 


?«!«• 


(51.99) 


The conditions on the lateral surface become, on the basis 
of relations (51.85) and (51.95) 


where 


®<«"« == />( on 7/, 


( 51 . 100 ) 


/>((.r„ j\,) = - (51.101) 

Consequently, the functions w^( ,x^ ) are the components of 
the displacement vector from the generalized plane 
deformation problem (51.96), (51.98), (51.100), Keeping in mind 
the relations (51.99) and (51.101), we can wi’itc 
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(51.102) 


r ^ pi lit - jj 0) ilfl, 

t- <l« = j’„ i j, 0) i|«. 

Inasmuch as the functions satisfy the conditions (51 .**) — (51 .7) 

It follows from (51.102) that In this case the necessary and 
sufficient conditions (51.80) for the existence of a eolation of 
the problems (51.96), (51.98), (51.100) are satisfied. In the 
following we will assume that functions w^^ are known. 

Prom the conditions (51.5) — (51.7) and (51.95) the following 
system for the determination of the constants results 

4 

2^ /if,//, - iif, (r 1), 

I 

where L are given by (51.93) and 

rs 

•*’«(®33"^' ^3s) do, ^3 ~ *“C (®3S"i' ^33)dfl, 

a h 

^4 = — ^ <’3,0-*«(®63 I frps) do. 

The conditions (51.^) are similarly satisfied on the basis of the 
equilibrium equations and boundary conditions. This can be 
shown in the same way as In the case of homogeneous and Isotropic 
media. With this, the problem which posed Is solved. 

In the case of homogeneous and anisotropic media, this problem 
was studied by Chlrlta [60]. 

d) Bars composed of different nonhomogeneous anisotropic 

materials. Let u//*, l,^(\ L^ -O We assume that f is an 

arc of the curve from I so that •//» u r Is the boundary 

of the domain Z Included In Z so that 2,nlj=0, We will 

P 

consider that the domains Z^ are occupied by anisotropic media 
with different thermolelastlc properties, and designate by , pi?' 



(51.103) 

/221 
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the corresponding coefficients. Let be the three dimensional 
dofnoip occupied by the medium with the coefficient 
We assume that 


Cl!ii “ fUliU-,, J-i), p|?» - p;j> (x„ X,) til Jt,. ( 51 . loH ) 

Similarly, we will assume that the tensor Is positively 

deflneu and of the class C*. The domain E will be considered 
as being occupied by an elastic medium with discontinuous 
coefficients at the passage through f. 

The displacement vector and the tension vector must satisfy 
the conditions of continuity 


— [«<]*» [/iiliVp = on fx[o, /], (51*105) 

where are the components of the versor of the normal to f , 
exterior to the domain E^^. 

The problem of thermoelasticity consists In the Integration 
of equations (51.2), (51*78) with the conditions (51*3)> (51*105), 

( 51 . ll) — (51.7), In the case when the temperature Is given by 
(51*1) and have the form of (51*10l|) In R^. 

Let us consider the problem of the plane generalized dei'ermatlon 
In the Isothermal case for the domain E [203]* We will take Into 
account the mass forces /»**’ e c® (i’,) so that the equilibrium equations 
have the form 


/J*’ = 0 ill i:,. 


( 51 * 106 ) 


The constitutive equations are 

— ill o. 


(51.107) 
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If the components of the displacement vector and of the tension 
vector are continuous at the passage from one medium to another 
we have the conditions 


[M,l, - »'(/(,], V, on r. 


( 51 . 108 ) 


Let us consider the following boundary conditions 


/222 


where 


= A'/' on/.,, 



are functions of the class C*. 


(51.109) 


If we consider the results derived by Flchera [112], it 
follows that under the assumption of certain regularities (see 
[112] p. 386) the boundary problem (51.106) — (51.109) has a 
solution u 6,)n C"(I, u //,)n 

If and only If 



j. t ( ^3a»AAtT'dw| = 0. 


( 51 . 110 ) 


It can easily be seen that, If the conditions (51.108) are replaced 
by 

[M,|, = (!•,]„ -f on r, , 


where are functions of the class c", then the conditions 
(51.110) are replaced by 



f j -}- J <’3i{iJ'»yo d« = 0. 


( 51 . 112 ) 


We will use four special generalized plane deformation problems 
that we will designate by C’®^(s ■ 1,2,3»**). Let and o^®^ 
be the components of the displacement vector and the comconents 
of the tension tensor respectively » from the problem C . The 
problems C^®^ are characterized by the equu/lono 


=® (? “» 1, 2), 
«U!. f CSis., = 0, 


(51.113) 


In 




(51.11^0 


and the conditions 

N**J, K>l»v, « Kijv. -i y/» on r, (51.115) 

t<rJ2*n,]p = (p = 1 , 2), 

f ».1 p « «., (51.116) 


where 


</j®' — |rj*’s, — CtiU I 
yi*' = [Cl*U-6liUjv„ 

— ^»i93|^lar,S — ^/*isl 




(51.117) 


It can easily be verified that for the problems the 

conditions (51.112) are satisfied. In the following we assume 

(a\ (o) 

that the f undone 'and are known. 

Let us search for the solution of the problem In the 

form of ( 51 . 87 ) In which are the solutions of the problems 

Vj^(Xj^,X 2 ) are unknown functions and a^(r ■ 1,2,3*^) are 
unknown constants. In this case the components of the tension 
tensor are expressed as 


Ui — r f « 3 ) — I a. <»{5* I- «,,, 

Id 


( 51 . 118 ) 


where 


«« = - pi5» /. (51.119) 

If we consider the equations (51.113) and the relations (51.118), 

It follows that the equilibrium equations are reduced to 


u, in 2 ,. (51.120) 

Keeping in mind ( 5 I.II 6 ), the conditions on the lateral surface 
become 


= 0 on L. 


(51.121) 


Prom (51.115), (51. H7), (51.87), (51.118), and (51.105) 
the conditions follow 

[Pill = = [t:„] 2 v, on r. (51.122) 

In the following, the functions v^^(x^,X 2 ) are the components of 
the displacement vector In the problem of the plane thermoelastic 
deformation (51.119) — (51.122) In which the temperature variation 
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l8 fCx^iXg)* We will asBume that this problem Is solved. 

The conditions (51.^) fire satisfied on the basis of the 
equilibrium equations and the conditions .’r the lateral surface, 
the same way as in Paragraph 51 (c). 

Prom the conditions (51.5) — (51.7) we obtain the following 
system for the unknowns a.^ 

I -‘ht (** h-, d, -I), (51.1?3) 


where we use the designations 

p-t 'S 

p - 1 j-f 
p ■■ I 

s( rr;s!„r, |. a'A'Mbf. 

P-l j^a 



- i 

p . 1 

1^1. 1 

•’f., 

£ 



p - 1 

•'“p 


2 


I 



P t 



i 

fi « 1 


l/„ 

i 

\ ^it )3 ^Tjf^^SU^'xva'^’x t ^^Vhlri, 


p« 1 


.1, . 

-i' 

‘^ 7 r.ndn, .13 -I4 


(51.12^) 

/22H 


J%* 
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It can be shown (see lesan [205]) that det (M ) »< 0, so 

rs 

that the system (51.123) determines the constant a . With this, 

( 0 ) ^ 
the problem P Is solved. 


Let us study now the recurrence process. Let us search for 
the solution of the problem In the form (51.9^) where 

are components of the displacement vector from the problem 
Wj(x^,x^) are unknown functions and b^(r « l,2,3,*t) are 
unknown constants. In view of (51.94) It follows that 




(51.125) 


where 




l-V • f'llk «). 


( 51 . 126 ) 

(51.127) 


The equilibrium equations are reduced to 


i - «> ill S 


P> 


/225 

( 51 . 128 ) 


In which we designated 




(51.129) 


The conditions on the lateral surface become 

/'i*” on Lp, 


(51.130) 
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where 


,,!•»== (51.131) 

If we keep in mind the relations (51.115)* then the 'conditions 
(51.105) are reduced to 


in which 


[«’*]» = [Ki]z, [<j„l,v, .= 7. on r, 


Ui - ■ [/.«' -/.-.'I'Jv, 


(51.132) 


(51.133) 


Thus, the functions Wj^ are components of the displacement 
vector from the problem of the generalized plane deformation 
( 51 . 126 ), (51.128), (51.130), (51.132). The necessary and 
sufficient conditions for the existence of the solution of this 
problem are satisfied, which can be easily proven. In the 
following we will assume that the functions w^^, are known. 

The conditions (51.^) are similarly satisfied, which is proven 
similarly as in Paraeraph 51 (a). From the conditions (51.5) —(51.7) 
we obtain the following system for the constants b^, 

(r 

I » 1 




(51.13**) 


in which the constants M are given by (51.12^*) and takes the 

rs r 

expressions 


K 

I '-* 



•»■»( 'T33 i- ^ 41 ’) drt, H3 



■i" ^‘ fi) 
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The system (51.13^) determines the constants and 
consequently the problem posed Is solved. Obviously, the case 
In which the domain E Is occupied by n elastic media with different 
properties can be treated In a similar manner. 


CHAPTER VI. NONLINEAR THERMOELASTICITY 



% I 


b- 


f-: 

i' 




S'- 

E- 
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52. Successive Approximations 


Let the equations of the nonlinear theory of thermoelasticity 
be written in the form (21.12) — (21.15). We will consider the 
initial conditions (21.9) and the boundary conditions (21.10). 

We assume that the reference state is a natural state and that 


the functions 3 and are analytic. Consequently, we have 


; » Ar(Ei„ T, A'.), = £ (MKn, T, T,„ .\\), 


(52.1) 


I 


where A^, is a homogeneous polynomial of degree r in E^j and 


T and are polynomials of degree r in the variables 


T and T while the coefficients of these polynomials are functions 

» J 


of Xg. In the case of homogeneous media, the coefficients of tnese 


polynomials are constants. 


We assume that the charges depend analytically on the 
parameter e so that 


- s zvr, r = 

91 w I *1 s 1 

O. - £ in = £ r,o - £ 

« « 1 91 = I n a 1 

Mf = £ 77 = £ 

9)b i fin I 

= ^’o + £ II* = £ 


( 52 . 2 ) 


9J » 1 


9t a I 


The specification of the parameter e depends on the specific problem 
under consideration (see for example Green and Adkins [141]). 
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We assume that the solution of the problem has the form 


2 r 

« - I 


^0 -t- £ e* '/•*"*. 

•• w I 


(52.3) 


We will establish the equations and boundary conditions 
and the Initial conditions for the functions 

In view of (20.9), (21.110, (21.15), (52.1) it follows that /227 
we are able to write 


'lit — , ~ n«/, 

Pot-=Po«-./ i-aO + S, (52.ll) 

Qt = k„Q,, ( A,, 6 = T - To, 


where n^j and S are polynomials in ^ and T which do not contain 


r,5 


linear terms, and are polynomials In u 
not contain linear terms. 


P ^ s 

The coefficients C 


T and T 
Ijkl* ®ij* 




which do 
a and k 


do not depend on u^^ ^ and T and have symmetry properties (23 




From (52.3) and (52.ll) we obtain 


where 


Ak I 


Po>)''’ = !- aT<i>, 

«•’ = A-uTlV, 

-p,,rc. _|_ njji, 
Po>j'"’ = -j- aT<*> -f S<"i, 

1?*"* = k„Tiy -f Aj"/ M > 2. 


(52.5) 


( 52 . 6 ) 
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In the relations (52,6), and are polynomials of a 

lee*’©® than one In the variables and (o ■ 1,2, . . . ,n-l) 

f**® polynomials of a degree larger than one In 
u<“). T<»> and^;“) („ . 1 . 2 ..... „-D. 


Prom (21,12), (21,13), (52,2), (52,3) and (52,5) we obtain 
the equations 


^iV.i Po/*'*' = Po«|*», 

PoTo^'*’ - = ?«r'"' + ?oQ'-“, N = 1, 2 


(52,7) 


where 


= 0, £!'»' - - ( H . . . -f- A- - 2, 3, . . . 


If we consider the relations (52.6), we derive from (52.7) 




Po«i"’. 


Po^f*’. 

I,-’. 


( 52 . 8 ) 


where 


/228 1 


/’’i*’ = 1V'«' = r'", 


Pu/'i 




- Po.(<"' -i- 111;'’;, ir*' ^ J. ^ 

Po *■* 


(52.9) 


fl‘" II — r .s’ ot 

■ 0 ^ f 


» - 2 , 3 , 


The Initial conditions become 


0) =. «i"’, 0) = fcj-', r/-’(.V, 0) = 


(52.10) 
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The boundary conditions Imply 


«!•* = |M* i:, X (0, u), ~ PmT'*') y, = 

^ tJ*’ V, X [0, tt,), 

3T'*' fO, fo), AoT;*; V| - jf-'" !»»• S, X (0, #,), 


(52.11) 


In which 


t}" - /*j", J?"’ = Jf'", 


t }«' =. /»}•> _ ||«,V.V„ ^ JT'*' - Ai"’ 




( 52 . 12 ) 


When n ■ 1 the equations are the same as those In the linear 
theory with loads a|^\ jT". 

Let us assume that u^^^^ , . . . ,Uj*"” ^ are determined from 

the above equations and conditions. Then for n * m we obtain 
a problem characterized by equations of the linear thermoelasticity 
for the same domain in which the loads depend In a known way 
on the functions u^®\ T^“^(a ■ 1,2,..., m-1), determined In the 
previous pages. The solution of the problem for n ■ 1, If It 
exists. Is unique, and consequently the loads which appear In 
the problem with n ® 2 are uniquely determined. Thus, for n ■ 2, 


the solution Is unique. In general the functions u 
are uniquely determined. 


(n) 


and T 


(n) 


The method presented represents an extension of the method 
of the successive approximations of the theory of elasticity given 
by Signorinl [3651 (see also Wang and Truesdell [^36]). 

An Interpretation of the development of (52.3) follows from 
the generalization (lesan [188]) of Pivlln and Topakogli's theor-m 
[350] of the theory of nonlinear elasticity. 
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In general* if the equations (52.1) are substituted by 


•} - - 


/Vt I 

S.I 


0^2 


M 


V. - £ 

I 


we say that we are dealing with a theory of thermoelasticity of 
the order N. 

53. The Theory of Thermoelasticity of the Second Order 

We will establish here the equations of the theory of 
thermoelastlclt.v of the second order In the manner given by 
Chadwick and Seet [52]. 

The following considerations assume certain conditions of 
regularity for the functions of a and In a neighborhood 
corresponding to the reference configurations; these conditions 
appear In all theories of this type. 

Let be set of functions {u^,T} corresponding to the 
admissible th*,* modynamlc processes In the medium under consideration 
The element {0 ,Tq} from jt corresponds to the thermodynamic 
process In which the medium remains always In the reference con- 
figuration. 

It Is always possible to Introduce (see Paragraph 35) a length 
and a time t^, which are characteristic for the material under 
consideration, which together with and T^ permit the use of 
certain adlmensional quantities. 

Let 

(I, = sup {|, I,., I -t^ 'on-'|T,rl + T„-»|0|}, 

D 

•= snp I- /o7V‘l7’,rH- To ‘|0| I- 
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where 




The quantities a^^ and a^ are called the primary and secondary 

amplitudes, respectively, of the admissible process. Obviously 

& 2 ‘ will designate by the subset of defined as 

the intersection of the domains of the functionals a^^ and ag. 

In order to establish the results which follow, we will limit 

ourselves to admissible processes for which I**!, I') t jTo» < i < •» «3 < •• 

o 

As will be shown, the restriction « 1 Is sufficient to derive 

the constitutive equations of the theory of the second order 

■a 

thermoelasticity end the condition a^ Is necessary to justify 
their substitution In the equations of motion and in the equation 
of energy. 

We assume that 3 Is of the class C with respect to and T 
In the neighborhood of the reference configuration 

\Ki,\ f n‘101 

and that are of the class c3 with respect to , T T In the 
neighborhood 

\K„\ i lo'l'o'\T,r\ I- '/V‘10| < 

while the positive constant 6 was selected In such a way that 

{'Vi' I'V<1 < «i) ^ I \ < S}. 

Developing In Taylor’s series around the reference 
configuration we obtain 

2 ‘J 

+ i C;V„i5?„K„0 - i - A -H 0(a{), 

2 - 

"h -j* — 4' h 0(fl|), 


/23 0 


(53.2) 


338 




where 


” ( OeJeu )•’ *(dfV£„dfi,.)* 

( 0*S \ - { d*a \ 

TeM^T ).’ “ "I OB„dT )• ’ 


(53.3) 

(53.3) 


^j)> »*- 

/ d*5 \ 


/d*5 \ 

"ldB,7dTVo’ 

0 =s - 

0 

1 

h$t “I 

^ d*<?, \ 

L dT,,^T„ /o’ 

c«j 

’ d*Qi \ 
idTodT) 


The new th 
properties 


th.rmoel.Btlc coefflcl.ntB hav. th. fcllowlne .y™.etry 
68 

Co,.a,« “ Cunm» = 

CjUi =® ^<ir« ^M*U* 


Pi)’ = Pii*. 

substituting (53.2) In (21.1*0 .hi «‘“"e 


we obtain 


T„ = + 0|f„n««.nU).r + 

+ i !• <0i;.... - !!.•»...) " -T Mi'*’ *- **"*'• 

2 

Po^ ••= Poe<j t rl5|.Soe,H- i- 

m 

+ PiVs./O -t- -1 


It follows from (53.2)2 

Q, = -r H'nf.Er. : ~ 
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The constitutive equations of the theory of thermoelastlelty of 
the second order are obtained from (53.6) and (53.7) Imposing 
the condition that a^ « 1 which Justifies the neglect of terms 
which have not been explicitly stated. When expressions (53.6), 
(53.7) are Introduced In the equations (21.12), (21.13)* terms 


will appear containing both u. ., 6 _, 6 and also u. 0 

pr ifFD *pq 

0. ., 0. As a general rule the terms remaining from (53.6) and 

1 • J 

(53.7) will not generate terms of the order af. Thus, the 

3 ^ 

condition ^ 1 is not sufficient to express the equations 

with partial derivatives of the theory with the help of the 

components of displacement and the temperature variation. We 

O 

will replace this condition by a stronger condition ^ 
follows from (53. 1)2 that the terms which appear by the introduction 
of the constitutive equations In the equations (21.12), (21.13) 
are of the order Sg. Inasmuch as a quantity which Is of the 
order of is of the order a|, It follows that the order with 
respect to 82 of the relations ( 53 . 6 ), (53.7) Is maintained by 
the derivation operations implied by equations (21.12), (21.13). 


o 

Thus, Imposing the condition a^ <k ] , the equations with partial 
derivatives of the theory of second order thermoelastlelty 
expressed In variables u- , 0 are obtained by replacing (53.6), (53.7) 
In (21.12), (21.13) and by neglecting the terms In 0(ap. 

In the case of the homogeneous and anisotropic media, these 
equations are 

I -j- ■!* 4" 

4- 4 . p,/, = 

i' «|0j ) 4“ 4* fc«rjOjf0»ll 4" (53.8) 

4- AiJ’(00„),, - T,rt6 - -- 4- 

4- 4 — (PlJ 4 - I'oP«V)«M0“ 

— (<1 f bT„) Ob = — Por. 
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If we consider the relations from Paragraph 22, we can 
derive the equations of second order thermoelastlclty 
for Isotropic media. Thus, In this case the constitutive equations 
are C52] 


I I- V‘»c„0 - 

(53.9) 

- 1 2(vjt„ -f to }- /232 

+ (^e„ --pO) M, , } 4 ({a ( V,) 

M — P*ff I- j- 
+ ~ P»V#»V.« + t ~ *0*. 

*• M 

= A0,, f { 2w,s„0„ i A'«'00„. 


In the case of homogeneous and isotropic media, the equations 
(53.8) become 


{X -f- [X + (V, I V,) (X'" ! |i"’) 0} u,^tr 4- 

-f f (X 4- V,) f ((x'" - p) 0| M* f 
{(X 4- |X) Ur., f 2(Vj 4 V,i U,,..,] Hr.,. 2(|X Vj) 4- (53.10) 

4' {(X 4- n) W«,r 4- 2(v, t- Vj) ^h.lr 4‘ 2((x f- Vj) 

-(P 4 P“'0- X'‘'«,.,) 0,, f- (2 {x'‘'m„.„ -p«,.,) 0,, ! p„/, = PoM„ 

(A- -i A“*0 f ttliHr.r) 0,., f- f- 

4' 4~ 4" 

- To«0 -(« -r bT„) 00 - yep"-M,.,0 ~ 

- {ToP 4- (P 4- T,p'") 0 - T„\'^'Ur.r) «... - 

~ ~ 2|X**'M(r. ,i) ^fr.i ~ Po^' 


3^1 


where 




2^ 

o 


(«(.j + ••/.«)• 


An Incorrect version of the equations of second order 
thermoelastlfiltv homogeneous and Isotropic media was given 

by Dillon [86], The correct relations for this case were derived 
by Hermann [170], 


Application. Let us consider the case of plane waves li: 
theory of thermoelasticity of the second order. We assume that 
Ui ■ Uj^(Xj^,t), e*6(x^,t). Equations (53.10) In the absence of maos 
forces and thermal sources become 


{X f- 2(i Ufi -f- V, f- Ovj -|- 8vj) «, j 

1 (X'«'l-2,i'»'-fi) (»}„,„ + V, I- 

vj) „_{p -(x'«' .(. ^ ^ p,,.} ^ 

(|i +. (X 4* -h V, -H 2v,) H,., f (|i'“ - p) 0} «r.a + 

+ (X ‘-V 4- vj 4- 2vj) + (l^“* - P) = Po^n 

{k 4- &“'» 4- (»«i 4- 2m,) «i.,} 0,„ 4- {(»», 4- 2m,) u,.„ 4- 
4- e„- Toa0-(o 4- bTo) 60 - ToP'»’«,.,6- 

- { ToP - ^o( - P) «i. I + (P 4- 0} I - 

- W’-P) = 0, 


(53.11) 


/233 

(53.11) 


where r,A “ 2,3. 

If we set Uj, * 0(r = 2,3) then we obtain from (53.11) two 
equations In the unknowns u^^ and 0 which permit the study of purely 
longitudinal waves. Similarly, If we set In (53.11) *^1 ® ^2 “ 
we can study the possibility of purely transversal waves. In contrast 
to the linear theory, these waves will be affected by the thermal 
field. 

Johnson [225] carried out a study of longitudinal thermoelastic 


waves . 


5^. A Stoppelll Type Theorem of Existence and Uniqueness 


Let us consider a homogeneous medium which Is In thermo- 
elastic equilibrium under the action of mass forces p^eFj , of the 
superficial forces of the heat source Pq^W and of the thermal 

flux eH where e Is a parameter, and H are prescribed functions. 

If we consider the relations (21.12) -- (21.16) It follows that in 
this case the basic equations are 
the equilibrium equations 


the energy equation 


V*. • ' Po P* 


the constitutive equations 




V. in n. 

The boundary conditions are 


1 (>(T 

Po <>'/’ ’ 


c/'„ if,S, til on ri/t 


( 5 '<. 2 ) 


(5'i.3) 


(5'l.^) 


The problem posed represents and extension of the problem 
considered by Stoppelll F397] In the nonlinear theory of elasticity 
to the theory of thermoelasticity, Stoppelll [397] studied the 
equations of the theory of nonlinear elastostatics for charges of /23^> 
the type which appear In (5*<.l), (5*».*i) and under certain conditions 
he proved a theorem of existence and uniqueness. Moreover, if 
je] is sufficiently small, Stoppelll showed that the solution to 
which the theorem of existence and uniqueness refers depends, 
analytically, on e. Truesdell and Noll [^121] snd Wang and Truesdell 
[ii36] presented Stoppelll’s theorem. In the following, we will present 
briefly Stoppelll 's method with reference to the problem of thermo- 
elastlclty (5*<.l) — (5'*.^) (a problem studied by Nlscor [309]). 


3^i3 


It can easily be seen that In order to have the existence 
of a solution B the following conditions are necessary. 


I P.iU j C poF,ur = o, ( //d.4 +C poSdK»=0. 


(5^1.5) 


Following Slgnorlnl [366], we assume that we have 

C dvi -f- ( Po<’oi:-4iFt dF = 0. 

J»B Jtt 


(5*«.6) 


The idea consists In the reduction of the problem of the 
existence and uniqueness of the solution of the problem of 
nonlinear thermoelasticlt: , when |e| is sufficiently small, to 
the corresponding problem from the linear theory. 

We assume that the reference state is the natural state. 

This means (see Paragraph 23) that the function a is such that 
we have 

cfiii., “ ’ Jr = 0, 2’ - 3’o. (5^.7) 

A 

The functions is satisfied by the conditions (20.9), thus 
we have 


f* 2’, 0) — 0. 


(5'4.8) 


In certain conditions there result the existence and uniqueness 
of p solution {u^,T} with the second order derivatives which 
satisfy the conditions of Hfilder and the condition 


3 ^^ 


w,(0) = 0, T(0) = To. 


( 51 *. 9 ) 


1 


Let the equations of nonlinear thermoelasticity be 

yfu + Po/. =0, + Pc'- = 0. 

with the conditions 


(S'*. 10) 


T*,s, =- VfiV, - if on on, 


(5^<.ll) 


and (54.9). 


Let us consider the deformation x^^(X) obtained by the 
superimposition of a rigid rotation Q, around the origin on the 
deformation x*(X). In view of the designations from Paragraph 19, 
we have P ■ QP*, It can easily be seen that the relations 

’■jl.J ■ Wjs.r^r.r * ®!.r 

Consequently, if the functions (xJ(X), T*(X)} represent a 
solution of the problem (54.10), (54.11), then {Xj^,T} where 
*1 " ^IJ^J* T « T* represents a solution of the problem 


; + PoQuf. = 0 , Q, , _ 0 in B, 

T»N, = = H on OB. 


(54.12) 

(54.13) 


Inversely, if (x^(X), T(X)} is a solution of problem (54.12), 

represents a solution of the 


( 54 . 13 ) then {xj* 
problem (54.10), (54*. 11). 
problem (54.12), (54.13). 


It Is appropriate to consider the 


At the start we will Introduce some designations. We say 
that the function u, defined on the domain limited by fi. Is of 
the class on fi w e and the derivatives of the order 

k satisfy the condition of Hfilder with the exponent X on ft. 
Let We say that (yj^,y 2 »y 2 ) is a system of cartesian 

local coordinates with the origin In x*. If y^ = a^^j(Xj » 
with (a^j) the orthogonal matrix and the axis x*y^ Is alrected 
according to the exterior normal at the point s. The surface 
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k X 

is of the class C * If there Is a number r > 0 so that the 
Intersection of the sphere with the center In x* and radius r, 

V(x»,r) with an may be represented by y^ ■ fCy^^iyj) with /e 
D being the projection of l'n«»Q on y^ ■ 0. 

We designate by Z the space of the elements of the form 
z • {Uj,T} where m, t 7’ t For s e we Introduce 

the norm 

11 r II = (max | | 1 - max U\ i |+ Yt l?<.>r 1 - 1 - PuOj . ( 5 H . llj ) 

• « I 1 »»» I ® I I * 


where z. “u. , z, * T, B. is the Hfilder coefficient of the 
1 1 l| Ijr 

function and Bj^jj, that of the function T With this 

norm the space Z is a Banach space. 


Let Z' be the space of the elements of the form 

-- {«l>„ '!' ; 9 (, 4/), 

which satisfy the conditions 


(a) 


(B) 


<p.. 4» e C- V/*), 



i 9, lU ^ 0, 


hn 

dV' + ( 

<‘(j»A’j9 » tljl — 0 

Job 


{ TdV -1 ( 

4 »tU = I). 

Job 



For eZ' we define the norm 

111 i'll [»>»«>: l‘M -<• "“•* !'?<! + 
max l'Fl + max 1 4'! -1 

W 


(5»<.15) 


3^6 


where b are Hftlder coefficients of the functions ♦j, Y, and /236 
Cj^,c are the largest of the HOlder coefficients of the 
derivatives of the functions with respect to the parameters 

of the representation of 3B. It can be verified that Z’, 
provided with the norm (5**. 15) Is a Banach space. 

Let us designate by Z” the subspace of the elements of Z which 
satisfy 


ml II - 0, M, . . 0, T r„ for A' = 0. 


( 5 «*. 16 ) 


It can be shown that Z” Is also a Banach space. V/e will 
assume that 

2 X 

(I) B Is a compact set and 3B Is of the class C * 

t) 

(II) 5 Is of the class C with respect to the variables u. . ,T and 

A >3 1 » j 

are of the class with respect to j ,T T In the sphere 
S»{zl||z -ZqII <^R) from Z, where Zq • (0,0,0,Tq); 

(III) c.; p„U’; I\, ll\ cZ\ 

Let us consider the relations 


'^11. 1 H' ‘J’m Vm f epo»‘ 'f ill It, 

-i' - <t' on •m. 


(511.17) 


Considering these relations as a functional transformation, we 
will try to determine the rigid rotation (Qj^j) and the functions 
{x^(X), T(X)} so that ■ 0, S' « 0, <|ij^ = 0, i|»^ “ 0 and that relations 
(5ll.5)» ( 5 I 1 . 6 ) be satisfied. Let z » {u^T}, z’ » »ip) » and 

G(z) » z' be the application defined by ( 51 *. 17). We will determine 
the rigid rotation so that element z’ defined by (5li.l7) belongs 
to the space Z’. Accordingly, we will have G : Z -► Z’. Keeping In 
mind the assumptions (1) — (111), It follows that the first 
condition from the definition of Z* Is satisfied. It follows from 


(5^«.l8) 


conditions (0) that must satisfy the equations 


where 


A,r=^{ 9oX,P\i\V+i XiJ\6A, (5H.19) 

Jw JilU 

i»r<=( fukTikiW. 

JU 


Consequently must satisfy (5^.18) and 

QimQlm = Qn% - S.J, dot {(^„) 1, 


( 5 ^. 20 ) 


We will write the equations (5^.18) in the form 

W) - (5H.21) 

where the application of ^ Is defined by the set of their own 
orthogonal matrices. It is noted that The problem of 

the inversing of the application of F was resolved by Stoppelli /237 

and, as is known, this application is Inversible if, and only if 

dot ^ 0. (54.22) 


It is known that 


<lot (Ail — Arr^i/) = d, 


(54.23) 
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then th<!ire exists an axis so that any rotation of the body around 
lt> while maintaining the loads » does not modify the 
state of equilibrium. It Is said that the loads have. In this 
case, an equilibrium axis. Therefore, we have the following result 
from the theory of elasticity. 

Theorem 5^.1. If the loads do not have an equilibrium 

axis, then there exist two positive numbers o and 6, Independent 
of e, so that If 

M/| < « |e|, 

the equation (5^.21) has a unique solution Q, with the properties 


< P. 


In view of assumption (11) It must be the case that z It). This 
Implies a certain higher limitation for je|. The application 
G(z) “ z* Is defined on H" with values In 

The following stage represents the problem of Inverslng 
the application of G In the relghborhood of a point z^. 

Proceeding in the same way as In the case of elasticity, 
it follows that this problem Is reduced to the existence and to 
the uniqueness of the solution of the system of equations from the 
linear theory of thermoelasticity 

t ~ *** ( 5 ^ 2 ^) 

with boundary conditions 

— p.,'/’.,) X, = — S 9 ,, —ki,T_,N, = Si|; on ,nt. (5^.25) 


In view of the assumption (1), the definition of the space Z* 
and the results from the linear theory of thermoelastic equilibrium, It 



follows that the boundary problem (5**. 25) has a unique 

solution which satisfies (5*1.16). This solution admits second 
order derivatives which satisfy Holder's condition. Therefore 
we have 

Theorem 5**. 2. If conditions (1) — (111) r occur and the 
system of loads does not have an equilibrium axis, then 

there exist two positive numbers y and x so that for |c| < y the 
problem (5*1.1) — (5*i.*l) has a unique solution z ■ {u^,T} which 
satisfies (5*1.9) and || z - Zq|| X* 

The extension of Stoppelll's method to the equations of 
thermoelasticity does not cause any essential difficulties. 

A 

If the functions S and are analytical ones, it is shown 
that the solution, the existence and uniqueness of which was 
mentioned above, does not depend analytically on e. 

55 , Plane Deformation 


a) Statement of the problem. Let us consider the equations 
of the nonlinear theory of thermoelastostatlcs written in curved 
coordinates (see Paragraph 2*1). We prefer this type of writing 
because It facilitates the formulation of the problem In complex 
variables. We select a system of curved coordinates 6^ so that 
■ x^. The state of plane thermoelastic deformation parallel 
with the plane X^OX^ is defined as being that state of deformation 
In which we have (Green and AdkJns [1*11]) 

0*), X. - r.(0>, O-*), .r, = A, = 0», ^ 

T T (0‘, 02). 

In this case we can write 

It = n*(0‘, 8 =) + 0 »ai 3 , r = r*(0>, 0*) + 6 ^ 3 , ^ 55 . 


/238 
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(55.2) 


I 

I 



mi, 

f] 


f 

f 

i 


f 


lit * Oif ®i “ 9a» ~~ Sua ~~ 

O^j 0,j = Of Oji 1* 3 = I ®»s 1 ~ 0*= 

It follows from (2M.13) that 

2y,» *= ^,1 — a«i, Y(s = 0* (55.3) 

The Invariants defined In (2*1.22) take the form 

r 

J, + 7* « ^ + 1),. /3»-- (55.4) 

a a 

In view of the fact that ■ a'^^^A^pS, the relation foiio’-'s 


h- h + It - I ^ 0. 


(55.5) 


Let 

I m I^,J m I^.J} • - 3,JJ - I 2 " ^^1 * 

Obviously, we can write 

5 = (7„ h, I 3 , T) ^ o,(J, J, T) = « 3 (Jr, J?, T). 

The relations (24.71) become 

=j«ro*® + 

T“» = 0 , t 33 « O ^ ^ 


(55.6) 


(55.7) 


where 


r = \ 

fid I fr\dJt dJ?r 


4) = 


2 d5 

pill’ 


H* 


2 35 _ 





(55.8) 
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We obtain from (2H.59), (2'«.7'*) and (55.1) 

fl* » (Cl + C, yJ + y5 y{) T\f, » 0, ^ 

in which ni* = A*® TILyI “ *** Y#» ♦ and are functions of the 
Invariants f, J, T, T|l“ T|L Tf T H# y5 . T\\* Tl!n y? y5 • 

In the absence of mass forces, the equilibrium equations 
are reduced to 


T-®||9 «0. 


(55.10) 


We will assume that there are no thermal sources, so that 
equation (2^1.68) becomes 


9*II. (55.11) 

If we represent the tensions with the help of the Airy 
function 


-«3 _ 




(55.12) 


where then equations (55.10) are satisfied. 

We obtain from (55.7) and (55.12) 

911.6 = 

a 


(55.13) 


It Is known from the theory of elasticity (Green and Zerna [1391 » 
Green and Adkins [l4l]) that the force which Is exercised on an 
arc of curvature from the plane measured on the unit length of 

the axis x^ can be expressed such that 


I» = P» Ap - e^®©.p A, 


(55. I'D 
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In the study of the state of plane stress from the theory of 
linear elasticity, It Is useful to formulate the problem In complex 
variables. This formulation Is useful also In the nonlinear theory, 

In particular, for the study of the second order approximation (see 
for example Oreen and Adkins [1^1]). 

Let us Introduce the complex coordinates (c» C) 'ind (z, z) /240 

in the nondeformed body and In the deformed body by the relations 


A', + iA j, C - A'l - iA's, 

; ^ ,r, -I- ij„ c J'l — ij-.. 


(55.15) 


Let u^ be the components of the displacement vector with 
respect to the system of rectangular cartesian coordinates. Let 
us designate 


/) == -f ill,, ft -- M, — ill,. 

It follows from (55.15) and (55.16) that 


(55.16) 


; = : + It, i _ + It. 

.2 


« Y 

, we obtain 

•J, A 

■ ♦ A II — - ,4{, — A** = A*’* = 

*1 


_ oi) iH) ,iit ott ,nt oh 

2 [ 

1 

nw 

A 1 ftito t 

[ (ts 

Mi«I2 - 

1 2 yj 0: ,JZ 


(55.17) 


(55.18) 


rtogt (I 
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The geometric relations take the form 
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Yu Yj* 


I Olf/. <i/)\ 

j.-r 

\ (iH) dJt an itli _i)D oD\ 


(55.19) 


Similarly, we have 


anafp , J 

f «l-i-2)f./ + 4./— 


(55.20) 


,rs 


If we designate by T the contravarlant components of the 
tension tensor In the coordinate system It follows from 
(55.12) that 

d*9 


T‘»- 4'^, ‘J, r*-4 


Oz* 


(55.21) 


The relations (55.13) become 


/gt!l 


- iW 

Oz* Oz V as / 



+ 


an at) 
ai a: 




m. 


(55.22) 


From (55.1^) we obtain 


/*! _ /»» =_ 21 . 

i)Z 


(55.23) 


b) Successive approximations. We assume, as In Paragraph 52, 
that the complex displacement D and the temperature T may be developed 
In absolutely convergent series, according to the powers of parameter 
e. In the following we will limit ourselves to the first two terms 
from the developments which appear. Let 

I)(z, i) - eDi (*. s) + «*/>*(*»*)+■•’ 

T (s, z) = t1\ {z, z) Tziz, z) + . • • • 

(55.211) 
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It follows from (55.10) tnd (55.20) that 


J(./ - I -f- Crt, •+ t*rtj j , 


(55.25) 


Where 



Consequently, we have 


>/ I i ‘Jfi, s H (rt? t -fij) t’‘‘ -i . . . . 


(55.26) 


(55.27) 


If we take Into consideration (55.20), (55.25), (55.27), 
we obtain 


t iHK „ , 

./r £ ( •-'(«. 1 J J) + • • M 


(55.28) 


With the designations 


A 




«*»T2 

</./*, /V ’ 


// 


.V .. ' 


7' ’ 


/» 


2 0 TO, 11^ ’ 


0, 


we have ^ - 

- = e(2An,-03r,) -f- c* 2Aa,-OTi + (27T + C)ol + 

f>J\ I 

+ 4(.4-C)^^‘ MT\- iP nil’ll 

Oz Oz J 

B + e (2C rt, - KT,) + . . . . 


(55.29) 


/ 


(55.30) 



It follows from (55.8) 

jf 


(55.25) and (55.30) that 

0 *f* I "t* • • ♦ » 


where 


JTo = 2B, Jt', = 2 t(2il~2C+B) Oi-CB-K) Ti). 


Similarly, we have 

\ (/./Jf + JS?) = e[( 2 il + B)ai - CT,] -f 

i£ 

4- t* I (2.1 + B) a* - 02*3 + 4(^- 0)— ‘ + 

L dzds 

+ (2ff + :W) a\-K - MT^^iPa^ + . . . . 


If we set 


<p =^0 [e ?i(-t «) + e* z) + ...], 


then we obtain from (55.27), (55. 3D, (55.22)^^ 

d^i ^ _ dD, 
ds* ds * 

/^*-P3 _ <>7)3 , 2(A-C)^dPt . di>,\ 

+ -5— ( S' + 17 

_d!\ ^ d/>, 

Oz i)z B ~ ^ oz ' 


(55.31) 


(55.32) 


(55.33) 


(55.3V; 


(55.35) 
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1 


f 


In view of (55.33), (55.27), (55.32) it follows from 


/2K; 


(55.22)g that 


^ l±±Jl I 

0*92 f (I Ih . . ^ 

" 21 ? v <>3 ' ''j ; 2 /) 

OA+3C+B + 2JI 0a>x + ££>V 

“■ ■ ~ •) j/ \ Oz / 


T,- 


6^1 _ 4C - B 4 2-^ + ^ 'll^x 

■ oi <IZ 2 It »z OZ 


(55.36) 


2ii 


'2 it “^‘V "5 ^ ) 2B B V «'S •>- I 


We introduce the designations 

.1 c n 


Ct 1 •{*' f f*. — ■ ■ y C. 

I ^ Ji’ ■ Jt' 


* It' 


« G . a 

P-1 t;* Ps ” ~ ,. > i-'a 


(55.37) 

M 4P 

n ■. fi . — .. - 

, , 1^1 — — — 

/{ ' • It 

«i = <-j— f,— 1 , a2=2<*H-3c2-)-2c4— 1 , aj-- 6c,— 4Cj— 7. 

The Poisson coefficient v and the Young’s modulus E from the linear 
theory are connected to A and B by the relations 


= -i B y ^ _ Mt (3A + 211) 
2A-rJt' 2A + D 


( 55 . 38 ) 


With the designations thus introduced, we have from (55.35) 
and ( 55 . 36 ) 




dz- 


0J\ 
oz ‘ 


0 


1 + a r 

zOz 2(1 — 2v) V iiz 'iz ) 2 *’ 


(55.39) 
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I 




•'« I os . = j Oj ,/j 

1^1?* 4. 

o:,t: •Al~‘Jv)\ 0: oi J -j * • ' ~ 

- ^ li^i_ • (•>l*i , o//|\s 

•-•(1 -2v) 0; wc 2 ^ j “ 


(55.39) 


I oh, oh, 1 

— *a . '• ' — ('^. 

•J Oz Oi 


(55.^0) 


relations which correspond to the classical theory and to the 
secoi.d order approximation, respectively. 


The coefficients from (55.9) have the form 


where 



I; == /<| 



, /,•., - (V for 
oT 


o. 


(55. ^41) 


It follows from (55.18) and (55.19) that 


— (r 


<^/>i 




111 


- 1 o/>, i /<>/>, (>h,\ 


(55. “12) 


Since 



we obtain from (55.9) and (55.^1) 


where 




= 19*) t- 

!>* -I- 

• ♦ 


(55.43) 

9ii) 

ilz 

. 9(1) ‘ 

lit 




•th) ^ 

(h 

■i ! 

'■A 


i- 

(55.44) 

■1 


(>: 

,U>, Il'l'i 




•Ih) 

(i T. 
‘JA- 

' - 


1 

I 



iiT i 


Equation (55.11) Implies 


9 * 1 . Il» = 0, II. = 0 . 


(55. *45) 


Let us assume that the plane domain under consideration, T, 

Is simply connected and the mechanical loads are zero. For this 
case It was shown (Paragraph ^49b) that, In the linear theory, no 
tensions t „ appear, and the displacements are given by (49,23). 

We will study now what takes place In the seconc. order approximation. 


We obtain from (55.44) and (55.45) 
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It follows from (55.^6)^ that 

7', (:. *) - /••' (?) r (5), 

where P*(z) • dP/dz. 

We Introduce the functions u^ by 

a 

/>, />o I- 


where 


0^-0 
u^ + iu^. 




We have from (55.39) and (55.*<8) 

\hih -’(I -v)\ Or 0? / 


We designate 


'/MJ 


7’« = c7’;,', h e-T,'!, f ... , T>-’ - eT.V, h 


(55. 


(55. ^<8) 


(55.»<‘ 




(55.50) 


Obviously satisfy the equations of the linear 

theory of elasticity in the absence of mechanical loads. We 

11 12 

have, therefore, = 0 and «* 0, up tc a rigid displacement. 

Consequently, we obtain from (55.^8) 


/>, ( 4,(1 


(55.51) 


In view of (55.^7) and (55.51) » equation (55.*^6)2 becomes 


m 


y/-'" (') (s). 


(55.52) 


where 


2P, 


(4fr, 4- A-3). 


/ru6 


-- 4fc Y = 41-j -f 


(55.53) 


It follows from (55.52) that 

Ts (s, i) = (s) (sHO'iz) + O' (s). (55.5*0 

If we keep in mind (55.51) and (55.5**) we obtain from (55 .**0) 


^ 

dz' i)z * 


^92 

Ott)s 


1 (dlK dJ)A 

-’(1 - 2v) V d: Oi ) 


1 


•> 


P.l«' (♦') + «'(5)] - 



IPid - 2v) -f- yP, -f {:)F'(z) - 


1 


•> 




(55.55) 


where 

ft = pf (l-2v)*«j }-p, (l_ 2 v)(p,-fp,)-f-p 3 . 

(55.56) 


We Introduce the function D* (z,z) by 

/)„ {:,'z) - /).?(?, 5) + ft, + h,0{z) + ft3^(ft’Wd-, 

In which we designated 

^ tP'r (*--v) I vPi ■! -ftl, 

=-. p,(l- 2v), ftj = ft(l-2v), 


(55.57) 


(55.58) 
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It follows from (55.55) that 

«7j* 0: 

d^, l_ /«>/>• V 

OsO: 2(1 - 2v) \ ih Oz )' 

The first relation Implies 


(55.59) 



® ?*=_/>• _ htP(z)b'\z) + 4(1 - v) n (s). 


(55.60) 


We obtain from (55.60) 


ont ^ cifi? 

dz ds 


2^ ^-2h.F\z)P'(z) + 
dzdz 


+ 4(l-v) [lV(s)+ft' (5)]. 

In view of (55.61), a second relation from (55.59) becomes 


^ - ii'(s) + n'(?) - — 

dzdz 2(1 — v) 


F'{z)P'Cz), 


(55.61) 


(55.62) 


so that we can write 


z) -= ? ri (s) + zil (?) -h w(?) + w(i) — 


(55.63) 


2(1 - V) 


/•’(?) P(z). 


We derive from (55.60) and (55.63) 

/>.?(?,?) -= (.‘i— 4v) ii(?) — zii'{z) — «'(«) — (55. 6*1) 

_ fc f’(s) 

2(1 - V) 

If we designate 
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/)? (5,5) = (3-4v) 11 (5) - C0'(5) - «'(5), 
9t(*»5) ^ 50 (5) ♦- 5il(5) -f «(5) + « (5), 


(55.65) 


then we have from (55.57), (55.63), (55. 6K) 


ih ( 5 , 5 ) - m ( 5 , 5 ) + 
+ h.io(s) 1 


9 j (“» *) ■■ *) ,,"1 


(1 - V) 


h\z) F (5). 


(55.66) 


These results indicate that in the case under consideration, /2^S 

11 12 

the temperature causes tensions *^^ 2 )* *^(^)‘ ^^termination 

of the tensions and of the displacements is reduced to the problem 

(well known from the theory of elasticity, see, for example, Mushellsvlli 

[ 296 ]) of the determination of the functions H(z), w(z), which 

are holomorphic in the domain I and which, at the boundary L of 

this domain, satisfy the condition 


1- (^) ( o) = 


h 


2(1 - V) 




(55.67) 


which expresses the fact that the tensions on L are zero. 


Application. Let us consider the case when Z is the inside of 
a circle with a radius R and the temperature varies linearly with 
We assume that the origin of the axis of coordinates is in the 
center of the circle. In this case we have 

7’, = «.r„ i” (s) ^ (55.68) 
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We obtain from (55.67) 


-f oft'Cr.) -<• ..•/ (r.) - 

1« (1 — v) 


(55.69) 


keeping In mind that nn ■ 


If we take 


n(;) = -1 s, <•» (;) = 0, 

:vi(i -V) 


(55.70) 


then the condition (55.69) is satisfied. 


It follows from (55.65), (55.66), (55.70) 


KKl-v)!*" j’ 


(55.71) 


and consequently, using (55.21), (55.33), (55.3^) we derive 


rrn 7-."- _ T'? - f 1 - ^ 

V) ’ 1(1 -V) V I 


1(1 - - V) 


The results presented here have been derived by lesan [192]. In 
the case of incompressible media, the study of plane thermoelastic 
deformation was made by Chaudry [531. 

56. Special Problems 

Various inverse problems which describe the deformation of the 
medium have been studied in the theory of nonlinear elasticity, 

determining the corresponding charges which keep the body In 
equilibrium ([3^9], [102], [l4l]). Moreover, the problem of finding /2i\9 
all of the deformations which satisfy the equations of equilibrium, 
in the absence of mass forces, regardless of the elastic medium 
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under consideration, has been posed. Erlcksen [102] has shown that 
for elastic homogeneous Isotropic and Incompressible media, there 
are at least five families of deformation with this property. For 
elastic compressible media, the only deformations of this type are 
the homogeneous ones [103]. These types of solutions of the equations 
of nonlinear elasticity were obtained earlier by Rlvlln [3*<9]. In 
these problems the determination of the charges Is reduced to the 
determination of the tensions at the boundaries; the 
states of deformation may be "controlled" only by boundary conditions 
(an Important fact for experimental studies [llJl]). The solutions of 
these problems are called universal solutions [lJ22] or controllable 
states [ 369 ]. 


In the theory of thermoelasticity, the problem of controllable 
states was studied by Petroskl and Carlson [338], [339], Hayes, 

Laws and Osborn [I 69 ], Laws [252]. It was established that for 
compressible media, there are no essential controllable states 
(but only the trivial case In which the deformation Is homogeneous 
and the temperature Is constant). It was also shown that In the case 
of incompressible media, there might be essential controllable states 
and such states have been determined (Petroskl and Carlson [338], 
[ 339 ] » Laws [ 252 ]). For illustration we will present some problems 
of the above-mentioned type. 


Let us consider the theory of thermoelastic equilibrium 
for homogeneous and Isotropic and incompressible media, assuming that 
mass forces and heat sources are absent. In this case, the 
equations (2M.llO) and (24.68) become 


9* III = ». 


( 56 . 1 ) 

( 56 . 2 ) 


The constitutive equations are 




( 56 . 3 ) 
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g* =B (0| h Of y} H 


(56. H) 


where we used the designations from Paragraph 2ll. In (56.3)* p 
Is an unknown function. The condition of Incompressibility, ■ 1, 
la added to the equations under consideration. In this case, 
the function d depends on T,Ij^ and I^ and the function depends 
on the Invariants /„ /„ 7 ; = Tll‘ T||, , H - T\\* T\\, y{, /; - T|i‘ TH, -A y\ 
and on the ♦•emperature T. 

In the first two problems. In which we will prescribe the 
deformation and temperature, we are considering the class of materials 
for which we have [339] 

5 = 5 (T, /„ /j), c, =. c, (/„ /„ n, Ji). (56.6) 


If the functions C depends on the temperature, then It 

8 

can be shown [338] that In this case all controllable states have 
a constant temperature. In other problems we will prescribe the 
deformation and the heat flux [252]. 


(a). Let us consider the thermomechanical state defined 
by the relations 




c 

D 

' 1^/! ' 

}fli 

. ^ V 

C 

' — ■ ,/ * » 1 r 

■ 1^.1 

fit 



To h T, 

A’*, 




( 56 . 6 ) 

(sic) 


v;here A ,B, C,D,Tq,Tj^ are constants which satisfy 

C'i + D- = 1 , > 0 . 


( 56 . 7 ) 
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If we take 0^ ■ 


then we have 


(?n =® - ^ 9 Ojj ^ /I * ^ ^ ^ 


rt“ « vi, «»* « w, «” = *,. , =- «*' «. 0 ^ Jh (f ^ i. 

A n 


/, .3 ^ H p 4- ii ‘=‘ A ;- B + 

ri = n n = ^(4B-i)Ti, /; - J(ab-d* r?, 

B‘‘ = ^ I- ^ B, B« = ' + il B, B« = ‘ + I, . B‘» = 0 (i#i), 


( 56 . 8 ) 


and therefore d does not depend on X^ and X^* and are constant. 

It follows from (56.1), (56.3), (56.8), (?H.?2) that the 
function p is independent of and Xg. Moreover, we have 


P - 


-p,-2Ali 


(11 

U/, 


-t 


A 4 B 
AH 



(56.9) 


where p^ is an arbitrary constant. In view of the relations (56.3), 
(56.8) and (56.9) we can easily obtain the components of the tension 
tensor. These are functions Independent of X^ and Xg. It may be 
noted that 


x*» = 0, U it j). 


( 56 . 10 ) 
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It follows from (56.^0 and (56.8) that 


/2 


- 0 , 

g» « Jc, 0,(wilr-l) + J l)*Jr,. 


( 56 . 11 ) 


Obviously » the equations (56.2) are similarly satisfied. 
Consequently, for any medium of the class under consideration, 
the deformation (56.6) satisfies the equations of equilibrium and 
the equation of energy In the absence of mass forces and heat sources. 
For a given body, the corresponding boundary loads can easily be 
determined . 

(6) Let us assume that 


(6«, 0*, 0®) = (r, 9 , a), 


( 56 . 12 ) 


where r, 4», z are cyllndrlc coordinates In the deformed body 

J-, « r fOH 9 , j j = r Kin 9 , Xj «= s. (56,13) 

i 

I 

Let p, e, Z be cylindrical coordinates In the nondeformed body 

Ai == p a, = p Kin X 3 Z. (56.1^) 


Let us consider the thermomechanical state defined by the 
relations 

r = , 9 =u a, s = 

(56.15) 

where A > 0, T^, are constants. 
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If, In the nondeformed state, the domain occupied by the body 
Is limited by the surfaces -V, «» ± ® “ o* 0 >» «» p — Pi» p “ Pi 

where h, a, and are constants, then the thermomechanical state 
(56.15) describes the deformation of the body under consideration 
which. In the deformed configuration, occupies the domain limited by 
the surfaces s == ± X*. 9 « 0, 9 =• a, r, — p,/Kx, r, -p,//x ; 

the plane ^ ■ 0 Is at the temperature Tq, and the plane o Is 
at the temperature Tq + aT^^. 

The mechanical deformation described by (56.15) Is a part i<* V i’ 
case of the class of deformations studied In [llll]. 

It follows from (56.13) — (56.15), (2H.7), ( 2 H. 8 )that 
= a» = 1, = r*, <;« = -- , 

r* 

«»r»,0„=0‘' = 0(i ,* j), 

^ (5o.lo; 

9tt X, gtt -= X r», = r\ 


and therefore, the Invariants of the deformation ( 2 ^. 22 ) are 


/252 


/, ^ " h x^ I, - 2X h * , /, = I- 


(56.17) 


Keeping In mind the relations 


Tl|i = i’ii» = o, 

>.r~ 


( 56 . 18 ) 


y1 = ^ (I -X), yl = (l-X), y3 = I (X- - 1), Y*/ = 0 (I ^ j), 

2X «X — 


we derive 


(56.19) 


\ 


s 




li a -A . 7'J fi T\ 
Xr* 2X»r»' 


- 


/; » -Ai_ ^ 

4X“r*' '• 


Consequently, the free energy does not depend n r and z, and 


the functions do not depend on 4i and z. 


It fr’lows from (24.72), (56.16), (56.17) that 




1 -i- x“ 


X'* 


, n. = .1 _ 4 - >.“ 
x“ 


( 56 . 20 ) 


/<»•■' = 2X, = 


and therefore the components of the tension tensor are expressed as 


,»=p + >4>+ 


(56.21) 


\ 4- X* 


_S2 _ 4 ,) — <D -i- 

‘ Xr“ X“ r- 

= p -! X*<I> + 2XT, 


T, 


^ -r3l ^12 ^ () 


The Chrlstoffel symbols different from zero are 


rs.= -r, rs.-R,= . 


SO that the equations of equilibrium (56.1) take the form 


/253 


( 7 t 11 -U_,.2_21- 3.33 

_ _ .( 0, - - - = 0, = 0. 

Or r do Oz 


( 56 . 22 ) 


It can easily be seen that these equations are satisfied If, 
and only If, the function p has the form 


P = - I'o - 

X 


1 I- 

X' 


(56.23) 
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where is an arbitrary constant. 

It follows from (56.21) and (56.23) that 


= r-'T'*''* = — /»«, 


(56. 2H) 




fSa „ -3l -13 (). 


If we keep in mind (56.18) and (56.^) it follows that 

'/‘ - <>. 

</'- = ^ fc, -f ’ (»-X)f ?2 f ^ r,. (56.25) 

/./•“ L J 

It 3nsues from (2^1.59)* (24.60) that, in this case, we 
can viviU ® q^> ® . It can easily be noted that 

the equation (56.2) is identically satisfied. 

In the case of the previously considered domain, the thermal 
flux on the boundary portions at the surfaces r » r^, r » r^, 
z » ± h is zero. The other charges which act at the boundary may 
also be calculated easily. 

The equations (56.4) may be written in the form (Truesdell and 
Noll [421]) 


t- r>,Y{ + «3Yl.Y^)7^ 


^ 6 . 26 ) 


where the functions depend on I^, l 2 > Ji, = q^q^^* = q^q^Y^* 

Jg ss temperature T. The problem of the 

controllable states may be posed, also, in the following way: 
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the functions of deformation and the components of the thermal flux 
for which the functions p and T exist should be determined so that 
equations (56,1) and (56.2) are satisfied regardless of 
the functions o and The controllable states with prescribed heat 

flux In the case of homogeneous Isotropic and Incompressible media, 
were studied by Laws [252], Vie will present two controllable 
states for media In which the functions depend on Ig, Jj^, J^, 


(y) Let us consider the thermoelastic deformation defined by 


r* •J.1.Y, 1- It, -- I l> \\ \-(l, ' ’ W V, I- /-VV, + //. 


q, Vv , 7, - </i — 0. 

f 


(56.27) 


where q^, q^, q^ are physical components of the vector /25^ 

and A,B,C,D,E,F,G,H,K are constants which satisfy the 

relation 


.4(0/'’ - DE) = l. 


( 56 . 28 ) 


In this case we will select curved coordinates as in 
(56,12). The metric tensors of the deformed body and G^'^ are 
given by (56.16). It follows from (56.27) and (56.28) that 


ffu — . »22 - (/■’“ -1- (/33 - 1 

0\2 ^ J/l3 “ ~ "I* (f ^ 

«n ^ g".i = ]p C'i, ( 7 ” -= E- 4 E^ , 
r- 

gi! ^ gli 0, = ED f EC, 


(56.29) 
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iMrtffmrt-i i M'l 


and therefore we have 


/ — 4- (/>* -f C“) f'* 'h t'* -r A”‘» 

r* 


(56.30) 




If we keep in mind (56.16) and (56.29), we can derive from 
(24.30) for the nonzero components of the tensor Yj the expressions 


yI = - 1 j , y 5 = 1 [(/>“ h W- M. Y* = J (/•’* + 

r*Y5 = Y? = - i- ^' 0 )- 


(56.31) 


In view of the fact that In this case q' 
- .3 


9r* 


93 = 0 , 


we obtain 


J, = 


7v« 


* «6 


2r= V r'i ; 


•/« 




4r*W* J 


( 56 . 32 ) 


Similarly, in view of (24.90) and (56.27), it follows that the 
equation (56.2) Is satisfied. We derive from (56.26), (56.27), 
(56.31) 


dT 

Or 




(56.33) 


OT ^OT ^ 
d 9 dz 


Consequently the function T does not depend on the variables /255 
<|) and z. It Is noted that in this case, the functions depend 
only on T and r. The temperature T is determined from the equation 
( 56 . 33 ),. Obviously, If B does not depend on T, then the situation 
Is considerably simplified. Let us now determine the tensions 
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We obtain from (2>i,72), (56.16) and (56.29) 

=•- ^1 /i(/i* I O'^) - /-“(PM-C*) - VJ} i KC)\ 

fA r* 

/<33 =. /, (/’S -. E^) - (FI) -I- ECY^r'i - (F» \ A’*)®, B>®= 

B-3 (/.’/) I- ^.’(7) [/, - F'‘-Fi-rmP i f7®)l, 

and therefore, we can write 


1 

i 

i 


(56.3i») 




*“= ‘ P I- 1 C-) I [/,{/>-’ f C-) 


(56.35) 


- + C*) - (FI) H CA’)*J4% 

-33 = /, + «I> (/’2 -f A®) + [/.(A’® 4- A®) - (FI) \- A6')®/®- 
-(F® »-B®)®|T, 

T®® = (FD -f- KC) {il* 1- [/, - F--K'—r\D'^ I 

T®3 u= t'® = 0. 


If we keep the relations (56.30) and (56.33) In mind, It 
follows that 0 and 4* depend only on r. In this case the equilibrium 
equations have the form of (56.22). Keeping In mind the relations 
(56.35)* it follows that these equations are satisfied only If I 

the function p does not depend on (ji and z and satisfies ti;e relation \ 




r* [/, h C') - »M/>* ! ^-) - 1- K«)*l V - 


1 


1 ! 

',( 


f]. 


, ' r> 1 1 

ilrlr* 

>■= \ 

»•' ) 

J 


Consequently, the relations (56.27) characterize a thermo- 

mechanical state for which there are functions T and p so that the 

equations (56.1) and (56.2) are satisfied regardless of d and B . 

s 

(6) Using the designations from (56.12) — (56.14), let us /256 

now consider the de format Jon defined by 


r* = A i- It, ^ C» + DZ + 0, s ^ m t- FZ h II, 

9r = - K, = = Q, 

r 


(56.36) 


where A,B,C,...,K ar-^ constants for which the relation (56.28) 
takes place. 


The tensors of the matrix and are given by (56.16). 
We derive, from (56.14), (56.36) and (56.28) 


A'^ p- 

9is = 9xi = On ~ P“’ B 9 — *'*» 

r- p- ?• 

= gl^ ==0, P* + 

P‘ 


(56.37) 


In this case we have 


r _ iiPl 4. }. iC*r^ -h E-^) -f -r 

r- p’^ 


r = JL- Al (Fip'^ 4. £*) + ^1“ ^ 

• .4^p'^ r- 


„u^i: ICY- i- /^M pU/>V- rni. 
r'^ 

/,'ij _L_ 4 . il- (/)“p- + c-% 

.4*p‘'* »■- 

/<33^^(Z.’Sp- (- K*) 

/Z3, ^.. il ( UF p^ + BC), - /<” - 0- 


( 56 . 38 ) 


The nonzero components of the tensor Yj have the expressions 


y‘ 

1 

("J- 

i). vs-|( 

/>“r- 1 

-4o=-i), 
p- f 

Y* = 

1 1 

0 ' 


yS = 


p.i 

•2p- 


( 56 . 39 ) 


The equation (56.2) Is similarly satisfied. The Invariants 
and Jg are given by the relations 

(56.40) 


(56.41) 

dT _ p 

(^9 dz 



Consequ'-'^tly the functions T and B do not depend on the variables 

s 


/257 
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4> and z. The function T is determined from (56.*»1). For the 
tensions we obtain the expressions 


“ ~~T ^ P* + ^*)1 +Pf 

T« = A ( f>»pM 0=*) «i» 4- f “ I + C») + + - P, ( 56 . U 2 ) j 

P* L P“J f* j 

T*» = l(F»p* + |^^(B*p»+B>‘) + “]'F + p, ; 

T« = — (DP pS+BC) <I> + ~ P® + 'I'. i 

p. yj 

-13 == .18 _ 0. 


If we eliminate the function p, it follows from (56.142) that 




.11 + ^'^(D'^r + c-^) - ~] 

+ r jt — A® (Ei i<’2p*)'| T, 

|_ p '^^t '* r“ J 

^ 33 == ,11 


<J) 4- 


(J> 



+ [^yr - ' 

(B/’p-* I A’C) |<l> ! = 0 


) 


'i 


where r depends on p by (56.36). The functions ♦ and S' depend only /258 I 
on the variable r. The equilibrium equations in this case are | 
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(56.22). It follows from these equations that p Is a function 

only of r. In view of the fact that does not depend on 

11 

p, the first equation from (56.22) determines the function t 
(or p) In the form 

Ti«, 


where the value of for r ■ r^, and the function 

r^ Is given by (56.i»3)-j^. 

Other controllable states are presented In [169] » [252], [339] » 
[342]. 
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